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ELECTRICAL CHARACTERISTICS OF A REDUCED-AREA, 
RHODIUM-PLATED, SILICON END CONTACT 


M. GREEN’, I. N. GREENBERG, J. BANZHAF, A. SASS, H. S. WHITE and R. V. McKNIGHT 
U.S. Army Signal Research and Development Laboratory, Fort Monmouth, New Jersey 


(Received 25 October 1960; in revised form 31 January 1961) 


Abstract—The apparent linear (ohmic) characteristics, exhibited by a high-purity, p-type, single- 
crystal specimen of silicon of uniform resistivity (ca. 2200 Q-cm at room temperature), having rhod- 
ium-plated end contacts, were changed to rectifying characteristics by formation of a reduced-area 
contact at one end (the reduced area was attained by grinding down the original contact). The 
rectification characteristics improved with decreasing temperature, provided that the temperature is 
not too low. Voltage-profile and resistivity measurements were made at various temperatures 
ranging from 116°C to —196°C. These curves show that the maximum of the injection fraction, 
(An)/po, and of the resistivity both occur at approximately 90°C. The values of these maxima are 
respectively 5-5 per cent (total current 10 mA, current density at small-area contact 125 mA/cm?) 
and 2980 Q-cm. The low-temperature voltage contours indicate that the plated contacts, with both 
small and large area, become good barriers below —68°C. The asymmetry between the large- and 
small-area contact is much greater at — 196°C than at —68°C. At room temperature, the transient 
behavior manifests the characteristic logarithmic injection curve. Solder and rhodium-plated 
contacts and transient-current studies indicate that a small amount of injection occurs also at the 
large-area contact. 


Résumé—Les caractéristiques linéaires apparentes exhibées par un spécimen monocristallin de 
silicitum de type p et ayant des contacts d’extrémité plaqués et une résistance uniforme (2200 Q-cm 
a température ambiante) ont ete changées en caractéristiques de redressement par la formation d’une 
surface de contact réduite 4 une extrémité (la surface a été réduite en meulant le contact initial). Les 
caractéristiques de redressement se sont ameliorées en réduisant la température, si celle-ci n’est 
toutefois pas trés basse. Des courbes de tension et des mesures de résistance ont été prises a diverses 
températures dans la gamme de 116°C a —196°C. Ces courbes démontrent que le maximum de la 
fraction d’injection (An)/po, et de la résistivité se produisent toutes deux aux environs de 90°C. Les 
valeurs de ces maxima sont respectivement 5,5 pour cent (courant total 10 mA, densité de courant a 
petite surface de contact, 125 mA/cm?) et 2980 Q-cm. Les contours de tension a basse température 
indiquent que les contacts plaqués, ayant de petites et grandes surfaces, deviennent de bonnes 
barriéres au-dessous de —68°C. L’asymétrie entre la grande et la petite surface est beaucoup plus 
grande 4 —196°C qu’éa —68°C. A temperature ambiante, la fagon transitoire de comportement 
dénote une courbe caractéristique d’injection logarithmique. Les contacts soudés et plaqués au 
rhodium et les études du courant transitoire indiquent qu’une petite quantité d’ injection se produit 
aussi au contact a grande surface. 


Zusammenfassung—Ein Silizium-Einkristall hohen Reinheitsgrades vom p-Type mit gleich- 
formigem spezifischem Widerstand (etwa 2000 Q-cm bei Zimmertemperatur), der Rhodium- 
plattierte Endkontakte besass, zeigte eine scheinbar lineare (ohmsche) Kennlinie. Durch Herstellung 
einer kleinen Kontaktflache (wir erzielten diese durch Abschleifen des urspriinglichen Kontaktes) 
entstand eine Gleichrichterkennlinie, die mit abnehmender Temperatur besser wurde, voraus- 
gesetzt, dass die Temperatur nicht zu niedrig war. Die Spannungsprofile und der spezifische 
Widerstand wurden in einem Temperaturbereich von 116 bis —196°C bestimmt. Die Kurven 
zeigen, dass das Maximum des Injektionsbruches (An)/po sowie das des spezifischen Widerstandes 
bei etwa 90° liegen. Die Maximalwerte betragen 5,5 Prozent (Gesamtstrom 10 mA, Stromdichte 
am reduzierten Kontakt 125 mA/cm?) und 2980 Q-cm. Die Spannungsprofile bei niedrigen Tem- 
peraturen deuten an, dass plattierte Kontakte, sowohl mit grosser als mit kleiner Oberflache, unter- 
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halb von —68° gute Sperren bilden. Der Unterschied zwischen grossen und kleinen Kontaktflachen 
ist bei—196° viel ausgesprochener als bei —68°. Bei Zimmertemperatur ergibt sich fiir den Durch- 
gang die charakteristische logarithmische Injektionskurve. Untersuchungen an geléteten und 
Rhodium-plattierten Kontakten und Beobachtungen des Durchgangsstromes zeigen, dass auch bei 
grossen Kontaktflachen ein geringer Grad von Injektion besteht. 


INTRODUCTION 

Ir 1s well known that the concentration of hole- 
electron pairs in a semiconductor may increase or 
decrease"!) from the equilibrium value by various 
processes. One of the most common methods of 
increase is injection of minority carriers at a p—n 
junction or at a metal contact with the semiconduc- 
tor surface. The theories for these phenomena have 
been developed by various workers and are dis- 
cussed by SHockLey®), DuNLAP“) mentions that 
contact rectifiers are of two types: (a) those in 
which differences in contact area are responsible 
for rectification, and (b) those in which differences 
in contact properties are responsible. This paper is 
concerned mainly with type (a) rectification, and 
the experimental investigation deals primarily 
with a study of the variation with temperature of 
small area (ca. 0-08 cm? formed at one end of the 
sample previously rhodium-plated by grinding off 
part of the silicon and plating in the shape of a 
parallelepiped 1-:1cm long x 0-07cm_ wide x 
0-04 cm deep) versus large-area (ca. 1 cm?) in- 
jection-and-blocking effects of contacts of rhodium 
plated to high-purity p-type, single-crystal silicon, 
in the form of a cylindrical rod 1-1 cm in diameter 
by 2-0 cm long, of uniform resistivity (ca. 2200 
Q-cm at room temperature). Interpretations of 
the results are given. 


RESISTANCE MEASUREMENTS 

The sample, described above, was prepared by 
first grinding the ends so they were parallel to each 
other and had uniform, flat surfaces. The ends were 
then abraded with a fine abrasive paper or cloth, 
like Norton 180—C, so that the electrodeposited 
contact would adhere better. The sample was 
plated cathodically versus a platinum anode by 
just allowing the end surface to touch the surface 
of the solution and then withdrawing it slightly 
so that a meniscus was formed in contact with the 
surface to be plated. The bath was dilute acid 
(0-02 ml H2SO,/I.) rhodium-plating solution con- 
taining 2 g/l. of rhodium. A plated contact of about 
5 w thickness was formed at a current density of 


10 mA/cm? in about 30 min. The contact was 
examined, visually, with a magnifying lens for 
obvious flaws such as pin-holes, non-uniformities, 
flaking, etc. The surface resistance of the plate was 
also probed along the contact to make sure there 
were no high-resistance spots or discontinuities in 
the plating which were missed in the visual 
examination. Both end contacts were of equal area 
(ca. 1 cm?) at this point. The sample was scanned 
with a single-probe resistivity apparatus and was 
found to have uniform resistivity (ca. 2200 Q-cm) 
at room temperature. A reduced-area contact was 
then formed by grinding down one contact as 
described above. This specimen was used for all 
measurements except those where the effect of a 
solder contact was studied. 

Except as stated below, resistance measurements 
were taken with a Wheatstone bridge with an 
external battery supply. The bridge current was 
read with a milliammeter in series with the battery 
and the actual sample current was calculated from 
the known bridge arm resistances. Power to the 
bridge was keyed to prevent heating of the sample. 
The resistance bridge was too inaccurate for the 
high resistances measured at —70°C and — 196°C. 
In this case the resistance was measured by taking 
the ratio of the voltage V across the specimen to 
the current J flowing through it. Since the resist- 
ance of the sample decreased in time when the 
current was flowing through it (because of joule 
heating), it became necessary to get the initial 
value of J, i.e. before the sample temperature had 
changed appreciably, so that a high speed recording 
microammeter had to be employed for this 
purpose. 

Most probably the primary heating effect occurs 
at the small area contact. The concentrated 
temperature rise near this contact as a consequence 
of the large current density could partly explain 
the observations reported below. On the other 
hand, the conditions of the experiment were: 
the power to the sample was small (less than 
0-1 cal/sec), the thermal conductivity of silicon 
was good (of the order of 1-2 W/cm-deg), and the 
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sample was in good thermal contact with the bath 
(a good heat sink). It would be expected that any 
temperature gradient in the sample due to the 
primary heating at the reduced-area contact would 
be cut down rapidly and considerably. The tem- 
perature measurements indicated that the sample 
temperature was quite uniform and the tem- 
perature increase due to the /?R¢ (t is time) effect 
occurred sufficiently slowly to permit measurement 
of the sample resistance, at a particular known 
temperature, by the method stated above. 

The results of the measurements are shown in 
Figs. 1 and 2. A rectification characteristic is ob- 
servable in all cases. At —196°C the high- 
resistance branch of the curve (polarity of reduced- 


REDUCED AREA CONTACT 
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Fic. 1. Rectification of rhodium-plated, reduced-area 
end contact on p-type silicon, at room temperature 
and above. 


area contact positive) decreases with increasing 
current (see Fig. 2) in contrast to the curves at 
the other temperature where it increases. The 
cause for this will be clearer after the data in the 
section on voltage profile and resistivity have been 
discussed. 


VOLTAGE PROFILE AND RESISTIVITY 
MEASUREMENTS 

Voltage profiles were taken at various tem- 
peratures, Figs. 3-5, using a single-probe re- 
sistivity apparatus. The current across the crystal 
was kept constant for each run. The voltage 
increments were measured by using a bucking 
voltage to obtain the differential voltage directly, 
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Fic. 2. Rectification of rhodium-plated, reduced-area 
end contact on p-type silicon, below room temperature. 


so as to obviate the inaccuracy introduced by taking 
the small difference between two large numbers. 
The ambient temperature was kept as constant as 
conditions would allow (variations of a few degrees 
were observed). Deviations from the average tem- 
perature were small for each particular contour 
determination. No thermal gradients were ob- 
served in the sample. ‘The measurements were 
made after temperature equilibrium had been 
reached. 

The large field due to the reduced-area contact 
extends approximately 2 mm from the small-area 
end contact at room temperature (26°C), Fig. 4. 
The reduced-area contact constrains the current 
so that in its immediate vicinity the current density 
is high. Since the electric field in the bulk material 
varies inversely as the conductivity for a given 
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Fic. 3. Voltage-profile curves, above room temperature, showing rectification and 
injection of rhodium-plated, reduced-area end contact on p-type silicon. 


current flowing in opposite directions gives a 


current density, and the conductivity increases 
measurement of the difference in injection* at 


with injection, differences in field strength for the 


* After Bray'!). Equation (8) applied for the conditions cited in this text: 


b+1 b+1 
= 
b b 
where Ac is the change in conductivity due to differences in injection for the two directions of current flow, 
— AE is the corresponding change in the field strength, o is the conductivity, E is the field strength in the 
vicinity of the contact, ye is the ratio of minority-carrier current to the total current at the contact, vo is the same 
ratio in the interior and is a constant, and 3 is the electron-to-hole mobility ratio. J is the current density. 


b+1 
Yer Ye) for J = const. 
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the two different end contacts, provided that the 
transit time of minority carriers is short compared 
with carrier lifetime. Thus, for Figs. 3-5 the dis- 
placements of the field profiles at a distance from 
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Fic. 4. Voltage-profile curves, near room temperature, 
showing rectification and injection of rhodium-plated, 
reduced-area end contact on p-type silicon. 


the junction are fair measures of the injection 
difference between the two end current contacts. 
For comparison, near room temperature, using a 
similar silicon sample with uniform cross section 
and with a longer lifetime (ca. 1100 psec), with one 
contact ultrasonically soldered (60-40 solder), 
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Fic. 5. Voltage-profile curves at —68°C and —196°C 
demonstrating barrier at rhodium-to-silicon for both 
large- and small-area contacts. 


and the other, of equal area but rhodium plated, 
the voltage and field profile curves, Fig. 6, show 
an obviously large amount of injection at the 
solder contact. Hence it is seen that from room 
temperature (26°C) to 91°C there is a gradual 
increase in injection. This is more clearly demon- 
strated by Fig. 7, where the curve shows the 
fractional change in conductivity (determined 
from the differences in the slopes of the voltage- 
profile curves) and also the ratio of pairs injected 
to hole concentration for the reverse direction. 
At the ambient temperatures of liquid nitrogen 
(—196°C) and dry ice (—68°C) the voltage- 
profile curves of the uniform part of the crystal are 
too inaccurate for quantitative measurement of the 
injection, although a comparison of the slopes of 
the curves for equal currents at —68°C does 
indicate some injection. There is undoubtedly 
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appropriately biased. ‘This ts discussed later. 


Fic. 6. 
rectification and injection due to difference in contact 
properties, one contact 60-40 solder applied ultrasonic- 
ally, the other, of equal area, rhodium plated. The effect 
of the temperature difference on the conductivity is 
1:5 per cent while the over-all change in conductivity of 
the bulk material is 15 per cent corresponding to a net 
injection An/po of about 3 per cent. 


Voltage-profile curves of crystal W, showing 


Some voltage-profile curves were also made with 
a lower current of 100 A in the temperature range 
—5:5C to —70°C, Fig. 8. There was a slight 
amount of instability in the d.c. measurements 


with this low current and at these temperatures. 
The ensemble of curves, however, is indicative 
of the direction in which the end effects and the 
slope of the uniform portion of the curves progress 
with decreasing temperature. The upward bending 
of the voltage-profile curves, in going from the 
injecting contact to the collecting contact, is in- 
dicative of a situation in which the minority- 
carrier lifetime is shorter than the transit time. 
This has yet to be proved. 


SAMPLE RESISTIVITY VERSUS TEMPERATURE 
Sample resistivities were determined from the 
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considerable injection at either contact when 
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Fic. 7. Fractional change in conductivity Ao/oo and 

injection fraction An/po vs. temperature, determined 

from the differences in the slopes of the voltage-profile 
curves. 


voltage-profile curves and, at the two lowest tem- 
peratures, also by a two-probe method. A plot of 
the data is shown in Fig. 9. The data are in good 
agreement with the results of PuTLey and 
Mircre.v’s™) specimen ZG133. The slope of the 
curve in the exhaustion region gives a temperature 
dependence of 7-?:6?, For comparison, PUTLEY 
and MitcHe._") give a Hall mobility variation in 
this range of 7~?:?, Their curves show that the 
Hall coefficient is substantially constant in this 
temperature range. 


TEMPERATURE DEPENDENCE OF THE 

VOLTAGE OF THE BLOCKING LAYER 
Voltage versus temperature measurements were 
made on the specimen with 1 mA of current and 
small-area contact negative (injecting polarity). 
The reproducibility of the measurements was only 
fair. A curve* approximating the average results is 
* A somewhat similar curve is found for photovoltage 
vs. temperature). 
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ELECTRICAL CHARACTERISTICS OF A SILICON END CONTACT 


Table 1. Variation of sample resistance with current* 


Temp. Current Voltage Resistance 
(CC) (HA) (V) (kQ) 
Forward Reverse Forward Reverse 
—68 2000 83 95 41-5 47°5 
1000 50°5 64 50°5 64 


84 


45 
100 42 75 420 750 
2000 


* Data are same as in Fig. 5. 
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p= 16342 cm 


TEMP =—32 °C 
Qem 
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Fic. 8. Variation of voltage-profile curves (100 #A current) with temperature. 


shown in Fig. 10. The steep rise in the curve, to the theory* of the p-mn junction, the reverse 
with decreasing temperature, occurring in the current through a junction is practically all 
vicinity of —50°C corresponds to the temperature carried by minority carriers. One might expect 
at which, theoretically, almost all of the minority —— — ne 

carriers should be frozen out, Fig. 11. According * Ref. 2, Sections 4.2, 4.3 and 12.5. 
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this to apply also to the case of a p-semiconductor 
to a metal junction. If this is the case, then at 
temperatures below minority-carrier freeze-out, 
the blocking layer should be depleted of free 
carriers for reverse conduction*. 

To account for the low-level currents} observed 
in Figs. 2 and 8, in the absence of minority 
carriers, another mechanism of conduction must 


SLOPE = 8/3 


/ 


/ 


/ 
/ 


p (OHM -CM) 


T (°K) 


Fic. 9. Resistivity vs. temperature. The slope of the 
curve in the exhaustion region corresponds to a tem- 
perature dependence of 


*For example, at JT = 225°K(—48°C) the bulk 
electron concentration of our silicon specimen is 
approximately 10 per cm*, Fig. 11, and the hole con- 
centration is p = (Na—Np) = 6x10!? per cm*. As- 
suming a very generous diffusion velocity, Vp = + (D/7), 
of the order of 10° cm/sec for electrons, the saturation- 
current density, J; = en\/(D/r), would be of the order 
of 10718 A/cm”. 

+ Once the current reaches a high enough value, so 
that minority-carrier transit time is less than the life- 
time, injection at the contact opposite the blocking one 
can account for a considerable part of the conductivity. 


be postulated. Possibilities that have appeared in 
the literature are impurity-band conduction, 
which in this case is not very likely, and internal- 
field emission (tunneling). It is beyond the 
scope of this paper to go into these in great detail; 


SILICON SPECIMEN 


I(! ma) 


-50 


-100 -150 -200 
T(°C) 
Fic. 10. Voltage across specimen vs. temperature at 
1 mA current, reduced-area contact negative. 


however, a few rather speculative remarks will 
be ventured with respect to internal-field emission 
as a possible explanation for the low-temperature 
resistivities observed. 

One aspect of this concept might be viewed as a 
type of reverse-bias tunneling) via acceptors, or 
just direct tunneling. A physical picture of the 
case of tunneling via acceptors would be somewhat 
as follows. 

The reverse bias that causes the depletion layer 
leaves it without holes, and, since the electrons are 
frozen out, also without electrons. In this “‘layer”’ 
there will be considerable space charge. On the 
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Fic. 12. Transient-current studies of injection in p-type 
silicon rhodium-plated, reduced-area end_ contact. 
Arrival time of minority carriers at opposite contact is 
shown by kink (arrow) in the center traces of (b) and (c). 
For (a), (b) and (c); top curves, small-area contact +, 
center curves, small area contact —, and bottom curves, 
commercial resistor. Scales: horizontal = 10 usec/major 
div., vertical = (a) 50 mV/major div., (b) 2 V/major 
div., (c) 500 mV/major div. Applied pulse voltage to 
bridge = (a) 50 V, (b) 135 V and (c) 210 V. 
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Fic. 13. Transient-current studies of reverse-bias inection in p-type silicon at the broad- 
area contact. First kink due to pulser, second kink (arrows) shows arrival time of minority 


carriers at reduced-area contact. Voltage across sample = 200V. Scales: horizontal = 
10 wsec/major div.; vertical = 100 mV/major div. 
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semiconductor ‘“‘edge” this would consist mainly 
of acceptors. The probability of ionizing an 
acceptor completely, or of transfer of its electron 


FREE ELECTRONS, np 


150 200 250 300 350 400 


T (°K) 


Fic. 11. Log 7» (free-electron concentration) vs. tem- 
perature. Calculated from) mp = nj? = 9-6 x 108°T? x 
exp (—1-206/RT). 


to an unfilled donor state, will, of course, depend 
on the energy difference between* the two states, 
and on the density of acceptors; and for transitions 
to a donor state, on the density of ionized donors. 
The transition probability will also depend very 
strongly on the value of the local electric field) 
E at the acceptor. Once the transitions start, 
conduction proceeds by transfer of electrons from 
the p-side to the metal via high electric-field 
ionization of acceptors alone, or via acceptor 
ionization (very unlikely here, but a possibility) 
via donor capture and re-emission. The electrons 
in the valence band then refill the vacated acceptors 


* KELDySH'®) gives, for the field and energy-dependent 
factor in the probability of tunneling, exp(—«e®/?/F), 
where « is a constant depending on the square root of 
the effective mass of the carrier and ¢ is the energy of the 


gap. 


with the formation of holes. The process then 
becomes self-sustaining. 

A field-emission process that increases with elec- 
tric field, or a combination of this process and of in- 
jection at the opposite contact would readily explain 
the decrease in resistance with current (both polari- 
ties) of the curves at — 196°C, Fig. 2. For the range 
of currents shown, the curve for —70°C exhibits 
an apparent ‘‘normal” type of behavior. However, 
at higher currents, Fig. 5 and Table 1, the effects 
are similar to those observed at —196°C. A 
maximum occurs in the curve, Fig. 10, in the 
vicinity of — 125°C. The interpretation is that this 
is the temperature at which there is a minimum 
number of electrons in the junction when 1 mA 
of current is flowing for a current contact area of 
0-08 cm?. This is a complex resultant of the 
effects of electron freeze-out in the bulk material, 
electron injection into the bulk material dependent 
upon lifetime, electron transport through the 
bulk material dependent upon transit time, and the 
“internal field emission” at the junction to the 
material. 


INJECTION OBSERVED THROUGH TRANSIENT- 
CURRENT STUDIES 

The transient currents resulting from applica- 
tion of a step voltage were examined at room tem- 
perature with a simple bridge circuit similar to that 
used by Bray") in his investigation of minority- 
carrier extraction. 

The effects on the transient current of pulse- 
voltage amplitude and _ reduced-area contact 
polarity are shown in Fig. 12 where the horizontal 
axis is time, in microseconds per major division, 
and the vertical axis corresponds to increase in 
resistance. The top, center and bottom curve of 
each oscillogram correspond to transients in which, 
(1) small-area contact is positive, (2) small area 
contact is negative, and (3) a 2-W, composition, 
IRC commercial resistor has been substituted for 
the crystal. The pulse voltage applied to the 
bridge, only about half of which appears across the 
silicon crystal, is given for Fig. 12(a-e) as, 50, 
135 and 210 V, respectively. It is observed in each 
case that the top and bottom curves—correspond- 
ing, respectively, to reduced-area contact positive 
and to the commercial resistor—are nearly 
horizontal, indicating that there is little or no 
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injection* of carriers for this small-area contact 
polarity. The center curves, on the other hand, 
exhibit negative slopes indicating decreasing re- 
sistance. In Fig. 12(b) and (c) the abrupt changes 
in the slope of these curves, or kinks, indicate the 
time at which the injected minority carriers have 
arrived at the opposite contact. 

The above results indicate (1) that there is 
injection at the rhodium-to-silicon contact for the 
reduced-area contact and also for the large-area 
contact, (2) that the effect of the much greater 
current density and correspondingly greater 
voltage gradient at the small-area contact produces 
an enormously greater total injection there. Similar 
transient experiments have been performed on 
the piece of high-purity silicon of Fig. 6 with 
contacts of equal area, but with one plated 
with rhodium and the other soldered ultrasonically 
with 60-40 solder. Soldering forms an alloy 
junction at the contact. The transient curves are 
quite similar, except that the injection at the 
large-area rhodium contact is more easily observed 
in this specimen than in the other having the small- 
area contact?, the kink in the curve indicating the 


* Actually when the vertical scales of these oscillo- 
grams are greatly enlarged, a slight amount of injection 
is observable which is attributable to large-area rhodium 
contact (small-area contact). The transit kink is also 
observed, Fig. 13, horizontal scale 10 ysec/major div., 
vertical scale 100 mV/major div. Although not shown in 
Figs. 12 or 13, evidence of the rapid formation of the 
blocking layer (reduced-area contact positive) is also 
observed, as demonstrated in the following manner. 
The bridge is first balanced with d.c. at a very low 
current level. Also, the bridge is then pulsed with 
50 V or more. A large unbalance of the bridge is observed 
indicating a substantial change in specimen resistance. 
Unfortunately, the leading edge of the pulse used, while 
quite steep, is not sufficiently clean and, when coupled 
with a slight amount of unbalanced distributed capaci- 
tance, does not permit a quantitative temporal study 
of the blocking layer formation. When the specimen is 
replaced with a commercial resistor, the balance of the 
bridge remained the same for both d.c. and pulsed 
voltages. 

+ This is because the reverse-biased solder-contact 
junction acts as a better indicator of the arrival of the 
injected carriers than the small-area contact, i.e. there is 
a larger percentage change in resistance at the contact. 

As shown in Fig. 6, the solder contact is the better- 
injecting contact. In the above discussion, however, a 
comparison is made betweensmall-area contact and large- 
area contact injection at a fixed total current for rhodium 
plated to p-silicon. 


arrival time for carriers injected at the rhodium 
contact being more pronounced. 


CONCLUSIONS 

(1) Rectification effects observed as a result of 
the difference in the area of the two current 
contacts of rhodium plated to high-purity p-type 
silicon are explained qualitatively. The implication 
is that the injection and extraction are non-linear 
functions of the current density (or electric field) 
at the junction. The concentrated temperature 
rise near the small-area contact may be partly 
responsible for the effects observed, but under 
the conditions of the experiment, it does not 
appear very likely. 

(2) The rectification characteristic is highly 
temperature dependent. 

(3) Conduction mechanisms other than the 
normal hole conduction in the valence band or 
electron conduction in the conduction band must 
be considered as a means of low-level conduction 
through the blocking layer at temperatures in the 
exhaustion range and below minority-carrier 
freeze-out. 

(4) ‘Transient-injection studies demonstrate 
that injection occurs at both the small- and 
large-area rhodium-to-silicon contacts when the 
proper polarity is used. The evidence of injection 
at the large-area contact is supported by the low- 
temperature data and the data shown in Fig. 6. 
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Abstract— Using the concept of impact ionization as the means of excitation of electroluminescence 
and making an assumption concerning the phase relationships between applied voltage and exciting 
electrons, an equation has been derived which gives the time dependence of the instantaneous 
brightness. 

Solutions of this equation are compared to experimental brightness waves and similarities pointed 
out. The main result is that the existence of secondary peaks in the brightness waves is predicted 
without reference to trapping phenomena or delayed recombination. 


Résumé—En employant la conception d’ionisation de choc comme moyen d’excitation d’électro- 
luminescence et en assumant une hypothése concernant les relations de phase entre la tension 
appliquée et les électrons excités, une équation a été dérivée indiquant |’éclat instantané en fonction 


du temps. 

Les solutions de cette équation sont comparées aux ondes d’éclat expérimentales et les similarités 
sont indiquées. Le résultat principal de cette étude est de prédire l’existence de crétes secondaires 
des ondes d’éclat sans se référer aux phénoménes de trappe ou de recombinaison retardée. 


Zusammenfassung—Unter Verwendung des Stossionisationsmechanismus zur Erregung der 
Elektrolumineszenz und mittels einer Voraussetzung iiber die Phasenbeziehung zwischen Spannung 
und anregenden Elektronen wurde eine Gleichung abgeleitet, die die Zeitabhangigkeit der momen- 
tanen Lichtintensitat angibt. 

Die Lésungen dieser Gleichung werden mit experimentellen Intensitatswellen verglichen und auf 
Ubereinstimmung wird hingewiesen. Das Hauptergebnis besteht darin, dass die Existenz von 
sekundiren Spitzen der Intensitatswellen vorauszusagen ist, ohne auf Einfangsphinomene oder 
verzégerte Rekombination Bezug zu nehmen. 


I. INTRODUCTION 
One of the interesting aspects of electroluminesc- 
ence is the time dependence of instantaneous 
brightness of a phosphor as a function of the 
exciting potential wave form. With sinusoidal 
excitation there are two main peaks in brightness 
per cycle. Many phosphors show secondary peaks 
which vary in amplitude and position with respect 
to the main peak. These variations are affected by 
the temperature, the frequency of the exciting 
potential, and the properties of the phosphor 
under investigation.“-8) The secondary peaks 
have been attributed to trapping phenomena, or 


*Now with Semiconductor Division, Raytheon 
Company, Newton, Mass. 


diffusion of electrons back into the space-charge 
region, which introduce delayed recombination. t 
The proposed theories do not allow a concise 
statement of the properties of brightness waves. 

In this paper an assumption is made about the 
mechanism of excitation of electroluminescence 
from which the existence of secondary peaks 
follows naturally. An equation will be derived 
from which the instantaneous brightness as a 
function of time is calculated for sinusoidal ex- 
citation. The same equation yields an expression 


+ An attempt to explain secondary peaks without 
using some delay mechanism has been made by E. E. 
LogeBNER and I. J. Hecyi at the 1959 Meeting of the 
Electrochemical Society in Philadelphia. 
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which contains the frequency dependence of aver- 
age brightness at low frequencies. 


II. FORMULATION OF BRIGHTNESS EQUATION 

Excitation of electroluminescence by a.c. fields 
in zine sulfide phosphors is assumed to be the 
result of impact ionization of luminescent centers 
by free electrons which have been accelerated to 
optical energies by high fields in the host 
crystal.°-10) Controversy arises in discussion of 
the origin of the free electrons and the location and 
reason for the high-field regions in the crystal. 
Piper and WILLIAMS") postulate deep-lying donor 
levels which are ionized by the high field as a 
source of the exciting free electrons. TTAYLOR"®) 
agrees in the main but prefers to consider the 
deep-lying donors as thermally ionized. On the 
other hand, ZALM®) assumes the source of the free 
electrons in a different phase at the surface of the 
crystal. There is general agreement that the high- 
field regions are obtained across the potential 
barriers either at a surface in a Mott—Schottky 
exhaustion region or across p-n junctions in the 
bulk, or both. 

The assumption made in this paper is that, to a 
first approximation, for sinusoidal voltage input, 
the portion J of the current which is due to 
electrons moving in the regions where excitation 
is occurring also varies sinusoidally with time, 
having the same frequency but not necessarily the 
same phase as the exciting potential. 

The rate dN/dt at which electroluminescent 
centers are excited is dependent on this current J, 
the supply of free electrons, and the value F of the 
field in the region where excitation is occurring. 


dN 
F) 


at 


(1) 


The functional dependence is obtained" by 
making use of Seitz’ relationship from his analysis 
of multiplication and breakdown in crystals“! 


P = exp(—0b'/F) (2) 


which states the probability that an electron 
moving in field F will have sufficient energy FE 
to ionize a luminescent center. 5’ contains primar- 
ily E and a collison frequency with phonons. The 
rate at which luminescent centers are excited will 
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then be proportional to the product of this pro- 
bability and the rate of electron supply 


aN 


= A'|I| exp(—b'/F) (3) 


A’ is a constant containing such things as the 
collision cross section of the luminescent centers 
and their concentration. We now make the sub- 
stitution) that for an abrupt potential barrier 
the field in the space-charge region is proportional 
to V1/2, 

dN 


= exp(—6/V1|) (4) 


We have placed absolute-value signs around 
symbols for current and voltage because by defini- 
tion the excitation term can be only positive or 
zero. A negative and complex dN/dt is excluded. 
The fact that experimental brightness waves show 
equivalent instantaneous brightness over half 
cycles regardless of whether the potential and 
current are positive or negative, also indicates that 
only the absolute values of current and voltage 
have to be considered here. We are, however, 
neglecting the unequal magnitude of brightness on 
alternate half cycles which is frequently observed 
and has been explained by Destriau"??, 

The excited luminescence centers produce 
photons while decaying to the ground state with a 
characteristic relaxation time 7. For simplicity we 
assume this decay to be monomolecular“), but 
our equations can easily be modified to apply to 
other types of decay. 

We then use the following simple reaction 
scheme: 


ground state A'|I| exp(—6/V} *l) Ne 


excited centers Ne/7 ground state +/yv. 


This leads to an equation for the net change in 
the number of excited centers with time 


dNe Ne 
at 


(5) 
Since each excited center emits a photon when 
returning to ground state, the instantaneous 


| 

dt 

ut 

we 

= 

‘ 


brightness B is N,/zr in photons/sec. If the 


sinusoidal time dependence of V and J are sub- 
stituted into this equation the time dependence of 
N-,/7 can be calculated. 


Ill. SOLUTION OF BRIGHTNESS EQUATION 

In order to solve equation (5), we need the time 
dependence of J. When a time-varying potential 
is applied to an electroluminescent panel, a current 
flows. It is made up of several components, capaci- 
tive and resistive, all bearing certain time relation- 
ships to the applied potential. The electrons in 
which we are interested here form part of this 
current. We then have the problem of finding the 
time dependence of this portion J of the total 
current. A complete solution to the problem posed 
here is very difficult. To simplify the situation, 
we assume that J is proportional to the applied 
sinusoidal potential but with a certain phase shift 
(a behavior similar to that of the total current 
through the panel). 

If the applied voltage is V = Vo sin wt, we 
therefore use J] = Jo sin (wt+@) = Ip cos (wt—¢). 
¢ = 7/2—8@ is a phase angle relating the flow of 
exciting electrons to the applied potential. It is 
not immediately obvious how ¢ can be obtained by 
independent experiments. It will be considered 
as an experimental parameter. 

Making these substitutions, equation (5) can be 
written 


A 
IA 
| 
| 


Here we have used the following symbols: 
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= + Cm(wr7, et 7] 


= Fn (wt) + (wt, 


F (wt) = sin™wt - cos(wt —[¢+4*])+ cos(d+4*)+ 


dN. Ne 
+ 
dt T 


x exp [—5/(Vo!/?| sin!/2w#|)]| cos(wt— 


= A’'lo x 


an equation which cannot be integrated in terms of 
elementary functions since the generation term is 
too complicated. To obtain a useful solution, we 
have therefore taken a simple power of V to 
approximate the exponential term. 


Ne 
at 


= AlpV sin™wt cos(wt — ¢)| 


(6) 
A contains A’ and a constant K to fit the function 
to 

It should be stressed that the general results 
obtained are not sensitive to the particular value 
of m chosen for the exponent in this approxima- 
tion. Any power between, say 2 and 8, will lead 
to substantially similar solutions from which the 
conclusions of the next section follow. The basic 
equation for our discussion remains (5), not the 
specific approximation used in equation (6) which 
only serves to facilitate calculations. Which power 
of V we select is only important if computed results 
are to be compared quantitatively to the brightness 
waves observed for specific panels. 

Equation (6) can be integrated to give the 
steady-state solution 


1 
V [1+ (m+ 


V [1+ (m+ 


(7) 


+ cos(wt + a,) 


[1 + (m—1)?w?72][1 + + (m— 2v— 


v—0 


tan d* = (m+1)wr 
cot a, = (m—2v—1)wr 


g 
a 
13 
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Cut+2F +¢) exp(— +4) 


While F,, (wt) represents essentially emission 
due to excitation during the cycle (its first term 
follows the excitation term more or less), the 
term C,, exp(—t/r) represents decay from ex- 
citation present at the beginning of the cycle. 

Our panels closely approximated a sixth-power 
law of brightness vs. voltage from the limit of 
phototube sensitivity up to dielectric breakdown, 
i.e. from 100 to 400 V on 4-mil phosphor layers. 
Therefore, we chose the substitution of V® for 
the exponential when we computed numerical 
values of the integral of equation (5). With 
Io ~ Vo we then have B ~ ve, as experimentally 
observed on our panels. 

Equation (7) is rather complicated, and it is 
tedious to compute the time dependence of 
brightness from it. Equation (6) was therefore 
solved with m = 5 on an analog computer and 
solutions were plotted as a function of time for 


Voltage wave form and calculated brightness 
zero light 


Fic. 1. 
waves for selected values of wz and ¢;— 
level. 


values of the parameters wz and ¢. Fig. 1 shows a 
few representative solutions. 


IV. RESULTS 

Some immediate qualitative conclusions can be 
drawn from an examination of the curves. 

(1) Large values of ¢ lead to brightness waves 
without secondary peaks. 

(2) Large values of wr tend to smooth out 
secondary peaks. 

(3) Large values of wz also lead to brightness 
waves superimposed on a d.c. light level. 

These points are in agreement with experimental 
observations. Four phosphors, all prepared from 
zinc sulfide as described in Table 1, were used 
for our experiments. At 1000 c/s, they exhibited 
the brightness waves shown in Fig. 2. Values of 
¢ which give a good match between experimental 
and calculated curves are indicated. 


ZnS(Cu,C!) green ZnS (Cu,1) pink 


wt 38 
20° 


ZnS (Mn) yellow ZnS (Cu) red 


. 2. Experimental brightness waves as a function of 
wr and ¢; ——- zero light level. 
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AN ANALYSIS OF ELECTROLUMINESCENT BRIGHTNESS WAVES 


Table 1. Phosphor preparation 


Phosphor Activation 


0-005 g atom 
Cu/mol ZnS 
0-02 g atom 
Cl/mol ZnS 
0-4 mol ZnO mol 
ZnS 
0-0006 g atom 
Cu/mol ZnS 
0-067 g mol 
NHal/mol ZnS 
0-003 g atom 
Cu/mol ZnS 
0-0025 g atom 
Cu/mol ZnS 
0:0125 g atom 
Mn/mol ZnS 


Zn(S, O):(Cu, Cl) 


ZnS :(Cu, 1) 


ZnS: (Cu) 


ZnS: (Mn, Cu) 


Firing Post firing 


dry 


dry HeS 


dry H2S 


A. Washed in hot acetic acid (20 per cent), rinsed with water. 
B. Washed in NaCN solution (3 per cent), water, methanol. Dried for 16 hr in air at 125°C. 


Fig. 3 shows brightness waves for a ZnS: 
(Cu, Cl) phosphor at 1 ke/s and 20 kc/s with the 
same applied voltage. The secondary peak has been 
much suppressed at 20 ke/s. 

The connection between ¢ and the properties 


20 kc/s 


Fic. 3. Experimental brightness wave for ZnS :(Cu, Cl) 
panel at two frequencies. 


of the phosphors is quite complex. Some experi- 
ments were directed toward its understanding. 
However, no simple scheme based on an equivalent 
circuit model proved satisfactory. It is well known 
that although the electroluminescent panels appear 
to be good condensers, they are anything but simple 
capacitors. Fig. 4 shows a discharge curve of a 
ZnS:(Cu, Cl) panel. For comparison the dis- 
charge curve of an air-capacitor/carbon-deposited 
resistor taken under the same conditions is shown. 
Attempts to explain the behavior of our panels in 
terms of a series parallel RC network led to 
somewhat ambiguous relations between ¢ and the 
properties of the phosphors. We did find, however, 
that in a general way phosphors which have regular 
brightness waves are more lossy and have higher 
¢@ values than those which exhibit pronounced 
secondary peaks (see Fig. 2). 

The general solution of the differential equation 
(6) contains a transient term on the order of 
exp(—t/r) which must disappear before the 
steady state is reached. Fig. 5 shows a calculated 
plot of instantaneous brightness over the first few 
cycles indicating clearly the transient and its 
approach to steady state. An examination of 
equation (7) shows that the phase relationship of 
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| dt 
0 


Log current orbitrory units 


Time psec 


Fic. 4. Discharge curves of EL panel (I) and ideal R-C 
network (II). 


the main brightness peak to the voltage peak is a 
function of wr. For constant 7, it changes from 
leading the voltage wave form to lagging it as 
frequency is increased. Conversely, as 7 is in- 
creased, at constant frequency the same effect is 
created. This offers an explanation for the changes 
in phase which have been seen experimentally as a 
function of frequency and temperature."!) 

The average brightness of the panel can be 


2 

Time 

Fic. 5. Calculated rise in brightness during first few 


cycles of excitation; ---—- zero light level. 


If equation (7) is substituted into equation (8) 
and the integration carried out, one finds that 


B = AlVof(¢) (9) 


where f (4) is a slowly varying function of ¢ and 
for m = 5 has values shown in Table 2. 


Table 2 
¢ 
(deg) 

0 1-000 

5 1-019 
10 1-075 
20 1-284 
30 1-587 
45 2-102 
90 2-945 


The Jo that appears in this equation is related 
to Vo through an impedance term. If one assumes 
the impedance of a series resistor and capacitor, 
a very rough approximation only, then 

Vo Cc 
Io = = wl), 


(10) 


For small values of w, we thus obtain 
~ 
B 
or, if we resubstitute the exponential term, 


B = wVo (12) 


This relation looks similar to empirical expressions 
for average brightness which have been pro- 
posed"!4) except that frequency is explicitly con- 
tained in it. Of course, it is questionable since it 
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has only been derived for low frequencies, and 
since it depends on a simplified formulation of an 
equivalent circuit for the electroluminescent 
panel. Nevertheless, it is interesting and pro- 
vocative that a series RC equivalent circuit 
predicts frequency behavior for average brightness 
which can be observed experimentally at low 
frequencies (essentially a linear dependence). 


V. LIGHT DECAY CONSTANTS 

The assumption of the monomolecular decay 
in brightness is only to a very rough approximation 
true in our phosphors, and indeed, in any 
phosphors. Many luminescent-center recombina- 
tions can be described as an initial monomolecular 
process changing into a polymolecular process. 
However, the appearance of secondary peaks does 
not depend on a specific assumption of mono- 
molecular brightness decay used in equation (6). 
No assumptions about delayed recombinations 
due to trapping or other causes are necessary to 
account for secondary peaks in the brightness 
waves. Of course, this does not mean that there is 
no trapping in phosphors, it is simply pointed out 
that secondary peaks can be explained without 
reference to traps. In fact, delayed recombinations 
would seem to have a tendency to smooth out the 
secondary peaks, other things being equal. In 
principle, equation (5) can be modified to apply 
to processes of any complexity (bimolecular 
processes, trapping, etc.), although the mathe- 
matics rapidly get out of hand. 

The steady-state average brightness is of course 
not dependent on the trapping or recombination 
scheme. At steady state, dN,/dt is by definition 0 
over a cycle, and the principle of detailed balance 
shows that at steady state any trapping process 
and its reverse proceed at the same over-all rate. 
Therefore, any mode of recombination will give 
us 


x exp(—5/|V1/2|)d(wt) (per unit tiene) 
(13) 


VI. CONCLUSIONS 

The secondary peaks in sinusoidal brightness 
waves can be accounted for by considering an 
excitation term which depends on the voltage and a 
current component of an electroluminescent panel. 
No assumptions about delayed recombinations are 
necessary. A complete description of the critical 
parameter ¢ awaits a better understanding of 
dielectric properties of electroluminescent 
phosphors. A simple equivalent circuit model 
gives an equation for average brightness which 
contains frequency effects, and which can be ob- 
served qualitatively by experiment. 

The approach taken in this paper is largely 
phenomenological in nature and it remains to be 
seen whether the theory presented here can be 
fitted into current detailed models about the 
mechanism of electroluminescence. The major 
difficulty appears in the derivation of the excita- 
tion term which is not strictly justifiable on firm 
theoretical grounds. A justification awaits the 
complete solution of the problem of transient 
behavior of space charges in semiconductors. 
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Abstract—Diffusion techniques, applied to semiconductors to produce impurity gradients, have 
revealed that under certain conditions Fick’s law is not always obeyed. It will be shown experi- 
mentally and theoretically that a field-retarded diffusion of antimony will occur in germanium in the 
presence of a p-type impurity, e.g. gallium, which is higher in concentration and has a negative 
gradient in the direction of the donor diffusion. This implies, in addition, temperature settings 
whereby the intrinsic carrier concentration mj is smaller than N 4, the number of ionized p-type im- 
purity atoms. The investigations have been carried out for a temperature range of 700-900°C and 
with concentration levels of N4 < 102° atoms/cm* and of Np < 10!* atoms/cm?. 

By including field terms it is shown that the diffusion constant of antimony Ds» is dependent 
upon the ratio of its concentration Np to the intrinsic carrier concentration n;, and the ratio of 
acceptor and donor gradients. The experimental evidence is in general agreement with the theoretical 
formulation. 


Résumé—Certaines techniques de diffusion appliquées aux semiconducteurs pour produire des 
pentes d’impuretés ont révélé que, sous certaines conditions, la loi de Fick n’est pas toujours obéie. 
Il sera démontré expérimentalement et théoriquement que la diffusion, retardée par le champ de 
l’antimoine, se produira dans le germanium en la présence d’une impureté du type p, comme par 
exemple le gallium qui a une plus forte concentration et qui posséde une pente négative dans la 
direction de la diffusion des donneurs. Ceci demande aussi des ajustements de température ou la con- 
centration intrinséque des porteurs m est plus petite que Nu, le nombre d’atomes d’impureté ionisés 
de type p. Les expériences ont été faites dans la gamme de température de 700°C a 900°C et avec des 
niveaux de concentration de Na < 10° atomes/cm® et Np < atomes/cm’%. 

En comprenant les termes du champ, il est demontré que la constante de diffusion de l’antimoine, 
Ds», dépend du rapport de sa concentration Np 4 la concentration intrinséque des porteurs mi, et le 
rapport des pentes d’accepteurs et de donneurs. Les résultats expérimentaux sont en accord avec les 
formules théoriques. 


Zusammenfassung— Diffusionsprozesse werden haufig angewendet um Storstellengradienten 
in Halbleitern zu erzeugen. Es hat sich jedoch gezeigt, dass Fick’s Gesetz der Diffusion unter 
bestimmten Bedingungen nicht immer befolgt wird. In dieser Arbeit wird experimentell nachge- 
wiesen, dass eine feldverzégerte Diffusion von Antimon in Germanium auftreten kann in der 
Gegenwart einer p-leitenden Verunreinigung, z.B. Gallium. Um die verzégerte Diffusion zu 
bewirken wird verlangt, dass die Galliumkonzentration grésser ist als diejenige von Antimon und 
dass ein negativer Gradient in der Richtung der Antimondiffusion vorhanden ist. Der Temperatur- 
bereich in dem diese Verzégerung auftreten kann ist beschrankt und bedingt eine Inversions- 
dichte kleiner als N 4, die Anzahl der ionisierten, p-leitenden Verunreinigungsatome. 

Die Untersuchungen werden in einem Temperaturbereich von 700°C bis 900°C und in einem 
Verunreinigungsbereich von < 102° Atome/em®? und Np < 10!% Atome/cm? durchgefiihrt. 

Es wird theoretisch gezeigt, dass bei einer Addierung eines Feldstromes zum Diffusionstrom die 
Diffusionskonstante von Antimon Dsp eine Form annimmt, die abhiangig ist von (a) dem Ver- 
haeltnis der Konzentration Np zu der Inversionsdichte mi und (b) dem Verhaeltnis der Akzep- 
toren- und Donatorengradienten. Die Ergebnisse des Experimentes sind in allgemeiner Ueberein- 
stimmung mit der theoretischen Begriindung. 


© Presented at the IRE-AIEE Solid State Device Research Conference, 13-15 June 1960, Pittsburgh, 
Pennsylvania. 
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INTRODUCTION 
It Has been a very common assumption that 
Fick’s law of diffusion) can be applied to solid- 
state diffusion in semiconductors. This law states 
that the diffusion rate J depends entirely on the 
impurity gradient, i.e. 


J = —Ddc/dx (1) 


where D is the diffusion constant of the diffusant 
and ¢ its concentration. The diffusion constant in 
Fick’s law is inherent for a given material and is 
only temperature dependent. It has been custom- 
ary to describe diffusion in semiconductors with a 
diffusion constant which has only the temperature 
dependence. In recent theoretical and experi- 
mental investigations, ?-®) it has been shown that, 
under certain diffusion conditions, D is not a 
constant of the material dependent on the tem- 
perature alone; electrostatic and electrodynamic 
forces may contribute to considerable deviation. 
Electrostatic interaction, such as described in 
Refs. 3 and 5, will certainly decrease with increas- 
ing temperature and impurity concentration and, 
hence, this interaction can be eliminated from the 
results reported, especially since the intrinsic 
number of holes or electrons will be less than the 
number of ionized impurity atoms. In this latter 
case, it was shown?:3) that field-aided diffusion can 
occur, which increases the diffusion constant by a 
factor of 2. The diffusion constant is, therefore, 
not a constant at certain temperatures for a parti- 
cular diffusant, but depends also on impurity con- 
centration. The actual field arises from the action 
of holes associated with the ionized p-type im- 
purity atoms. The holes would ordinarily tend to 
diffuse away from the impurity ions by virtue of 
large differences in diffusion constants. This tends 
to set up a space charge; in order to prevent this 
and to keep the two distributions identical, a field 
will be established. The influence of this field on 
diffusion properties has been studied in a system 
Ga-Sb-Ge in the temperature range from 700 to 
900°C for various impurity concentrations and 
gradients. It will be shown, in the special case of 
germanium, where most of the n-type impurities of 
the fifth column diffuse faster by several orders of 
magnitude than the p-type impurities, that this 
field introduces forces upon the diffusion of the 
faster-diffusion n-type impurities which tend to 
retard the diffusion if the gradients of donors and 


acceptors are in the same direction. In the opposite 
case, a field-aided diffusion would result. Finally, a 
boundary condition is realized whereby diffusion 
ceases completely owing to the field-opposing 
forces. 

Fick’s law, therefore, is no longer valid and 
must include terms describing field-aided or re- 
tarded diffusion. 


EXPERIMENTAL PROCEDURE 

A germanium crystal of p-type conductivity with 
an acceptor doping level around 1016 atoms/cm? 
has been used as a starting material. Slices of 
thickness 25x 10-3cm have been lapped and 
polished to obtain smooth surfaces for even in- 
diffusion. Since shallow diffusion depths have been 
chosen for the experiments, the work damage 
remaining after polishing was removed by a 
chemical polish. 

Part of the slices was subjected to p-type in- 
diffusion of gallium in an open-tube, flowing-gas 
furnace at a temperature of 850°C for 2 hr. A 
p*-indiffusion gradient with a characteristic 
diffusion length, L = 2y(Dt), of 1-0 and a 
surface concentration, Coga, equal to 10? 
atoms/cm? resulted from this treatment. An open- 
tube, flowing-gas, two-zone furnace has been used 
to perform indiffusion of antimony from the vapor 
phase at a constant source temperature. Slices with 
and without p*-diffusion from the same material 
were then simultaneously indiffused with anti- 
mony. In the evaluation, the temperature of the 
diffusion and the surface concentration of antimony 
served as variables for the experiment. 

After the n-type diffusion cycle, angle lapping is 
used in conjunction with copper-staining tech- 
niques to reveal the p- junction in the p-type 
material and the p-n—p junction structure in the 
previously p*-diffused material. (See Figs. 1-4.) 

Sheet resistivity measurements on the p-type 
material with the formed p-n-junction by the 
antimony diffusion, together with the values of the 
junction depth xpo, have been used by employing 
BACKENSTOsS’ method?) to determine the diffusion 
constant of Sb as a function of temperature. These 
values are confirmed by diffusion-constant mea- 
surements of Sb reported by BLAKESLEE®), Since 
this evaluation was based upon a solution of FIck’s 
law according to equation (1), the antimony 
diffusion up to 101% atoms/cm? seems to follow 
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Experiment B 


Ga-Indiffusion 
} } 
Yl Jb. 


Sb-Indiffusion (through previously 
diffused P+layer) 


| p | Indiffused P 


(4) Cu-Staining to reveal N-layer. 


(5) Diffusion depth measurement by Sodium-light interference fringe method. 


EXPERIMENTAL ARRANGEMENT 
AND EVALUATION 


Fic. 1. Principal steps 1-5 of the experiment to produce specimens. 


Fick’s law within the error limits of the experi- 
ment. The error function solution for the bound- 
ary condition of a constant-concentration diffusion 
source is, therefore, appropriate in the form 


C(x) = Co (2) 


where Cp is the surface concentration, C(x) the con- 
centration at a distance x from the surface, ¢ the 
duration of the diffusion cycle and D the diffusion 
constant which is determined by the diffusant and 
the medium through which it diffuses. 

In our evaluation procedure and mainly for 
reasons of a comparison, the assumption which is 
somewhat objectionable according to Ref. 5 has 
been made that the donor surface concentration, 
Co sp, during the simultaneous diffusion into the 
p-type and previously p*-diffused material is the 
same. Under identical diffusion conditions, con- 
sistent deviations in the junction-formation dist- 
ances, Xp2 from xpo, have been observed. xp2 and 
Xpo are the depths of the junctions formed by the 
Sb diffusion in the p-type material and the previ- 
ously p*-diffused material respectively. Therefore, 
it was obvious that the n-type diffusion in presence 
of the p-type gradient does not follow Fick’s law of 
diffusion, and additional forces must be responsible 
for the difference. For a particular set of condi- 


namely Co Ga = 10°° atoms/cm’, and 
Cos» = 101% atoms/cm? and ¢ = 30min, the 
temperature range of 700-900°C has been chosen 
to study the diffusion behavior of antimony in 
presence of the p-type gradient. For the purpose of 
evaluation, an apparent diffusion constant Ds» has 
been defined by 


tions, 


9 


(3) 
If a junction in the p-material has been formed at 
Xpyo under the conditions of 


Co = Cosp erfe[xpo/24 (Dspt)] (4) 


substitution of (4) into (3) then yields for equal 
times 


Ds»(apparent) = 1/4#[xp2/arg erfe(Co/Co sp)] 


D sp(apparent) = D sp[Xp2/xpo]? (5) 


Figs. 5 and 6 present the experimental results ob- 
tained by using equation (5) and measuring the 
junction depths, xpo9 and xp2, formed at various 
temperatures in the p-type and previously p-type 
indiffused samples. 


THEORETICAL DIFFUSION CONSIDERATIONS 
An excellent and extensive theoretical treatment 
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Angle-sections of specimens at 800°C. 


A. Single Sb diffusion at 800°C for 30 min. Nop = 
2 x 10!° atoms/cm; B. same Sb diffusion through Ga diffused layer of Nos = 107° atoms/cm®*. Bulk 


material: Ge with N4 = atoms/cm?. 
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Fic. 3. Angle-sections of specimens at 825°C. A. Single Sb diffusion at 825°C for 30 min. 
Nop = 3 x 10!8 atoms/cm?; B. same Sb diffusion through Ga diffused layer of Noa 
102° atoms/cm. Bulk material: Ge with Nu ~ 10!® atoms/cm’. 


Fic. 4. Angle-sections of specimens at 850°C. A. Single Sb diffusion at 850°C for 30 min. 
Nop = 3 x 10!8 atoms/cm?; 


B. same Sb diffusion through Ga diffused layer of Nou 
atoms/cm?. Bulk material: Ge with Nu 
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Fic. 5. Plot of diffusion constant of antimony vs. tem- 
perature from our determination in the retarded and 
normal diffusion case. The given values of Ds» (appar- 
ent) apply for concentration levels of Nao = 107° 
atoms/cm’ and Npo = 10!% atoms/cm® and a character- 
istic diffusion length of 2,\/(Dt)=1 4 for gallium. 


of diffusion problems in semiconductors by in- 
cluding field terms has been given by ZAROMB"®), 
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According to equation (18) of this publication, we 
can write our donor diffusion current in the form 


Jp = —Dp aNp/dx—ppNpE (6) 


where pp is the field mobility of the diffusing 
particle and —E is the average electrical force 
acting on a positively charged particle. The field £ 
which is acting upon the diffusing antimony 
particles in our experiment can be found from 
equation (32) of Ref. 9. Since the diffusion 
constants of holes and electrons, D, and D, 
respectively, are much larger than the diffusion 
constants of acceptors and donors, D4 and Dp 
respectively, and in addition N4 > Np in our 
experiment, it is easily shown that 


Dp 
Ex — dNa/dx (7) 


The expression for the field F in equation (7) 
can now be inserted into equation (6) and will 
result in a form describing the diffusion of the 
faster-moving impurity species. Normally, the 
slow-moving acceptor particles would have to be 
considered too, when the net impurity distribution 
at various distances is under investigation. Aided 
diffusion of acceptor impurity atoms in our case 
has been neglected and ruled out by the large 
difference in the diffusion constants of antimony 
and gallium. Fick’s modified law for the antimony 
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Fic. 6. Dependence of the retarded diffusion of antimony on time 
and temperature for Nao = 102° atoms/cm* and Npo = 1019 
atoms/cm?, 
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diffusion will now read 


= x 


; dx dx 


(8) 
The subscripts Sb and Ga are used in reference to 
antimony and gallium. Equation (8) is the approxi- 
mate solution which will be used to interpret the 
reported diffusion of antimony in germanium in 
the presence of gallium. The solution (8) is in 
general applicable only to a system whereby 


Na > Np and Dp > Dy. 


APPLICATION TO EXPERIMENT 

In Fig. 5, the measured diffusion constant of 
antimony is plotted as a function of temperature. 
Previous measurements are indicated and are 
somewhat higher than ours. Recently published 
datas), however, do agree with the values reported. 
Retarded antimony diffusion constant, Dg» 
(apparent), for our specific experimental arrange- 
ment is shown on the same plot. It should be 
pointed out that this retarded diffusion is subject to 
changes in the original gallium impurity con- 
centration and its impurity gradient. At the lower 
end of the temperature range of our investigation, 
the diffusion constant of antimony departs by 
several orders of magnitude from the normal one 
and its behavior can be described by equation (8). 
At the higher end of the temperature range and 
finally approaching the melting point of german- 
ium, quite normal diffusion of antimony will occur 
according to Fick’s law [equation (1)]. ‘Transition 
of equation (8), which describes the retarded 
diffusion into equation (1) in the form 


which describes normal diffusion according to 
Fick’s law, is caused in the first-order effect by 
the temperature dependence of the intrinsic carrier 
concentration nj. ‘The spacial impurity gradient 
aN 4 (Ga)/dx, of course, is a characteristic variable in 
our experiment and has been kept constant in 
regard to dNp sp)/dx. For other diffusion para- 
meters, both impurity gradients can play different 
roles; and, in cases where the gradient of one 
;mpurity species is zero, while that of the other is 


and R. 


ZULEEG 


high, these terms predict counter-diffusion of the 
former species in the direction of increasing 
concentration. The interaction between arsenic 
and aluminum in germanium) is an example of 
such counter-diffusion. 

To show consistency of the retarding effect, 
diffusion runs were carried out at different time 
cycles, but with identical temperature settings. The 
results are demonstrated in Fig. 6. 

To check the quantitative agreement of equation 
(8) with the experimental values of Fig. 5, the 
example is restricted to the case where 


(dN4/dx)|(dNp/dx) = 1 


Assuming that Np sp) = 2 x 1019 atoms/cm, one 
finds for m at 800°C a value of approximately 
1019 atoms/cm, and Dp gp) tends to take on a 
very small value. On the other hand, for a tem- 
perature of 850°C, where Np sp) X mi, one finds 
Dp sv) (apparent) = }Dp These two theo- 
retical points are in fair agreement with the ex- 
perimental points in Fig. 5. 


SUMMARY 

It has been shown experimentally that, under 
certain conditions, a field-retarded diffusion can 
exist in semiconductors. The conditions in our 
case are such that the gallium (acceptor) surface 
concentration is larger than the antimony (donor) 
surface concentration during the diffusion. Anti- 
mony as a donor indiffusion will then be retarded 
in presence of a negative impurity gradient of 
gallium if its concentration is larger than the 
intrinsic carrier concentration. The retarding effect 
will disappear as soon as the antimony concentra- 
tion is compatible with or even smaller than the 
intrinsic carrier concentration. The impurity 
gradient of the stationary acceptors and the vary- 
ing gradients of the diffusing donors will be 
responsible for the additional driving forces 
acting upon the mobile impurity atoms. By in- 
cluding field terms, a modified F1ck’s law describes 
the retarded diffusion of antimony observed. 
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PHOTOCONDUCTIVITY IN SINGLE-CRYSTAL TELLURIUM# 


D. F. EDWARDS, § C. D. BUTTER" and L. D. McGLAUCHLIN§ 
(Received 9 January 1961; in revised form 28 February 1961) 


Abstract—Measurements are reported of the photoconductive properties of tellurium crystals 
grown from the vapor phase as well as from the melt. The results are compared with other types of 
photoconductive cells and with theoretical estimates of the cell detectivity. For the “‘best’’ tellurium 
cell the measured detectivity at the spectral peak was Df (3-4, 900) = 2-3 x 101! em (c/s)!/? W-! 
compared with the estimated value of D¥ (3°4 w,—) = 101! cm (c/s)!/2 W-1. This demon- 
strates that it is possible to construct tellurium cells whose detectivity is limited by back- 


ground radiation. 


Résumé—On rapporte les mesures des propriétés photoconductives des cristaux de tellurium 
développés de la phase vapeur aussi bien que de la fonte. Les résultats sont comparés avec d’autres 
types de cellules photoconductives et avec des évaluations théoriques de la ‘‘détectivité’’ de la cellule. 
Pour la meilleure cellule de tellurium, la ‘“‘détectivité’’ mesurée a la pointe spectrale était de Df (3,4, 
9000) = 2,3 x 10!! em(c/s)!/*W~! comparée avec une valeur estimée de D¥(3,44, —) = 2,2 x 10'4cm 
(cs)! * W-!. Ceci démontre qu’il est possible de produire des cellules de tellurium dont la “‘détecti- 
vité’’ est limitée par la radiation de fond. 


Zusammenfassung—Die Photoleitfihigkeit von Tellurkristallen wurde gemessen, wobei die 
Kristalle sowohl aus der Dampfphase als auch aus der Schmelze gewonnen wurden. Die Ergebnisse 
wurden mit anderen Typen von photoleitenden Zellen und mit den theoretischen Werten der 
Nachweisempfindlichkeit verglichen. Fiir die ,,besten‘‘ Tellurzellen ergab die Messung der Nach- 
weisempfindlichkeit am spektralen Spitzenwert D} (3,4, 9000) = 2,3 x 1011 cm Hz!/?/W gegeniiber 
dem theoretischen Wert D¥(3,44, —) = 2,2 x 1011 cm Hz!/?/W. Daraus ergibt sich die Méglichkeit 
der Herstellung von Tellurzellen, deren Nachweisempfindlichkeit durch Untergrundstrahlung 


begrenzt ist. 


TELLURIUM single crystals grown from the vapor liquid-nitrogen temperature, he reported a de- 


phase as well as from the melt display photocon- 
ductive effects comparable to lead sulfide photo- 
conductive cells. In the present paper, measure- 
ments are reported for several tellurium photo- 
conductive cells and the results are compared with 
other types of photoconductive cells, and with 
theoretical estimates of the cell characteristics. 
The use of tellurium as a photoconductive 
element was first investigated by Moss") who 
used evaporated thin films. For a cell cooled to 
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tectivity|| value of D; (1p, 80) = 1-7x 10%cm 
(c/s)? W—1, and a response time of about 550 usec 
for the cell having the greatest detectivity. This 
same tellurium film had only a moderate detec- 
tivity [D; (1, 80) = 105-106 cm c/s!/2 W-1] at 
room temperature. Lorerski) later made photo- 
conductivity measurements on cooled single 
crystals of tellurium with about the same results 


| The conditions of measurement of the detectivity 
are specified by writing D* (1 pw, 80 c/s) where the aster- 
isk indicates that the cell area and amplifier bandwidth 
have been normalized to 1 cm? and 1 c/s, respectively; 
the subscript A indicates that this is the monochromatic 
detectivity for the wavelength specified by the first 
number in parenthesis. The second number in the 
parenthesis is the chopping frequency of the radiation. 
If a 500°K black body is used as the radiation source, 
the A subscript is omitted and the 1 yu is replaced by 
500°K, e.g., D* (500°K, 80 c/s). 


it 
; 
4 


as Moss had found for the cooled evaporated 
films. The single crystals as used by LOFERSKI 
were cleaved from large tellurium crystals and 
etched to the desired dimensions. Nickel was 
electroplated to the ends of the samples before 
soldering the copper leads. The impurity concen- 
tration of these crystals was estimated by LOFERSKI 
to be about 10! 

Suits®) in 1957 found that thin hexagonal 
crystal prisms of tellurium when cooled to liquid- 
nitrogen temperature had detectivities and re- 
sponse times comparable to cooled PbS cells. 
These thin single crystal prisms (about 
10x 4x4 mm) were grown from the vapor phase 
in a low-pressure hydrogen atmosphere starting 
with 99-999 + per cent pure material,j and 
always resulted in a needle-like cell element. The 
electrical contacts were made by welding a hot 
Wire, in most cases platinum, to the tellurium. 
The crystal was then mounted in a glass dewar 
shown in Fig. 1. Tellurium cells} having large 
detectivities have also been made from samples 
cleaved from melt-grown tellurium single crystals. 
Cells with sensitive elementsas large as 16mm? have 
been made in this way. The single crystals grown 
along the c-axis) by the Czochralski method had 
a high degree of perfection) as indicated by the 
low etch pit counts (as low as 100 cm~?) and long 
carrier lifetime (~70 psec at 300°K). BLAKEMORE 
et al.6) report a change in room-temperature life- 
time from 70 to about 1 psec for an increase in the 
defect density from 104 to 10®cm-?. Thus, the 
carrier lifetime is sensitively dependent on the 
defect density. The highest lifetime value pre- 
viously reported‘) was 0-01 usec, probably indi- 
cating a large defect density, (about 108-109 

Since tellurium can be plastically deformed 
under relatively small stresses, caution must be 
taken in preparing the tellurium samples to pre- 
serve the high degree of perfection. This is true 
for the vapor-phase-grown crystals as well as for 
those grown from the melt. As a convenience in 
referring to these two types of Te cells, the cells 


+ American Smelting and Refining Company, South 
Plainsfield, New Jersey. 

tA preliminary report of Te cells utilizing large 
single crystals was presented by BuTTER and 
McGLaucuLIn at the Los Angeles Infrared Information 
Symposium. 
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made with vapor-phase-grown elements will be 
given the suffix -N (e.g. Te-N or Te-59-N), 
meaning meedle-like, and the suffix -C (e.g. 
Te-C or Te-100-C) for cells with elements cleaved 
from large single crystals. For the elements used 
in the Te-C cells, the electrical contacts were 
made of evaporated gold to which the leads were 
soldered. ‘This method was adopted for these 
larger-area elements to reduce the effects of 
current-density variation across the element. The 
gold contacts also helped to define the sensitive 
area. Fig. 2 is an end view of a mounted tellurium 
element which was cleaved from a melt-grown 
crystal and has gold evaporated electrodes. The 
sensitive area is about 2 x 2 mm. 

The electrical noise, 500°K black-body detec- 
tivity and spectral detectivity were measured for a 
number of tellurium cells. For these measurements 
the Te-N cells were connected directly across the 
primary of a G-5 Geoformer§ with impedance 
approximately matched to the cell dark resistance. 
For the Te-C cells, a low-noise transistor pre- 
amplifier was used. At optimum bias, the noise of 
the Te-C cells was considerably greater than the 
preamplifier noise. Fig. 3 shows typical noise-volt- 
age values in a 5-cycle bandwidth plotted against 


59-N Optimum 
bias 


Noise voltage, 


oO 


Zero 


10 107 10° 10* 
Frequency, c/s 


Fic. 3. Noise-voltage spectra for two types of tellurium 
cells. 


frequency for both types of cells. For cell Te-59-N 
the noise voltage is given for both the optimum 
bias and zero bias. For this latter case the noise 
voltage is approximately frequency independent 
and equal to the thermal noise of the cell (2 muV 
for 200 Q at 77°K and 5-cycle bandwidth). For 


§ Triad Transformer Corporation, Venice, California. 
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optimum bias, i.e. the applied bias that produces 
maximum signal-to-noise ratio, the noise voltage 
for Te-59-N and Te-100-C are both typical semi- 
conductor noise, i.e. the noise power has a 1/f fre- 
quency dependence. The increased noise at 10 


PbS - 1(198°K) 
(2:5 4,90) 


Te-67-W 
PbS-II (77°k) 24,1000) 
ne 90) 


D, (2-9 z, 


InSb SIS-34 
4,900) 


Wovelength, 


Fic. 4. Spectral detectivity for tellurium, indium anti- 
monide and lead sulfide photoconductive cells. 


ke/s for cell Te-59-N with and without bias is 
produced by the increased transformer losses at 
high frequencies. 

The spectral detectivity D. is shown in Fig. 4 
for typical ‘Te-N and 'Te-C type cells. Also shown 
for comparison are curves for a few typical cells 
of different materials having D, curves competitive 
with those of the Te cells. Two curves are shown 
for the lead sulfide cells, PbS-I and PbS-II, to 
illustrate the two variations possible for this 
material. ‘The PbS-I is the standard Eastman 
Type-N cell and PbS-II is the Eastman plumbide 
variation called Type-P. For PbS cells of the 


type represented by curve PbS-I, D; at the 
spectral peak is greater at 198°K than at 77°K, 
and has a long-wavelength cut-off of about 3-5 yu 
at 77°K. For cells of the type PbS-II, D; is greater 


BUTTER and L. 
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at 77°K than at 198°K, and has a long-wavelength 
cut-off of about 4-5 at 77°K, and in general D; 
at the spectral peak is greater for the PbS-I type 
cells than for the PbS-II cells. The temperature 
effect for the two types of PbS cells has also been 
observed by SPENCER’) who attributes the effect 
to the rate of absorption of ambient photons at the 
two temperatures. 

The curve for the InSb cell shown in Fig. 4 is 
for a photoconductive cell reported by BRatT 
et al.) The cell temperature was 77°K and a 
cooled aperture was used to restrict the field of 
view to a 60° cone. The effect of the cooled aperture 
is to increase D; by about 1-5 times. RoBERTS"0) 
has reported D: values as great as 10!! cm(c/s)! ? 
W-! at A = 5-3 » for InSb photoconductive cells 
of similar design. 

From Fig. 4 it can be seen that cells Te-59-N 
and ‘Te-100-C have very similar D; curves. The 
difference in the spectral peaks for these two cells 
is a surface effect as pointed out by LoFERsKI"?. 
The long-wavelength edge for Te-100-C and 
Te-59-N is almost identical with that of cell 
PbS-II. At A = 3-4 the D* value for PbS-II is 
about 1-5 times that of the Te cells and increases 
for shorter wavelengths. The time constant for the 
Te cells is about 60-120 wsec compared to about 
4000 psec for the PbS-II cell. Thus, for applica- 
tions where the shorter time constant is required 
and the increased Dy for A<3 is unimportant, 
the Te cells should be superior to the PbS-II cell. 
The D, values for the InSb cell Fig. 4, are greater 
than those for the Te cell except for a narrow 
spectral region centered about 3-6. The time 
constant for these InSb cells is of the order of 
1 «sec. Thus the InSb cells appear to be superior 
to the Te cells in applications where rapid response 
times are important. By placing an optical filter 
having the long-wavelength response of the Te 
cells in front of an InSb cell, one would have the 
advantages of the short time constant of the InSb 
cell and the spectral detectivity of the Te cell with 
little loss in D, at A = 3-6. 

Also shown in Fig. 4 is the D, curve for the 
tellurium cell having the greatest detectivity 
measured to date; it is labeled Te-67-N. At the 
spectral peak, 3-4 w, the D; for Te-67-N is about 
4 times that for Te-59-N and Te-100-C. The 


noise spectrum for cell Te-67-N is very similar to 
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Fic. 1. Glass dewar with sapphire window used for Fic. 2. Tellurium element cleaved from melt-grown 
photoconductivity measurements on tellurium. crystal mounted in dewar. 
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that for cell Te-59-N (Fig. 3). Without an applied 
bias, the noise is approximately frequency inde- 
pendent and about equal to the thermal noise of 
the cell (1 muzV for 96Q at 77°K and 5-cycle 
bandwidth). With an applied bias the noise power 
is 1/f semiconductor noise. The performance 
characteristics are given in Table 1 for the three 
tellurium Te-100-C, ‘Te-59-N and 


Te-67-N. 


cells, 
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Other authors have used still different definitions 
for the energy gap. For the case of tellurium the 
definition of the energy gap is further complicated 
by the fact that the crystal is dichroic. These 
difficulties can be bypassed to some extent by 
calculating the ultimate detectivity after the 
method of Moss"?). Here a knowledge of the in- 
trinsic energy gap is not necessary. By this method 
the ultimate detectivity is estimated") to be 


Table 1. Characteristics of tellurium single-crystal photoconductive cells, 77°K 


Te-100-C 


Te-59-N Te-67-N 


D* (500°K, 90) [em(c/s)!/?W~?] 
D* (500°K, 900) [cm(cs/!'*W-?] 
DX (A, 90) [em(c/s)!' 
(A, 900) [cm(c/s)! 7W-!] 
A (spectral peal) 
7 (time constant) (usec) 
R (resistance) (Q) 
A (area) (cm?) 


3-6 
~ 60 
1000 


Recently, several articles have been pub- 
lished“1-!®) that describe methods for calculating 
the ultimate detectivity of a cell on the assumption 
that the limitations are fluctuations o1 the back- 
ground radiation. Petritz!) has simplified the 
problem to a relation between the intrinsic energy 
gap E; and the spectral detectivity D,.. Taking the 
optical activation energy to be 0-37 eV as given by 
Moss"), the ultimate detectivity would be 
Dy = 6x 10%cm (c/s)/2 about 2-5 times 
greater than the measured value for Te-67-N. 
One disadvantage of this method of estimating D. 
is that a knowledge of the intrinsic energy gap is 
required. In most cases it is somewhat arbitrary 
as to what value to take as the energy gap. Moss 
takes the energy gap to be defined by the condition 
that the photocurrent is 50 per cent of the peak 
photocurrent. Lorerski) takes the energy gap to 
be defined by the condition that the transmission 
is 5 per cent of its value in the transparent region, 
ie. HE; = 0-325eV. This corresponds to a 
= 3x 101 cm(c/s)’2 W-!. Another definition 
sometimes used is the energy corresponding to an 
absorption coefficient 10% times the value in the 
transmission region. For this energy gap"), 
(E; = 0-275 eV), D, = 1-6x (c/s)'2 W-1, 


1-3 x 109 1 
4x 109 
2 x 101° 1 
6:4 x 101° 6 

3 


0-02 x 0-02 


6:2 x 109 
1-7 x 101 
8:3 x 101° 
2-3 x 1014 


-3 x 10° 
‘7 x 109 


7 x 1010 
2 x 101° 
“4 

~120 

199 


0-05 x 0-05 0-05 x 0-05 


Dy (3-4 2, —) = 2:2 10" em (c/s)? W-1, com- 
pared to the measured value of D} (3-4 1, 900) 
= 2:3x 10" cm (c/s)!/2 This excellent 
agreement between the measured and estimated 
D, values is somewhat fortuitous because of the 
simplifying approximations made in this method 
of calculation. 

From an analysis of these two methods for 
estimating the theoretical D. value it is seen that 
the detectivity for cell Te-67-N is probably 
limited by the fluctuations of the background 
radiation. A possible explanation as to why the 
D. values of the other Te cells are less than that 
for Te-67-N is the relative number of defects in 
the sensitive cell elements. From the study of 
whisker growth it is known that the number of 
defects increases with the crystal diameter. One 
might then conclude that the Te-C elements 
cleaved from large crystals would intrinsically 
have a greater number of defects than the Te-N 
elements. Also, as pointed out earlier, tellurium 
can be easily deformed plastically, and such de- 
formation can introduce a large number of defects. 
The number of defects must be intimately related 
to the time constant and thus to the detectivity. ®) 
Unfortunately, it was not possible to obtain 


3 
3-4 
~ 120 
7 
ia a 
4 


28 


estimates of the defect densities for any of the 
Te-cell elements measured once they had been 
assembled. 
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Abstract—The emitter-current dependence of %c» of the p—n-p alloy transistor is affected by 
various factors. One of the important factors at low emitter-current densities is the ratio between 
donor concentration in base region and acceptor concentration in emitter region. But, at high 
emitter-current densities these two concentrations are observed experimentally to have essentially 
different behaviours. When, however, the emitter current is normalized in the form of p/Na, “cp has a 
maximum at a point in the vicinity of p/Na = 1 almost irrespective of donor concentration of the 
base material used. The fall-off of «cy at high emitter current is found to depend on the acceptor 
concentration in the emitter region. For those transistors with relatively large y and 8, it is ascer- 
tained that the approximation of STIELTJES et al. agrees fairly well with experimental data. Regard- 
ing the effect of surface recombination velocity s on the current dependence of «cy, interesting 
experimental results are obtained but the quantitative agreement with the approximation theory is 
rather poor. 

Résumé—La facon dont dépend |’x-»y du transistor allié p-n—p du courant émetteur est affectée 
par différents facteurs. Un des facteurs les plus importants a de faibles densités de courant émetteur 
est le rapport entre la concentration de donneurs dans la région de base et la concentration d’ac- 
cepteurs dans la région de l’émetteur. Mais a de fortes densités de courant émetteur, on a observé 
expérimentalement que ces deux concentrations ont de différentes fagons de comportement. Quand 
toutefois le courant émetteur est considéré dans la forme p/Na, %cp» a une valeur maximum a un 
point dans les environs d¢ p/Na = 1, presqu’ indépendamment de la concentration de donneurs 
dans le matériau de base employé. On a trouvé que le chute d’«-y a un fort courant émetteur dépend 
de la concentration d’accepteurs dans la région de |’émetteur. Pour les transistors ayant des facteurs 
y et B élevés, ons’est assuré que l’approximation de STIELTJEs et al. est en bon accord avec les données 
expérimentales. En ce qui concerne l’effet de la vitesse de recombinaison de surface sur la dé- 
pendance du courant d’«p, d’intéressants résultats expérimentaux sont obtenus mais l’accord 
quantitatif avec la théorie d’approximation est plutét faible. 


Zusammenfassung—Die Emitterstrom-Abhingigkeit des Stromverstirkungsfaktors in 
einem p—n—p-Transistor mit legiertem Ubergang wird durch verschiedene Faktoren beeinflusst. 
Bei geringer Dichte des Emitterstroms ist einer der wichtigen Faktoren das Verhiltnis von Donator- 
konzentration in der Basis zu Akzeptorkonzentration im Emitter. Bei hoher Dichte des Emitter- 
stroms zeigen experimentelle Boebachtungen ein ganz verschiedenes Verhalten der beiden Konzen- 
trationen. Wird der Emitterstrom in der Form p/Na normalisiert, so hat x» an einem Punkt in 
der Nahe von p/Na = 1 ein Maximum, und dieses ist von der Donatoremkonzentration des 
benutzten Basismaterials fast unabhingig. Der Abfall von «ey bei hohem Emitterstrom hingt von 
der Akzeptorenkonzentration im Emitter ab. Fiir Transistoren mit relativ hohen y- und £-Werten 
stimmt die Annaherung von STIELTJEs et al. mit den experimentellen Befunden ziemlich gut iiberein. 
Im Hinblick auf den Effekt der Rekombinationsgeschwindigkeit s an der Oberflaiche auf die Strom- 
abhingigkeit von a» wurden interessante experimentelle Ergebnisse erzielt, jedoch ist die 
Ubereinstimmung mit der theoretischen Annaherung unbefriedigend. 


1. INTRODUCTION it with respect to three factors, surface and bulk 
EMITTER-CURRENT dependence of «ep in the alloy recombinations of injected carriers and emitter 
junction transistor can be explained by examining injection efficiency, as first proposed by 
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Wesster"), Thereafter, RItrNerR®’ and others 
developed his theory, and further FLETCHER and 
others-®) described how injected carriers at high 
injection level are concentrated near the periphery 
of the emitter. This causes an increase in the sur- 
face recombination velecity and as a consequence 
the current-amplification factor is decreased. 
More recently, ARMSTRONG ef al.) and STIELTJES 
and ‘Tummers'®) have reported that the fall-off of 
%ep at high current densities is remarkably im- 
proved by the addition of a small amount of 
gallium or aluminium to the indium used in the 
preparation of the emitter. Still further, Moore 
and PANKove”), Stripe and Moore®), 
son"l) and YaNnar and SuGANo“*) have described 
the influence of transistor geometry on the current 
dependence of xp. This article presents the results 
of an experimental study of the effects of donor 
concentration in the base region, acceptor concen- 
tration in the emitter region, surface recombina- 
tion velocity and perfection of the junction on the 
emitter-current dependence of %» in a practical 
current-density region. Also given are results of an 
examination of the applicability of the STIELTJES 
and other theories to actual transistors. In our 
experiment, p-n-p transistors with planar junc- 
tions were used with the view of avoiding the 
influence of geometry, as far as possible. 


2. METHOD OF EXPERIMENT 

The germanium used in the experiment was an 
n-type single crystal doped with Sb. It had a life- 
time exceeding 300 usec and an etch-pit density 
of 3000-6000 cm-*. A pure indium dot 1:26 mm 
in diameter was used as the collector. A pure 
indium dot or In—Ga—Ag alloy dot 0-8 mm in 
diameter was used as the emitter. They were 
alloyed in hydrogen gas at 560°C for 5 min. Our 
experiments were made using transistors with 
planar p—n junctions, as shown in the photomicro- 
graph of Fig. 1. 

The surface recombination 
transistor s is difficult to measure, and, instead, 
the effective lifetime of minority carriers, tet, Was 
measured by the method of LEDERHANDLER- 
GIACOLETTO"!) using electropulse techniques. 
The measurement of the grounded-emitter, 
small-signal current-amplification factor was 
made in all 6-V constant collector 
voltage and with the transistor case dipped into 


velocity for a 


cases at 
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a mercury bath to minimize the effect of heat 
generated by the power dissipation inside the 
transistor. 


3. RESULTS OF EXPERIMENT 
1. Effect of donor concentration in the base region 
Fig. 2 shows the effect of donor concentration 


3 4 5 
Emitter Current Density ( Acm*) 


Fic. 2. Effect of the donor concentration in the base 

on the current dependence of xc» (pure In emitter). 

Na ~ 5x10!8cm-3. (a) Na 1-7 x 1014 cm-3; (b) Na 

x 10'4 (c) Na 1-2 x10! cm-3; (d) Na 4:3 x 1038 


in the base region on the emitter-current de- 
pendence of x» of the p-n—p transistor which was 
made by alloying indium to an n-type germanium 
pellet and had nearly constant effective lifetime 
Terr of a hole. 

Curves (a—d) in the figure are plotted respec- 
tively for four values of donor concentration in 
the base region varying from 1-7 x 10!5cm~3 to 
4-3 x 10!% cm~%, It is seen that as the donor con- 
centration in the base region is decreased, the rate 
of fall-off of a» becomes appreciable and the 
emitter current at which «%» reaches a maximum 
moves toward the lower current-density side. 

Fig. 3 shows the current dependence of a» 
which was obtained rather statistically from each 
of thirty samples with various donor concentra- 
tions. Similarly to the case of Fig. 2, it indicates 
that the current dependence of x» becomes 
greater with decreasing impurity concentration 
in the base region. 
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Fic. 1. Cross-section of the transistor used in experiment. 
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20 x0" 
Impurity Concentration,Nd( Atoms cm?) 


Fic. 3. Effect of donor concentration in the base on the 
current dependence of 


The ordinate of this figure represents the ratio 
of ap at an emitter-current density of 0-5 A-cm~? 


to that of 5 A-cm~ and serves as a practical 
measure showing the current dependence of «ep. 


2. Effect of acceptor concentration in the emitter 
region 

Fig. 4 shows the relationship between equilib- 
rium donor concentration in the base region Na 
and emitter-current dependence of a», with the 
value of Ng varying from 1-7 x 1015 cm-? to 5-6 x 
1013 cm-3, as in experiment (1). 
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Fic. 4. Effect of the donor concentration in the base 

region on the current dependence of ae» (In—Ga—Ag 

emitter). Na ~ 5x10!%cm~-3. (a) x10 cm-3; 

(b) Na1-:7x cm~3; (c) Nu1:2x10'4 cm-3; 
(d) Na 5-6 x 1033 


The emitter metal used was prepared by adding 
a small amount of gallium to the indium to increase 
the equilibrium acceptor concentration Ng in the 
emitter region. As clearly seen from the figure, 
compared with the pure indium case of Fig. 2 the 
fall-off of %¢p is very small and the emitter current 
at which ay is a maximum moves relatively to the 
high-current-density side. That is, in the former 
the maximum point appears in the range of 0-1 to 
0-7 A-cm~?, while in the latter it appears in the 
range of 0-2 to 1-2 A-cm~?. With respect to the 
donor concentration in the base region of 1-7 x 
1015 cm~, a» decreases to about 50 per cent at 
the current density of 5 A-cm~? in the case of the 
pure indium emitter but only to 82 per cent in the 
case of the In—Ga—Ag emitter. As for the current 
density at which ep is a maximum, it is 0-6 A-cm~2 
for the former but 1-2 A-cm~? for the latter. 


3. Effect of surface-recombination velocity 

Because of reasons to be described later, surface- 
recombination velocity of holes and electrons also 
has a marked effect on the current dependence 
of xp. The effect is especially noticeable at rela- 
tively low current densities. Our experiment 
indicates that for those alloy-junction transistors 
with the same geometry and emitter efficiency y, 
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Emitter Current 


Fic. 5. Effect of the effective lifetime tetr of minority 

carrier on the current dependence of ap. (a) Tett 8°33 x 

10-6 sec; (b) tere 7°95 x 1078 sec; (c) 6°70 x sec; 
(d) terre 4°87 x 10-8 sec. 
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%eh in the vicinity of 0-25 A-cm~? is determined 
uniquely by vere with the empirical relation 
(268 rege)/(34'8— rere). At high current den- 
sities, however, the situation is too complicated 
to be expressed by such a simple expression, since 
injection 


the current dependence of emitter 


efficiency y should simultaneously be taken into 
account, as mentioned later. 

In order to examine the effect of surface-recom- 
bination velocity on the current dependence of «ep, 
a single transistor element was surface-treated in 
various ways, and at each time the %»—Jg char- 
acteristic The these 
experiments are shown in Fig. 5. As seen from this 


was measured. results of 
figure, the effect of surface-recombination velocity 
s is distinctive at relatively low current densities 
but is trivial at high current densities. Moreover, 
as Terp becomes small, that is as s becomes large, the 
current density at which %» reaches a maximum 
moves toward the high-current-density side. This 
is the result which is also expected from the dis- 
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Fic. 6. Effect of the organic solvents on the current de- 
pendenc eof &». (a) Dry air (tere 12 psec); (b) nitro- 
benzene (Tete usec); (c) acetone (tere 8°7 psec); 
(d) aniline (terre 8:2 usec); (e) alcohol (tere 5:1 psec); 
(f) vacuum bake (Terr 3-6 psec). 
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cussion appearing later. With the aim of varying 
the value of s in a wider range, a single transistor 
element was dipped into organic solvents with 
different dielectric constants. With vere varied in 
the range of 3x 10-6 sec to 1-5 x 10-5 sec in this 
way, the %»—Z/g characteristic was extensively 
changed as seen from Fig. 6. 

In Fig. 6, with the exceptions of curves (e) and 
(f), the smaller the value of tere the more the 
maximum point of xp moves to the high-current- 
density side and the smaller the fall-off factor be- 
comes. But the relative values of a» and the 
current dependence cannot be accounted for by 
the effect of rere alone. 


4. Effect of other factors 
Fig. 7 shows the relationship between the alloy- 
ing temperature and the current dependence of 
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7. Relationship between the alloying temperature 
and the current dependence of dep. 


ep. The higher the alloying temperature the 
smaller the current dependence of %¢p. It has been 
ascertained by various other methods that the 
perfectness of the p-n junction is closely related 
to the alloying temperature. And in the present 
work also, it is conceivable that the higher the 
alloying temperature the fewer the number of 
weakpoints in the p— junction, the y is improved 
and consequently the current dependence of %»p is 
improved. The values of y at low current density 
are about 0-941 and 0-999 for transistors which 
were alloyed at 480°C and 560°C, respectively. 
In addition, the base width Wy, should have 
some influence on the current dependence of %¢p. 
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Fig. 8, for instance, shows the current dependence 
of a» for the base widths of 15x 10-4cm and 
25x10-4cm, with the other conditions held 
nearly constant. 
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Fic. 8. Effect of the basewidth W» on the current de- 
pendence of cp. 


From this figure it is obvious that the fall-off is 
less for the -former and that the base width is one 
of the factors which must be taken into considera- 
tion in designing transistors to be used at high 
current densities. 


4. DISCUSSION 
In this section, first the general treatments by 
WessTER"), and and others 
of the current dependance of ep are briefly re- 
viewed and then their correspondence with our 
experimental results is examined. 


1. ap for low injection level 
y 
The current-amplification factor of the alloy- 
junction transistor ap is expressed in a general 
form as shown by equation (1). In the case that in- 
jection of holes into the base region is so small 
(1>p/Na) that the resulting reduction in y and 
influence on the static field may be neglected, it 
can be reduced to the form of equation (2). 
1 Cl ge 
— =— (1) 
Leb 


1 sAsWy 1 (=) + 2) 


Leb Dy Ae 2 
where s = surface-recombination velocity, As = 


Celie 


Cc 
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effective area for surface recombination, Wp = 
base width, D» = diffusion coefficient for holes 
in the base region, Ag = area of emitter, op, og = 
conductivities in base and emitter regions and 
Le, Lp = diffusion length for electrons in the 
emitter region and for holes in the base region. 


2. %ep for high injection level 
(i) Static field caused by the injected carrier in 
base region. Hole-current density J» and electron- 
current density Je of the base region are given, if 
the static field is ignored, respectively by 
Jp = —4 Dp grad p (3) 
Je = 7 Dn grad n (4) 
where p and m denote the hole and electron con- 
centrations in the base region, respectively. If the 
static field is taken into account, J» and J, are 
given as 
Jp = —P 4p grad V—q Dy grad p (5) 
Je = —nqpngrad V+qDngradn (6) 
By taking into account the neutrality condition 
valid for the base region and using equations (5) 
and (6), J» is expressed as 


Jp = —qDpgradp ) 


where Ng = equilibrium donor concentration in 
the base region and p = injected hole concentra- 
tion in the base region. 

If the injected hole concentration p is very large 
compared with the equilibrium donor concentra- 
tion Ng in the base region, the hole-current den- 
sity J» is doubled: 


Jp = —2qDpgrad p (8) 
From this equation, the variation of Dy with 
respect to the injection level (p/Nq) can be graphic- 
ally represented as shown in Fig. 9. 
In this figure, Dj, is an effective diffusion 
coefficient due to the static field caused by the 
injected hole in the base region, and is expressed 
by the relation D), = Dp [1+p/(Na+p)]. With in- 
creasing injected-hole concentration, p and 
D},/Dp gradually approach 2. 
(ii) Corrections to current dependence of ep. 
According to WEBSTER, as a compensation for the 
surface-recombination velocity s and emitter- 
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effective diffusion coefficient. 


injection efficiency y at high injection level, a 
quantity called the “‘field factor” g(Z) is intro- 
duced. The expression as such, however, is not 
favourable for separating the effect of the earlier- 
mentioned donor concentration in the base region 
and acceptor concentration in the emitter region 
on the «»—Jg characteristic. It is more con- 
venient to follow the procedure of STIELTJES and 
others. Firstly, the surface-recombination velocity 
affects the base efficiency f. The effect is expressed, 
as seen from the aforementioned discussion, by 
equation (9) which takes into account the current 
dependence of the hole diffusion coefficient Dy 


W2 1+p/N 
—) (9) 


On the other hand, the current dependence of the 
emitter-injection efficiency is given by 


(10) 


1—y) “(1 


DpleNa \ 
It follows from the above that (1—«) at each in- 
jection level can be approximated as follows: 
(l—a) (I—8)+(1—y) 
(1 


We 


27ettD, 
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As is easily understood, the first and second terms 
in equation (11) contribute as the rise factor and 
fall-off factor of xp, respectively. 


3. Application to the experimental results 

(1) Maximum condition for %»—Ig curve. The 
measured emitter currents of Figs. 2 and 4 pre- 
sented in the earlier section are shown in Fig. 10 
and Fig. 11 respectively as re-expressed in terms 
of the injection level p/Nqa. 
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Fic. 10. Relationship between the injection level and 

aep (pure In emitter). Na ~ 5 x 1018 cm~-3. (a) Na = 1:7 

x 1045 cm-3;  (b) Na = 1:7x10% cm-3; (c) Na = 
1:2 x 1014 cm=3; (d) Na = 4:3 x cm-3. 


It is obvious from these figures that except for 
curve (a) corresponding to the donor concentration 
in the base region of Ng = 1-7 x 1045cm~%, the 
fall-off of a» for each curve in both figures is 
relatively independent of the donor concentration 
in the base region and that the points at which <p 
reaches a maximum appear in the vicinity of 
p/Na = 1. These points, however, can be moved 
somewhat arbitrarily by properly selecting the 
value of s, as shown in Fig. 5. The appearance of 
maxima in the vicinity of p/Nq = 1 may be 
attributed to the fact that the effect of reduction in 
y becomes distinctive at hole injection levels 
of p/Na = 1 as expected from equation (11). 

(ii) Current dependence of (1—y). The next sub- 
ject to be examined is the actual validity of the 
approximate equation (11). Fig. 12 shows the 
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. comparison of calculated and measured effects of y well with the measured values. But, for sample 
4 on the current dependence of x» with respect to No. 1, having large (1—y), the calculation does not 
3 those samples with different values of Nag, Wy, agree well with experiment. This indicates that 
#1, #15 

4 = Calculated Value 


Injection Level (Png) Injection Level (Ma) 


Fic. 11. Relationship between the injection level and Fic. 12. Comparison of theory and experiment. (In- 


(In—-Ga—Ag emitter). Na ~ 5x 10!%cm~-3. (a) Na = Ga-Ag emitters, No. 1, Na = 1:7 x cm~3; No. 10, 
1:7 x 1015 cm-3; (b) Na = 1:7x10!4 cm-3; (c) Na= Na = No. 15, Na = 1:2 cm-3 
1:2x 1014 cm~-3; (d) Na = 5:6 x 10!83 and No. 30, Na = 4x10!3 cm-3.) 


etc., as shown in Table 1, that is, the different equation (11) is a relatively good approximate 
values of y. formula for transistors with small (1—y). 

It is seen from this figure that for samples No. 10 (iii) Current dependence of (1—8). Fig. 13 shows 
and No. 15 having (1—y) below a certain value, the same current dependence of x» as given in 
the values calculated from equation (11) agree Fig. 5 with (1—8) varied by the value of ve¢e but 


Table 1 


Sample No. 


Parameter 


10 


Emitter area (10-8cm?) 4-1 4-3 4-3 4-2 

Acceptor concentration in emitter region Na 5-0 5-0 5-0 5-0 
(101%cm~3) 

Donor concentration in base region Na 17 1°7 1:2 0-4 
(10'4cm~) 

Base width (10-%cm) Wo 4-0 5-0 2°5 6-0 

Effective lifetime (10~° sec) Teft 1-0 1-0 1-2 1-1 

Diffusion coefficient for holes Dy 44 44 44 4-4 
(cm?sec~!) 

Diffusion coefficient for electrons Dn 92 | 92 92 92 
(cm? sec~*) 

Diffusion length for electrons in emitter Le 4-4 4-4 4-4 4-4 


(10-°cm) 
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with (l1—y) held constant, in comparison with 
curves (a), (c) and (d) showing the values calcu- 
lated with the use of equation (11) with respect 
to the same values of rege. As is clearly seen from 
this figure, curve (a) for relatively large rere agrees 
relatively well with the measurement. But curves 
(c) and (d) for small rege differ considerably from 
the measurement, especially in the case of (d). 


Calculated Value 
Measured Value 


*\Tett 
(8.33 psec) 


(6.7psec) 


2 3 


Injection Level 


Fic. 13. Effect of tere on the current dependence of xc» 
the calculated values and @, , 4 the 
measured ones). 


(curves show 


This suggests that the use of terg measured at low 
current density (0-13 A-cm~?) is improper for 
high current densities and that the approximate 
formula (11) is not valid for transistors with large 
(1-8). 

In respect of this, and also to understand the 


interesting phenomenon of Fig. 6, it will be 
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necessary in the future to measure the value of tert 
at each injection level. 

Regarding the fall-off of a» in a region with 
lower current densities than the current region 
which has been dealt with here, it seems necessary 
to introduce the effect of carrier generation and 
recombination inside the depletion layer of the 
p-n junction and in other places, as proposed by 
GARTNER and 
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Abstract—The theory of constitutional supercooling is applied to the case of crystal growth from 
a stirred melt. Expressions, applicable to crystal growth using the Czochralski technique, are derived 
which predict the onset of constitutional supercooling and the magnitude of the supercooling when 
it exists. 


Résumé—La théorie de surfusion de constitution est appliquée au cas du développement de cristal, 
en partant de la fonte remuée. Des formules applicables au développement du cristal employant la 
technique de Czochralski sont derivées; elles prédisent le début de la surfusion de constitution et la 
qualité de la surfusion quand elle existe. 


Zusammenfassung—Die Theorie der Unterkiihlung wird auf das Kristallwachstum aus einer 
geriihrten Schmelze angewendet. Fiir das Kristallwachstum nach dem Czochralski-Verfahren wer- 
den Ausdriicke abgeleitet, aus denen sich das Einsetzen und das Ausmass der Unterkiihlung 
vorausbestimmen lassen. 


INTRODUCTION would appear useful to extend the theory of con- 

SUPERCOOLING resulting from the redistribution — stitutional supercooling to stirred melts. In this 
of solute at the solid—liquid interface of a growing paper expressions are derived for the onset of con- 
metal crystal (so-called “‘constitutional supercool- _ stitutional supercooling and the magnitude of the 
ing’’) was pointed out by RutrerR and CHALMERS"), —supercooling, when it exists, in a stirred melt. 
and the theory has been worked out by TILLER et 
al.) for the case of an unstirred melt. The validity THEORY 
of the theory has been experimentally tested, using When growth proceeds into an impure melt 
horizontal crystal growth techniques, by TILLER containing a solute whose distribution coefficient 
and RutTer®), for lead with known additions of (fk) is less than unity, solute is continually being 
tin, silver and gold; by WaLToN et al.) for tin _ rejected into the melt at the interface, resulting in 
with lead; and by PLasketr and WineGARD") for a layer containing an enhanced solute concentra- 
tin with bismuth, antimony and lead. tion immediately ahead of the interface. In the 

Constitutional supercooling is not, in general, absence of stirring in the melt, solute is removed 
encountered during the growth of semiconductor from the layer only by diffusion down the con- 
crystals at the usual levels of doping. However, centration gradient into the bulk melt. TILLER 
at the high levels of doping required for the pro- et al.'°) have shown that a steady state is reached 
duction of material for Esaki diodes,‘®) constitu- when the solute has ‘‘piled up” to a concentration 
tional supercooling of the melt can occur. Co = C_/k at the interface. If the melt is stirred, 

Since it is common practice to grow single however, then Co will have some lower value lying 
crystals of the widely used semiconductor materials between Cz,/k and Cy. Cy is the solute concentra- 
by the Czochralski method in which the melt is tion in the bulk melt. The region where the con- 
stirred y rotating the crystal as it is ‘‘pulled’’, it centration at the interface is building up from C, to 
37 
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its steady-state value is called the transient region. 
In considering the solute distribution in a melt 
which is stirred by rotating the crystal, BURTON and 


CONCENTRATION 
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LIQUID 


° DISTANCE INTO MELT (*) 


Fic. 1. Solute distribution in the melt ahead of the solid- 
liquid interface. (——— Actual solute distribution; — —- — — 
mathematical approximation to solute distribution.) 


SLICHTER"™?) and BurRTON et al.'8) divided the melt 
into two regions (Fig. 1). The first, of width 8, in 
which solute transport was supposed to be by 
diffusion only, and the second, the bulk melt, in 
which the stirring was supposed to ensure com- 
plete mixing of the solute in the solvent. If the 
actual solute distribution in the melt is as shown in 
Fig. 1, then the value of 8 is chosen so that the 
solution to the diffusion equation applied for 
QO<x<6 fits the actual distribution accurately 
at x = 0. The other principal assumptions in their 
theory are as follows. 
(a) Thermal and solute flow is one-dimensional 
in the direction of growth (x-direction). 
(b) Solute diffusion in the solid is negligible. 
(c) The interface is a plane disk normal to the 
growth direction. 
(d) The distribution coefficient is independent 
of concentration. 


Assuming an infinite melt, the concentration in 
the liquid at the interface will build up to the steady 
value Co, whereafter dC/dt = 0. The solute 
diffusion equation can then be written, with respect 
to a co-ordinate system having its origin at the 
interface, as 

a2C dC 
=0 


D (1) 


d x2 d Xx 


HURLE 


where D is the diffusion coefficient of the solute in 
the solvent and Vz is the flow velocity in the 
x-direction. By taking V; = —f (where f is the 
growth rate), i.e. by ignoring the contribution of the 
fluid-flow velocity to V;, BuRTON and SLICHTER")? 
obtain the following solution to equation (1). 


exp(—X) 


(2) 


Cz—Cs (A—X) 
Cr Cs 


(3) 


and 


where A = f5/D and X = fx/D, and C; is the con- 
centration in the solid. BURTON and SLICHTER 
showed that equations (2) and (3) accurately 
represent the solute distribution at x = 0 if the 
value of 8 is given by 


= 1-6 pl/6 g 1/2 (4) 
where w is the angular velocity of the crystal and v 
is the kinematic viscosity of the melt. The equa- 
tions (2) and (3) are meant to apply to the region 
<4, but they become progressively more in- 
accurate as x->8. The limitation A< 1 is imposed 
on the equations. 

The equilibrium liquidus temperature (77) at 
any point x in the melt (0<x <8) is 


TE = T°+mC, (5) 
where m is the slope of the liquidus line (m<0 for 
k<1) and T° is the melting temperature of the 
pure solvent. [m is approximately constant at low 
concentrations for an ideal solution; see equation 
(25).] The equilibrium liquidus temperature 
gradient at the interface from (2) and (5) is there- 
fore 


(Cs iia Co) (6) 


mf 
| dx ) D 
To obtain equation (6) in terms of Cz, we use the 


expression of BuRTON et al.‘8) for the effective dis- 
tribution coefficient 


k 
hea = 
k+(1—hk) exp(—A) 


(7) 


where 


Ror = C,/Cz and k = C;/Co 
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Equation (6) becomes 


(<-) 
dx z=0 


mfC1(1—k) 


- (8) 
D{k+(1—R) exp(—A)} 


The actual temperature gradient in the melt 
immediately ahead of the interface (Gz) is deter- 
mined by the condition of conservation of heat flux 
at the interface, viz. 


Kr G, = K;G;—Lpf (9) 


where Gs = temperature gradient in the solid at 
the interface, L = latent heat of fusion of the 
solvent and p = density; Ks, Ky, = thermal con- 
ductivity of the solid and liquid phases re- 
spectively. (The volume change on solidification 
is ignored.) 

BuRTON and SLICHTER (p. 121 et seg.)'’) have 
examined in detail the temperature gradient in the 
melt ahead of the interface and conclude that Gz, 
is constant at least out to a distance 6 with a value 
given by equation (9). 

Constitutional supercooling will be avoided if 
the actual temperature gradient in the melt is 
greater than, or equal to, the equilibrium liquidus 
temperature gradient at the interface: i.e. if, from 
(8) and (9), 


K;G;—Lpf mf Cy(1—k) 
K, exp(—A)} 


Fig. 2 shows the equilibrium liquidus temperature 
distribution in the melt (solid line) and also three 
possible ‘‘real”” temperature distributions in the 
melt (dashed lines). Constitutional supercooling 
is just avoided with line (1) but is present for lines 
(2) and (3). The effect of the solute distribution 
is to give a gradient of supercooling (dS/dx) away 
from the interface. The magnitude of the effect 
can be expressed by (dS/dx)z-9 which is 


(10) 


aS 

mfC1(1—k) KsGs—Lpf 


The magnitude of (d.S/dx)z~9 increases with in- 
creasing growth rate (f) and decreasing stirring 
rate (w) at a given melt concentration (C,). How- 
ever, expressed in terms of Cs, equation (11) 
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becomes 
mfCs (1-k) KsG:—Lpf 
D k K, (12) 


which is independent of w for the incorporation 
of a given concentration of solute (Cs) in the solid 


TEMPERATURE 


DISTANCE INTO MELT (x) 


Fic. 2. Temperature distribution in the melt ahead of 
the solid—liquid interface. ( Equilibrium liquidus 
temperature; — — — — actual temperature of melt.) 


(provided A<1). It will be noted that solutes 
having small values of k are the most effective in 
producing constitutional supercooling. In Fig. 
3, values of Cs are plotted against f for which 
(dS/dx)z-9 = 0 for the case of germanium con- 
taining solutes having differing values of the para- 
meter p = —m(1—k)/Dk. The data used are 


Ks = 0-25 W/°C-cm; Ky, = 0-47 W/°C-cm 
L = 114-3 cal/g; p = 5-4. g/cm? 
Gs; = 100°C/cm 


Cs varies as 1/f for small f because L pf<K5Gs3. 
For large values of f, Cs decreases rapidly and be- 
comes zero at a growth rate (fo) at which the tem- 
perature gradient in the melt (Gz) is zero. 


Ks Gs 
fo = 


Lp 


(= 9-7 x 10-3 cm/sec for the case considered). 
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The supercooling (S,) at any point x(0 <8), 
when it exists, is 


= 


m(¢ 0 ( ) = 


The magnitude of the supercooling will be 


greatest at some point x = x’ at which (dS/dx)z=2 


CONCENTRATION 
IN, SOLID 


10° 


20 


RATE (10° cm/sec 


GROWTH 


Fic. 3. Concentration of solute in the solid vs. growth 
rate for which (dS/dx)z_o 0 for germanium containing 
solute elements having different values of the parameter 


p —m(1—k)/Dk. 
- 0 (see Fig. 2). The value of x’ can be obtained 


by differentiating equation (13) with respect to 
x and equating to zero at x = x’. Thus 


= Gr (14) 


C,, can be obtained by combining equations (3) 
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and (7), but the accuracy of the value becomes 
progressively poorer as x/5 approaches unity (Fig. 
1). To obtain C, accurately it is necessary to solve 
equation (1) taking into account the fluid velocity 
due to the crystal rotation (W), i.e. by writing 
— V, = {+W (assuming that the velocities due to 
growth and fluid flow are additive). For the fluid 
velocity normal to a rotating disk, CocHRAN®)? 
obtains 


W = (15) 


where a = 0-510, b = —0-616 and { = (v/w)! x. 
Equation (15) can be approximated to W~ 0-510 
w2 yl? x2 for x<(v/w)'?. (When x = (v/w)!?, 
the second term in the expansion is 0-65 times the 
first term.) 
With the boundary condition 


> 
(Co—C;)f+D — = 0 


atx = 0 


equation (1) integrates to 
dC f 
= — (Co—Cs) exp(—X—BX?) 
(16) 
where 
0-510 w?/2 D2 


Combining equations (14) and (16) 
pfCs exp (— X’— = Gy, (17) 


where X’ = fx'/D. 
Using Cardan’s formula we find that (17) has the 
following real root 
c2 1 
27B8 


; 1 
-- (18) 
27B8 
where C = In(G,/pfCs). 
Using the limitation that x<(v/w)!?, then 


<0-63 (v/D)¥3 
Substituting typical values for v and D for ger- 


manium alloys: viz. 
v = 10-8 cm? sec"! and D = 10-4 cm? 


4 
(13) 
| | 
| 
| 
Ph | 
| 
| aed 
\ 3x 10% | 
| 
| 
10” 310° 
= 3x10 
0-1 0-2 5-0 10:0 
/ 
dC 
ax | 


gives 


x/5 = X/A< 1-84 


We are therefore restricted to computing the de- 
pendence of Cz on x in the region 0<x< 1-848. 
Burton and SLICHTER") integrated equation 
(16) numerically and fitted it to equation (3) to 
obtain their expression for 5. They found that A 
was given by B A® = A? where A varied slightly 
with A, being: A = 0-890—0-060A for —1<A< 
+1. Further since we are restricted to A<1 and 
X <1-84A, we see that the maximum numerical 
value which the exponent on the right-hand side 
of equation (16) can take is 5-40. The series ex- 
pansion of this exponential and all other exponen- 
tials having a smaller numerical value for their 
exponent is converging after, at most, the sixth 
term. Thus equation (16) can be evaluated by 
integrating and evaluating the important terms in 
the expansion. 
Thus, using the boundary condition C = Co at 


xX 


X? 
Co—Cs 0 2! 


_ BBX 
x (1 —BX3+——... dX (19) 


Combining equations (13) and (19), we obtain the 
supercooling at any point x 


S; = —mCs x 
X6 /B2 B\X? /B2 B\X® B 
—-+ 
\a 3t)7 \a 4/8 
et G 20) 
51) 9 


The maximum supercooling is obtained by 
evaluating X’ from equation (18) and substituting 
it into equation (20). 

To illustrate the dependence of the maximum 
supercooling on the parameters f and , a practical 
example has been evaluated. In Fig. 4 values of the 
maximum supercooling are plotted against f for 
three values of 8 for the case of germanium doped 
with gallium (full lines). The value of Cs used 
(0:72 atomic per cent) was chosen such that 
(dS/dx)z-9 = 0 for f = 0-2 x 10-3 cm sec~!. Also, 
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for convenience, the values of S, have been calcu- 
lated at a constant Gz = 53-2°C/cm. Fig. 4 shows 
that, unlike (d.S/dx),~9, the maximum supercooling 
depends on the stirring rate: i.e., at a constant 
value of (dS/dx),-9, the maximum supercooling 


MAXIMUM 
SUPERCOOLING 


15 


(°c) 


, 8=3x1O*%em 


20 40 10-0 
GROWTH RATE (10° cm/sec ) 


Fic. 4. Maximum supercooling vs. growth rate for three 
values of 3 (0°72 atomic per cent gallium in germanium). 
( Accurate theory; — — — — approximate theory.) 


will depend on the value of 5, being greater the 
greater the value of 5. It may be possible, under 
some conditions, for the maximum supercooling 
to reach a sufficiently large value that spontaneous 
nucleation occurs in the supercooled region thus 
leading to polycrystalline growth. 

To show that the condition X’/A <1-84 has 
not been violated in the above calculation, the 
values of X’/A are plotted against f in Fig. 5. As 
fis increased, X’/A tends to a limiting value which 
depends slightly on 5, and which is less than 1-84 
for the three values of 5 which were taken. X’/A 
becomes zero at f = 0-2 x cm sec"! [where 
(dS/dx)z-9 = 0}. 

An approximate value for the maximum super- 
cooling can be obtained by combining equations 
(3), (7) and (13) to give 


(1—k) 
S; = —mCs (21) 


[This is in fact equation (20) with B = 0.] 
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On this approximate theory, the position of the 
maximum supercooling will be given by equation 
(14) where (dC/dx)z—, is obtained from equation 
(2), provided x’ <8 (line 2 of Fig. 2). Otherwise 


1:84 
/ | 8=3xI0 cm| 
io? | 
1-5} 
3x10" 
| | 
1-O} 
o-s}/ 
0-2 0-4 ro 2:0 4:0 10:0 


GROWTH RATE cm/sec) 


Fic. 5. X’/A vs. growth rate for three values of 8. 


the position of the maximum supercooling will be 
at x’ = 8 (line 3 of Fig. 2). Since, in practice, the 
range of values of w and f commonly used are such 
that the characteristic distance (D/f) of the expo- 
nential solute distribution in the diffusion- 
dominated zone is much greater than 4, the simple 
mathematical approximation to the solute distri- 
bution in the region 0<x<8@ [given by equations 
(2) and (3)] is nearly linear. Hence, on this theory, 
for all but the smallest values of (dS/dx),~, the 
maximum supercooling occurs at x’ = 4, and is 


S; = —mCs (1—e~4)—Gz (22) 


Values of Sy, are also plotted on Fig. 4 (dotted 
lines). 

The agreement between the approximate and 
accurate values of maximum supercooling is good 
for large values of supercooling. The good agree- 
ment is a consequence of two facts: 

(i) For reasonable values of Gz, and for large 
supercoolings, Gz, x’ and G ,6 are both much 
smaller than — mC, (1—k)(1—e~*)/k. 

(ii) For large supercoolings 
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This is equivalent to saying that (C,’—C;z)/ 
(Co—Crz) is small. 


DISCUSSION 

The existence of constitutional supercooling 
during the growth of a metal crystal causes the 
solid at the solid—liquid interface to adopt a 
cellular form.) The boundaries of the cells are 
depressed with respect to the centres of the cells 
and are richer in solute than the centres of the cells 
(provided k < 1). The cells are perpetuated through- 
out the body of the crystal, and the crystal there- 
fore contains “‘pipes’’ of solute-rich material 
which delineate the successive positions of the 
cells as the crystal was grown. 

However the value of (dS/dx),~9 at which the 
transition from a planar to a cellular interface 
takes place is thought, by TILuer,"!!) to be differ- 
ent in different solvents. BOLLING et al.2 grew 
crystals of germanium doped with gallium in a 
horizontal boat and concluded that a large degree 
of constitutional supercooling was required before 
cellular formation occurred with this alloy. They 
also noted that lamellar twinning preceded cell 
formation. 

TILLER?) has postulated that arrays of dis- 
locations form at the cell boundaries in order to 
relieve the stress which is produced, because the 
high solute concentration at the cell boundaries 
changes the lattice parameter there. It has been 
noted, in this laboratory, that a large increase in 
dislocation density accompanies cell formation in 
germanium crystals doped with gallium, which 
have been pulled from the melt. 

The assumptions of one-dimensional thermal 
and solute flow made in the above analysis will 
be valid only for the case of a planar interface and 
stirring conditions such as to maintain a radial 
uniformity of solute. Once well-developed cells 
have formed, there will be a radial component 
to the solute flow which is manifested by the en- 
hanced segregation to the cell boundaries. How- 
ever, TILLER"!!) has shown, at least for the case 
of a metal, that the formation of a cellular interface 
does not markedly alter the solute concentration 
in the liquid immediately ahead of the interface 
(i.e. it does not appreciably relieve the super- 
cooling). Hence the above equations may not be 
seriously in error even when cells are present. 

The assumption that the melt is infinite implies 


= 
fies) 
Ls 
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that the concentration in the bulk melt (Cz) is 
constant. In any real crystal growth experiment, 
however, the concentration in the bulk melt is 
steadily increasing for solutes with k < 1, in accord- 
ance with the ‘“‘normal freeze’’ equation 

Cf = Cy (23) 
where g is the fraction of the crystal which has 
solidified. For the analysis given in this paper to 
be valid for this real case, the length of the 
‘transient’ region must be small compared with 
the length of the crystal. The length of the transi- 
ent region depends on the height to which the 
solute builds up; with effective stirring the build- 
up is small. The amount of build-up is shown by 
the shaded area in Fig. 1. Since 6<D/f, this can 
be approximated by a right-angled triangle of area 
(Co—Cz)8/2. The amount of solute rejected from 
unit area of the crystal when the interface moves a 
distance x is approximately Cy, (1—A)x, [pro- 
vided (1—k)~(1—Rert)], where Cy is expressed 
for unit volume. Ignoring diffusion from the zone 
(x = 0 to 8), the length of the transient region is 
therefore given approximately by 


1 
Cr (1-k) k 


(1—R) 


For k=0-1, 6=10-2cm and A=0-5, the 
length of the transient region is approximately 
0-3 x 10-2cm. The fact that the BuRTON ef al. 
theory’) accurately describes the solute distri- 
bution in pulled crystals provides evidence in 
support of the conclusion that the length of the 
transient region is short. 

The value of m is the slope of the liquidus line 
at the concentration Co. Comprehensive data for 
the liquidus curves of a large number of solute 
elements in germanium and silicon have recently 
been published by THURMOND and Kowa.cuik"®), 
If the liquidus solution is “‘ideal”’, the equilibrium 
liquidus temperature (7) is related to the atom 
fraction of the solvent (y) present by) 


(24) 


1 


where T° is the melting temperature of the pure 
solvent. From (24) the slope of the liquidus curve 


at a composition () is 
dTE L(T°)?R 
dy (L—T°RIny)2y 


(25) 


T°)?R 


which reduces to ~ — for very dilute solutions. 


THURMOND and Kowatcuik"!®) show that this 
represents a very good approximation for the 
system gallium—germanium. 

The analysis will not apply if the “‘facet 
effect’’4) is present (i.e. if a facet is formed on the 
solid—liquid interface on which the distribution 
coefficient has a different value). 

From the point of view of achieving a high 
lattice perfection and solute uniformity, which are 
pre-requisites for device reproducibility, it can be 
seen that it is necessary to grow the crystals under 
conditions which avoid the occurrence of an 
appreciable degree of constitutional supercooling. 
Thus the growth conditions should be such that 
the magnitude of (dS/dx),-9 from equations (11) 
or (12), should be small or zero. For the incorpora- 
tion of a given concentration of solute in the solid 
and for (dS/dx),-9 = 0, the growth rate must be 
less than or equal to a critical value which can be 
obtained from Fig. 3. 

An investigation of the effects of constitutional 
supercooling on the growth morphologies of ger- 
manium is currently being carried out in this 
laboratory. 
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Abstract—The distribution of charged impurities in a semiconductor is calculated for the case of 
impurities diffusing from the surface into an infinite body, taking into account the electric field 
arising by the space distribution of the charged impurities. Fig. 2 shows the impurity distribution for 
different surface concentrations and Fig. 3 gives the true surface concentration as a function of the 
apparent surface concentration obtained by extrapolating from the tail of impurity distribution to 
the surface, using an ordinary complementary error function, i.e. ignoring the presence of a built-in 
field. 


Résumé—La distribution d’impuretés chargées dans un semiconducteur est calculée pour le cas 
d’impuretés diffusant de la surface dans un corps infini, en tenant compte du champ électrique issu 
de la distribution de ces impuretés chargées dans ]’espace. 

La Fig. 2 démontre la distribution d’impuretés pour différentes concentrations de surface et 
la Fig. 3 donne la vraie concentration de surface en fonction de la concentration de surface apparente 
obtenue en extrapolant une fonction ordinaire d’erreur complémentaire de la base de la distribution 
d’impuretés a la surface, c’est 4 dire en ignorant la présence du champ developpé. 


Zusammenfassung—Die Verteilung geladener Fremdatome in einem Halbleiter wurde berechnet, 
unter der Voraussetzung, dass die Fremdatome von der Oberflache in einen unendlich grossen 
K6rper eindiffundieren und unter Beriicksichtigung des durch die Raumverteilung der geladenen 
Stdrstellen erzeugten elektrischen Feldes. Abb. 2 zeigt die Verteilung der Stérstellen bei ver- 
schiedenen Oberflachenkonzentrationen und Abb. 3 gibt die tatsichliche Oberflachenkonzentration 
als Funktion der scheinbaren, die durch Extrapolation vom Ende der Stérstellenverteilung zur 
Oberfliche unter Verwendung einer komplementiren Fehlerfunktion erhalten wurde, d.h. man 
vernachlassigt das Vorhandensein eines eingebauten Feldes. 


1. INTRODUCTION More recentlyit has been pointed out by ZAROMB"), . 
D1FFUSION of impurities into semiconductors has Smits®) and by Kurtz and Yee®) that an electric a 
attracted considerable attention in recent years. field arises during the diffusion of electrically z 
If the diffusion occurs from a gas phase, it is charged particles which enhances the motion of 4 
generally assumed that the concentration of im- those particles leading to an impurity distribution q 
purities in the semiconductor near the surface differing from the complementary-error-function 3 
is a function of the temperature during the curve. Since the electric field arising from the 4 
diffusion and of the vapor pressure of the im- charged particles is proportional to the gradient of 
purities in the gas phase, but does not change the particle concentration,» 3) the field current > 
during the diffusion. Assuming further that the may be considered simply as another diffusion 
diffusion constant does not depend on the con- current leading to a differential equation for the 


centration of impurities, Fick’s law of diffusion particle distribution, which is identical to Fick’s 
shows that the impurity distribution in a semi- law except that the diffusion “constant” is now 
infinite solid is a complementary error function. a function of the particle concentration. In this 
45 
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paper, we shall discuss the solution of this modified 
diffusion equation for the boundary conditions 
that the concentration of impurities at the surface 
is a constant and that the concentration of im- 
purities at large distances from the surface is zero. 
The calculations of this paper apply to the case 
when all impurities are ionized. This is not a good 
approximation, even at zero ionization energy of 
the impurities, if the impurity concentration is 
sufficiently high that the holes become degen- 
erate“), and also the expression for the electric 
field differs from our equation (5). Our calcula- 
tions remain valid for impurities of small ioniza- 
tion energies, if the impurity concentration is less 
than the partition sum of holes for acceptor-type 
impurities (or that of electrons for donor-type 
impurities). 


2. MATHEMATICAL FORMULATION OF THE 
PROBLEM 

We shall assume that we are dealing with an 
intrinsic semiconductor and that the diffusing 
impurities have a single negative charge. A 
significant electric field occurs during the diffusion 
of impurities into the semiconductor in the region 
where the impurity concentration exceeds the 
intrinsic carrier concentration. The reason for 
this field can be understood easily as follows. 

Space-charge neutrality would require that 


p= C+n (1) 


where C, p and n are the concentrations of im- 
purities, holes and electrons. However, in the 


region where 
C>n 


(2) 
one has from (1) p ~ C, showing that the diffusion 
current of holes is a large multiple of the diffusion 
current of impurities, owing to the large ratio of 
hole mobility to impurity mobility 


(3) 

Since the total electric current during the 
diffusion must be approximately zero, the current 
due to holes must be equal but of opposite sign 
to the current due to impurities. Thus, the large 
diffusion current by holes must be just about 
compensated by a field current of holes flowing in 
the opposite direction. This requires anelectric field 
which is opposing the diffusion of holes and thus 
accelerating the diffusion of the oppositely charged 
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impurities. The magnitude of this electric field E 
has been given by Kurtz and Yee®).: Their 
expression can be simplified considering equations 
(1) and (3) and usingt 


np = (4) 
to obtain 
kT aC (C, nj) 
E = —C-1— (5) 
q dx N [(C/nj)?+4] 


Note that the electric field is proportional to the 
impurity gradient.t Thus, the sum of field current 
and diffusion current of impurities becomes pro- 
portional to the gradient of the impurity concen- 
tration and may be considered as a diffusion 
current of the effective diffusion constant 


D* = D(i+f) (6) 
where 
f 
[(C/m)? +4]? 
This effective diffusion constant was already given 
by Smits) in his equation (7). Conservation of 
impurities requires that 
eC @ (DFC 
<i 


Ct ox Ox 
Introducing 
x 
i= 
(2Dt)!2 ) 
c = (10) 


one obtains§ from (6), (7) and (8) 
dc a? 


4 d 
—— 2u = (1+f) 


~ 
du du 


+ We are here concerned with such high temperatures 
that the intrinsic carrier concentration m is much larger 
than the bulk impurity concentration of the semicon- 
ductor. 

t The presence of a space-dependent electric field 
requires space charges which appear to contradict 
equation (1). However, it can be shown, by calculating 
dE/dx from equation (5) and using the solution C(x), 
that the magnitude of these space charges is negligibly 
small compared to C. Thus, equation (1) represents a 
valid approximation. 

§ A possible dependence of the ordinary diffusion 
constant D on the impurity concentration will be 
neglected. 
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Dividing by 
dc 
— (1+f) 
du 

and integrating, one obtains 


12 
n(1+f) (12) 


from which 


2udu 
= he | exp (-j 


(13) 
where &; and kg are integration constants to be 
determined from the boundary conditions. 

This form of the solution would be well suited 
for numerical computation, except that the 
function c appears in the term f on the right-hand 
side. However, the denominator containing this 
function varies only between 1 and 2 as ¢ varies 
from zero to infinity. This suggests that a reason- 
able zero-order approximation to ¢ by an explicit 
function of u substituted in f in equation (13) 
should provide a quite accurate first-order approxi- 
mation. 


3. CHOICE OF THE ZERO-ORDER 
APPROXIMATION 
In the case of indiffusion, we have the boundary 


conditions 


c=catu=0 
and (14) 
c= Oatu= 0 


Accordingly, the zero-order approximation to (7) 
must be a function of u which varies from a value 
< latu = Oto zero atu = o. Furthermore, it is 
practical to select this function from a family for 
which the integral in equation (12) can be 
expressed by ordinary functions. These conditions 
are satisfied by the function 


h = [148 expa(u?—u*2)]-1 (15) 


/ 2udu’ 


= const. exp( —w?/2)[2 exp(au*?)+ B exp(au?)]-1/22 


for which 


= const. S(u, u*, x, B) 


Substituting (16) for the integral in (13) and con- 
sidering the boundary conditions (14), one 
obtains 


c +(c2+4)/2-2 J(u,u*,x,8) 
J(0,u*,a,8) 


(17) 


with 


8) 


= | S(uyut,2,8) da (18) 


Numerical values of the three parameters, x, 8, u* 
will be chosen in such a manner that at u = u* 


h=f (19) 
=f" (20) 
=f" =0 (21) 


i.e. that our approximation / is self consistent with 
the function f calculated from the exact solution c 
in the vicinity of the inflection point. One recog- 
nizes easily that the vicinity of the inflection point 
is the region of largest importance for the equation 
(13). For, if 8 exp «(u?—u**) > 1, the error in this 
expression effects little the accuracy of 1+h ~ 1, 
while if 8 expa (u2—u*?) < 1 the error of this 
expression effects little the accuracy of h ~ 1.f 
One obtains from h’’ = 0 that 


(22) 


while from (19) 


Equation (20) provides 
(1+)? 
a= 24 
3+8 


where c’ occurring in h’ has been eliminated by 
using 


2u*(c*2 + 4)8/2 


(25) 


= 


+ In the case that co is mot large compared to unity, 
it may be more advantageous to select the parameters 
from the conditions: f=h, f’ =h’, f” =h’ at the 
urface u = u* = 0. 


= 

\ du 

1 

| = || 
2a(8—1) 

| 
2 
4 i 
(16) 
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which comes from kh” = 0 after eliminating c”, 

using (11). Combining (22) and (24) provides 
p+3 


The values of u*, c* and « are plotted as functions 


u* = 


(26) 


of the parameter f in Fig. 1. 


5 


Fic. 1. The parameters u*, « and c* as functions of 8 
according to equations (26), (24) and (23). These para- 
meters inserted in equation (15) which is then substi- 
tuted for f in (13), provide a self-consistent solution at 


the point u u*. 


The integral of equations (18) has been evalu- 
ated numerically using an IBM computer for 
values of u* ranging from 0-5 to 3-0 in increments 
of 0-5. Fig. 2 shows a family of distributions of 
impurities for various values of the parameter u*. 
The dotted curve is an ordinary complementary- 
error-function curve fitted in the range c < 1 to 
the actual impurity distribution pertaining to 


u* = 2 and extrapolated to the surface. This pro- 


vides the “‘apparent surface concentration” 
which can be compared to the actual surface con- 
centration co. The relationship between cg and co 


and ALEXIS 


SLOBODSKOY 


Fic. 2. Impurity distribution by indiffusion taking into 
account the built-in electric field. Ordinate is the im- 
purity concentration divided by the intrinsic carrier 
concentration. Abscissa is the distance from the surface 
divided by the diffusion length. The tail of the curve 
pertaining to u* = 2 has been fitted by a complementary- 
error-function curve which has been extended to the 
surface providing the apparent surface concentration 
ca. Also shown is a complementary-error-function curve 
pertaining to the diffusion constant 2D and drawn 
through the true surface concentration co of the curve 
pertaining to u* = 2. 


can be obtained mathematically as follows. For 
B exp(au?) > 2 exp(au**) the integral (18) be- 
comes 


=~ Bo erfe u (27) 


The tail of the function (17) for u > u* andec < 1 
is given by 


c erfceu 


cot(c2+4)/2-2 27(0,u*,x,8) 


(28) 


Extrapolating from this tail to the surface one 
obtains the apparent surface concentration 


+(co+4)! 2—2]p-1 2x 
Ca => 


2](0,u*,x,8) 


(29) 
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DIFFUSION OF CHARGED PARTICLES INTO A SEMICONDUCTOR 


This relation is plotted in Fig. 3, using different 
values of u* as parameter and the corresponding 
values of «, 8 from equations (24) and (26). 


Fic. 3. True surface concentration co vs. apparent sur- 
face concentration ca. Both surface concentrations are 
expressed in reduced co-ordinates by dividing through 
the intrinsic-carrier concentration at the diffusion tem- 
perature. The curve plotted and the dots on this curve 
are obtained from the zero-order approximation, 
equation (15) substituted for f in equation (13) with the 
values of the parameters «, 8 functions of u*, as shown 
in Fig. 1. The points were obtained from a step 
function h 1 for u< u*, andh O for u >u* as 
zero-order approximation to f in equation (13). The 
dotted line represents the relation co = ca which is 
approached asymptotically for co < 1. 


4. ACCURACY OF THE RESULTS 

The accuracy of the mathematical solution 
(17) can be estimated by inspecting the self con- 
sistency of the zero-order approximation h, 
equation (15), with the value of f calculated from 
equation (7) using our first-order approximation 
plotted in Fig. 2. The expression (h—f)/(1+/) 
which is the relative error of 1+/, has been plotted 
in Fig. 4 for u* = 0-5, 1-5 and 2-5. Note that this 
error is zero for u = u*, in accordance with the 
choice of the parameters u*, « and 8. The error 
vanishes for u > u*, since h and f approach zero, 
while 1+/ remains finite. For u>u*, the error is 
negative. For u smaller than but closer to u* the 
error is positive and becomes negative as u 
approaches zero. The maximum value of the error 
is 5 per cent for u* = 0-5 and less than 2 per cent 
for u* = 2-5. Because of the small magnitude of 
errors, and of the fact that the errors in various 
ranges of u have different signs, it is believed that 
the error in the curve c, versus ¢o of Fig. 3 is at 


D 


u 
Fic. 4. The relative error (a—f )/(1+/), where h is our 
zero-order approximation (15) and f is calculated from 
the corresponding first-order approximation using (7). 


most a few per cent, and probably less than 1 per 
cent. 

For comparison, a few values of ¢q vs. ¢o, 
arising from the step function D* = 2D for 
u<u* and D* = D for u > u*, are also plot- 
ted in Fig. 3. For this case the term @D*/0x 
vanishes (except at u = u*) and the differential 
equation (8) can be solved in closed form. In 
solving the equation we used that Cyus—¢ = Cus+e 
and 2De'us—. = De'us+, for >0. The parameter 
u* was chosen that f=}, i.e. c* = \/(4/3) at 
u = u*. This choice of D* corresponds to the zero- 
order approximation h = 1 for u < u* andh = 0 
for u > u*. Note that even the crude zero approxi- 
mation of f by a step function yields a relation cg 
vs. co of fair accuracy. 


5. SUMMARY AND CGNCLUSIONS 
Solutions have been presented for the impurity 
distribution in a semiconductor arising from in- 
diffusion, taking into account the electric field 
arising from the diffusing impurities. The solution 
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provides corrections to the apparent surface con- 
centration which is obtained by extrapolating 
from the tail of the impurity distribution to the 
surface using a complementary error function, i.e. 
ignoring the electric field enhancing diffusion. An 
example for a method which determines the surface 
concentration by extrapolation from the tail of the 
diffusion curve is that based on the location of a 
p-n junction arising from indiffusing impurities 
into a sample having a bulk doping of the opposite 
conductivity. In such a case, and if the true surface 
concentration of impurities is large compared to 
the intrinsic carrier concentration at the diffusion 
temperature, the correction from the apparent 
surface concentration to the true surface con- 
centration is very important, since otherwise 


errors by orders of magnitude would result. On 


the other hand, when determining surface con- 
centrations from sheet-conductance measurements, 
the diffusion length enters merely as a propor- 
tionality factor, and the enhancement of the 
effective diffusion constant by the electric field 
can introduce an error by not more than a factor 


2. 
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Zusammenfassung—lIn geeignet dotierter ferroelektrischer Titanatkeramik—inshesondere in 
BaTiOs3—wird in einem beschrinkten Temperaturhereich unmittelbar oberhalb des Curiepunktes 
6 ein anomaler Abfall der Leitfahigkeit mit steigender Temperatur um ca. 4 Zehnerpotenzen 
heohachtet. In diesem Temperaturbereich sinkt der Widerstand mit zunehmender Feldstirke, und 
zwar um so steiler, je héher er mit der steigenden Temperatur geworden ist. Dieses Verhalten 
weist darauf hin, dass der hohe Widerstand auf Sperrschichten konzentriert ist, die sich auf Grund 
von Oberflachentermen an den Korngrenzen im Innern der Keramik ausbilden. Mit dieser Deutung 
steht auch die Héhe der dem Widerstand parallel liegenden Kapazitat der Proben in Einklang. 

Die oberhalb @ stark temperaturabhangige Dielektrizitétskonstante bestimmt wesentlich den 
Verlauf des elektrostatischen Potentials innerhalb der Sperrschichten und damit die Héhe des 
Potentialwalles an den Korngrenzen. Da diese exponentiell in den Ausdruck fiir die Leitfahigkeit 
der Sperrschichten eingeht, ist auch eine starke Temperaturabhiangigkeit des Widerstandes zu 
erwarten, und zwar im Sinne eines Widerstandsanstiegs mit steigender Temperatur! Der Wider- 
standsanstieg im Bereich des Abfalls der DK oberhalb @ wird dadurch begrenzt, dass der Potential- 
wall nicht héher werden kann als die Aktivierungsenergie der Oberflachenterme. Ist diese erreicht, 
so sinkt bei weiterer TemperaturerhGhung der Widerstand wieder exponentiell ab, wie bei jedem 
normalen Halbleiter. 

Die theoretische Behandlung gemiss dem vorgeschlagenen Modell fiihrt zu einer Deutung des 
gesamten physikalischen Erscheinungsbildes und zu befriedigender quantitativer Ubereinstimmung 
mit dem Experiment. 


Abstract—In suitably doped ferroelectric Titanium ceramic—especially BaTiOs—an abnormal 
decrease of conductivity with rising temperature (of the order of 104) is observed in a limited tem- 
perature range immediately above the curie point @. In this temperature range, resistance decreases 
with increasing field strength, and the decrease becomes steeper as the resistance grows with rising 
temperature. ‘his behaviour indicates that the high resistance is concentrated in the blocking-layers 
which develop at the grain boundaries within the ceramic as a result of the surface terms. This 
explanation is in agreement with the high value of the specimen capacitance which is in parallel 
with the resistance. 

The dielectric constant, which above @ is strongly temperature dependent, essentially determines 
the distribution of electrostatic potential within the blecking layer, and thus the value of the 
potential barrier at the grain boundaries. As this constant enters exponentially into the conductivity 
expression of the blocking layers, a strong temperature dependence of the resistance is to be ex- 
pected, so that resistance increases with rising temperature. The resistance increase in the region of 
the decrease of the d.c. above @ is limited by the fact that the potential barrier cannot become 
higher than the activation energy of the surface terms. If this value is reached the resistance begins 
to decrease exponentially with rising temperature, as with all ordinary semiconductors. 

Theoretical treatment of the proposed model leads to an interpretation of the physical processes 
involved and achieves good agreement with the experiment. 


Résumé—Dans le céramique ferroélectrique au titanium—spécialement |’ O3BaTi—convenable- 
ment dopé, on a observé une chute anormale de conductibilité en fonction de la hausse de tem- 
pérature (environ 104) dans la gamme de température limitée juste au-dessus du point curie @. 
Dans cette gamme de température la résistance décroit en fonction de l’augmentation de |’intensité 
du champ, et la chute est plus prononcée dans la région ot la résistance augmente en fonction da la 
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température. Ce comportement démontre que la haute resistance est concentrée dans les couches 
obstruantes qui se développent aux bornes du grain dans le céramique résultant des termes de la 
surface. Cette preuve est en accord avec la capacité élevée du specimen qui est en paralléle avec la 
résistance. 

La constante diélectrique qui au-dessus de 8 est en dépendence accrue de la température détermine 
principalement la distribution du potentiel électrostatique dans les couches obstruantes et ainsi la 
valeur de la barriére potentielle aux bornes du grain. Comme cette constante est un terme exponentiel 
de l’expression de conductibilité des couches obstruantes, on s’attend a ce que la résistance dépende 
fortement de la température. L’augmentation de la résistance dans la région de la chute du courant 
continu au-dessus de @ est limitée par le fait que la barriére potentielle ne peut pas étre supérieure 
4 énergie d’activité des termes de la surface. Si cette valeur est atteinte, la résistance commence a 
décroitre exponentiellement en fonction de la hausse de température tout comme dans les semi- 
conducteurs ordinaires. 

Le traitement théorique du modéle propose méne a une interprétation des procédés physiques 


opérants et est en accord avec les données expérimentales. 


Kurz vor Erreichen des Wertes « = © an der 
Curietemperatur 6 [gemiss Gleichung (I,1)] bildet 


1. EXPERIMENTELLES TATSACHENMATERIAL 


BARIUMTITANAT ist bekannt geworden wegen 


seiner ferroelektrischen Eigenschaften. Diese 


seien, so weit sie fiir das folgende von Bedeutung 


sind, in Abb. 1 kurz zusammengefasst.”) Bei 


sich in den Ba’TiO3~-Kristalliten eine permanente 
Polarisation P in [100}]-Richtung aus. Dadurch 
sinkt die Dielektrizitatskonstante fiir kleine Felder, 


Ass. 1. Dielektrisches Verhalten von BaTiOs. 


hohen Temperaturen (oberhalb 120°C) hat BaTiO3 
eine ungewohnlich hohe Dielektrizitatskonstante, 


die mit sinkender Temperatur gemiass einem 
Curie—Weissschen Gesetz ansteigt 
C 
«= — (I, 1) 
mit der Curiekonstanten C = 1,2 x 105 
Curietemperatur @ = 110°C. 


und der 


abhingig von der Kristallrichtung, mehr oder 
weniger, ab (e¢ parallel, eg quer zur permanenten 
Polarisation). Durch Zusammenwirken 
dieser anisotropen Dielektrizititskonstanten mit 
Umklappvorgingen der permanenten Polarisation 
ergibt sich in einem polykristallinen K6rper ein 
ziemlich kompliziertes dielektrisches Verhalten. 
Wichtig ist fiir das weitere jedoch nur, dass sich 
fiir grosse Felder (z.B. bei 3 kV/cm) eine sehr 


das 
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hohe effektive Dielektrititaskonstante ergibt, die 
unterhalb 6 von der Temperatur nur wenig 
abhingt (Abb. 1, gestrichelte Kurve). 

Die Frage, ob sich der starke ‘Temperaturgang 
der Dielektrizititzkonstante auch auf eine—gleich 
aus welchen Griinden—vorhandene Leitfahigkeit 
auswirkt, haben sich erstmals Buscu ef al.) 
gestellt. Sie fanden bei schwach leitenden Proben 
eine kleine Anomalie in der Umgebung der 
Curiespitze (Abb. 2), die sie nach dem Mott- 
Gerneyschen Stérstellenmodell als eine Riick- 
wirkung der Dielektrizititskonstante auf die 


10°/T 


Ass. 2. Temperaturgang der Leitfahigkeit von BaTiOs. 


Aktivierungsenergie der Stérstellen deuteten. Mit 
grésseren Effekten war auch kaum zu rechnen, 
nachdem MEYER") bereits bei friiheren ausgedehn- 
ten Untersuchungen iiber die Leitfahigkeit an- 
reduzierter Titanate keine Anomalien gefunden 
hatte, die einen Hinweis auf den—damals noch 
unbekannten—ferroelektrischen Charakter von 
BaTiOg3 gegeben hitten. 

Uberraschenderweise fanden nun HaAAyMAN 
et al.4) bei verschiedenen Titanaten einen hohen 
anomalen Widerstandsanstieg in einem begrenzten 
Temperaturbereich. Die Untersuchungen tiber die 
im folgenden berichtet werden soll), dienen der 
Aufgabe, die Natur dieses ‘‘Kaltleiter’’—Effektes 
zu klaren. 

Als erstes zeigte sich, dass der starke anomale 
Widerstandsanstieg nur bei Titanatkeramik auf- 
trat, die gemiiss dem Prinzip der gelenkten Valenz 
dotiert war (z.B. bei teilweiser Substitution der 
Ba?+-Ionen durch La*+-Ionen oder der 


Ionen durch Sb5*). Er wurde aber nicht gefunden 
bei Keramik, deren Leitfahigkeit durch Anre- 
duzieren erzeugt war, im Einklang mit den Unter- 
suchungen Wilfried Meyers. Auch bei einer 
Dotierung nach dem Prinzip der gelenkten Valenz 
verschwand der Effekt mehr und mehr, sowie 
zusatzlich anreduziert wurde. 

Untersucht wurden neben reinem BaTiO3 auch 
Proben, deren Curiepunkt durch Substitution des 
Ba durch Sr bzw. des Ti durch Zr oder Sn ver- 
schoben war (Abb. 3). Dabei zeigte sich, dass der 
Widerstandsanstieg systematisch am Curiepunkt 


Ass. 3. Kaltleitereffekt in Titanatkeramik. 


beginnt und sich etwa iiber einen Bereich von 
100°C fortsetzt. Ein Deutungsversuch durch die 
am Curiepunkt eintretende schwache Gitterver- 
zerrung schied wegen der grossen Ausdehnung 
des Anstiegsbereiches aus. Auffallig war jedoch, 
dass die Temperaturkurve des spez. Wider- 
stands—dargestellt in logarithmischem Massstab— 
enge Verwandtschaft mit dem Temperaturgang 
der Dielektrizititskonstanten fiir hohe Felder 
aufwies. Es schien daher folgender Ansatz zur 
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Deutung des anomalen Widerstandsanstiegs 
naheliegend 


E(e)/kT (I, 2) 


eae 


wobei die Aktivierungsenergie E—im Gegensatz 
zu Heissleitern—infolge ihrer Abhangigkeit von « 
stark temperaturabhiangig ist. 

Ein weiterer Einblick in die Natur des Effektes 
ergab sich durch Untersuchung der Abhingigkeit 


HEYWANG 


der Poissonschen Differentialgleichung 


Ad = —p/eeo 
verschwindend klein. Sie wichst aber stark an im 
Bereich des Curie-Weissschen Gesetzes, so dass 
nunmehr die Ladungstriger beim Stromdurch- 
gang einen Potentialwall iiberschreiten miissen. 
Dadurch sinkt die Leitfahigkeit entsprechend 


—— experimente 
— theoretisch 


[angepasst fiir 20 
Korndurchmesser] 


des Widerstandes von der angelegten Spannung 
(Abb. 4). Mit zunehmender Spannung sinkt 
naimlich der Widerstand, und zwar umso steiler, je 
héher er mit zunehmender Temperatur geworden 
ist. Eine derartige Spannungsabhingigkeit des 
Widerstandes tritt bekanntlich bei Sperrschichten 
auf, so dass man zu demin Abb. 5(a) dargestellten 
Modell gelangt.* Infolge von Oberflichentermen 
bildet sich an der Grenze zwischen zwei Keramik- 
kristalliten eine Raumladungszone aus, die eine 
Aufbiumung der Bander bewirkt. Im Bereich 
Dielektrizititskonstanten—unterhalb der 
ist diese Aufbaumung gemiss 


hoher 
Curietemperatur 


* Das Bandermodell kann in diesem Fall auch fiir den 
oxydischen Halbleiter BaTiO3 angewandt werden, da 
nicht die Feinheiten des Leitungsmechanismus he- 
handelt werden, sondern vor allem die Verhiltnisse in 
Raumladungszonen, die vom speziellen Modell unab- 
hangig sind. 


E V 


Ans. +. Spannungsabhingigkeit des Kaltleiterwiderstandes Experiment und Theorie. 


cm 


Gleichung (1,2) exponentiell ab; denn man erhait 
mit E~1/e und Gleichung (1): 

o aleT — w e+ 26/CT (1, 4) 
(x = konst.) 

Dies ergibe einen mit der Temperatur steiig 
ansteigenden Widerstand; doch kann der Poten- 
tialberg mit abnehmender Dielektrizitatskonstante 
nicht beliebig anwachsen. Die maximale Hohe ist 
vielmehr erreicht, sobald die Oberflachenterme 
in den Bereich der Fermikante angehoben sind; 
denn bei weiterem Anheben werden die Ober- 
flichenterme entleert und die Breite der Raum- 
ladungszone nimmt ab. Sowie die maximale Héhe 
des Potentialberges erreicht ist, sinkt der Wider- 
stand bei weiterem Temperaturanstieg entspre- 
chend dem iiblichen Verhalten der Halbleiter ab. 
Im folgenden sollen die hier skizzierten Ge- 
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Ass. 5. Kaltleiter Randschichtmodell. 


dankengiange quantitativ behandelt und mit dem 
Experiment verglichen werden. 


2. QUANTITATIVE THEORETISCHE BEHAND- 
LUNG 


A. Temperaturgang der Leitfahigkeit 

Im Volumen der Bariumtitanatkérner seien mp 
Donatoren ins Gitter eingebaut, die infolge ihrer 
geringen Aktivierungsenergie quantitativ disso- 
ziiert sind. Aus einer Randschicht der Breite r an 
den Kornoberflachen sind die Elektronen jedoch 
in die Oberflachenterme iibergetreten, was eine 
Potentialaufbaumung des Leitungsbandes zur 
Folge hat (vgl. Abb. 5). Hierbei gelten folgende 


Zusammenhinge 
= Np (II, 1) 


(Ny Dichte der besetzten Oberflichen-Terme, N 
Gesamtdichte der Oberflachenterme.) 
e np 
do = v2 (II, 2) 
Bezeichnet man den Abstand der Oberflaichen- 
terme vom Leitungsband mit £p, so gilt fiir ihren 


Besetzungszustand 
N 
No = (II, 3) 
exp +1 
Dabei ist die Lage der Fermikante { im Nicht- 
Entartungsfall bestimmt durch 


np = N;, e&/kT (II, 4) 


Bandgewicht des Leitungsbandes.) 
Einsetzen dieses Ausdrucks in (II, 3) ergibt 


Ne 
Np = +1) (II, 5) 
np 


Durch Zusammenfassung der Gleichungen (II,1), 
(11,2) und (II,5) erhalt man schliesslich die 
Bestimmungsgleichung fiir do 


e N2 


do 


(II, 6) 


Unter der bereits oben gemachten Voraussetzung 
einer vollen Dissoziation der Donatoren gilt fiir 
die Leitfahigkeit im Korninnern 


oy = eunp (II, 7) 


(u Beweglichkeit). 

Wegen der grossen Zahl der Korngrenzen und 
des—in Anbetracht der hohen Dielektrizitatskon- 
stanten—flachen Verlaufs der Potentialberge kann 
angenommen werden, dass nur die Ladungstrager 
zur Leitfahigkeit beitragen, die den Potentialberg 
rein thermisch tiberwinden. Fiir die mittlere 
Leitfahigkeit der gesamten Keramik erhalt man 
hiermit 

o = oye oo/kT (II, 8) 


Wegen der geringen Temperaturabhingigkeit 
von oy ist fiir den Temperaturgang der Leit- 
fahigkeit der Ausdruck ¢0/kT massgebend 


do e2 N2 © Ne 
kT 2Ceonpk T np 
2 
x e Go/kKT—Eo/kT 4 


Damit ist ein Ausdruck fiir den Temperaturgang 
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der Leitfahigkeit im Bereich oberhalb der Curie- 
temperatur gewonnen. Vor der weiteren Auswer- 
tung ist es jedoch zweckmissig, die Frage der 
Spannungsabhingigkeit zu verfolgen. 


B. Spannungsabhingigkeit des Widerstandes 

Zur Berechnung der Spannungsabhingigkeit sei 
vorausgesetzt, dass durch die Spannungsbelastung 
die Oberflachenterme nicht nennenswert umbesetzt 
werden. Die Randschicht zwischen zwei K6rnern 
muss praktisch den gesamten auf die beiden 
Korner treffenden Spannungsabfall U aufnehmen. 
Dies fiihrt zu einer Verschiebung der Raum- 
ladungszone. Hierfiir gelten die Beziehungen 


fvgl. Abb. 5(b)] 
(II, 10) 


und 


(II, 11) 


(I, 12) 


= 
npr 


Fiir den Ubertritt der Elektronen von einem Korn 
ins andere ist jetzt nicht mehr der Potentialberg do, 
sondern der niedrigere Potentialberg ¢ massge- 
bend. Seine Héhe ergibt sich aus 


(r- 


bd = do 
70 


wobei vorausgesetzt werden muss, dass U < 4do 


Vee 


) (II, 13) 


? 


2 


2e*npr 


ist. Fiir gréssere Spannungen verschwindet der 
Potentialberg véllig und der Kornwiderstand wird 
massgebend. 

Fiir die Feldabhingigkeit der Leitfahigkeit gilt 


daher 


no =Inoy— —{1-—-— <4d0 
440 
(II, 14) 
C= OC» U -4+h0 
3. AUSWERTUNG 
Die transzendente Gleichung (11,9) muss 
numerisch ausgewertet werden. Dazu wurden 


ausser den Grundgréssen des Curie—Weissschen 
Gesetzes [Gleichung (I,1)] fiir BaTiOg folgende 
experimentellen Werte verwendet 


1 
pv = — = 30 Q-cm (III, 1) 


entsprechend dem spezifischen Widerstand bei 
Zimmertemperatur, und aus dem Widerstands- 
anstieg um 4 Zehnerpotenzen 


Pmax/Pv = 104 


(III, 2) 
Tmax = 240°C 
Des weiteren wurde angesetzt: 
fiir das Bandgewicht 
Ne = 2x 1019 cm-3 (III, 3) 


wie es sich fiir mere = mo (freie Elektronenmasse) 
ergibt, und fiir die unbekannte Beweglichkeit 
ein Bereich zwischen 


= 1 und 300 cm2/V-sec (III, 4) 
Aus pu und p errechnet sich eine Dichte der wirk- 
samen Donatoren zwischen 3 x 10! und 2 x 101? 
cm~®, Man erhalt damit durch Anpassung an die 
Werte im Widerstandsmaximum [Gleichung (III, 
2)| folgende Wertebereiche fiir Anzahl und Akti- 
vierungsenergie der Oberflachenterme 


N = 4x 10" bis 1013 em-2 (III, 5) 


und 


Eo = 0,7 bis 1,0 eV (III, 6) 
Der Wertebereich fiir N ist ebenso wie der von 
np sehr gross. Hingegen ist Zp weitgehend durch 
den maximalen Widerstandsanstieg festgelegt. 
Das Ergebnis hinsichtlich des Temperaturganges 
ist in Abb. 6 wiedergegeben. Es zeigt sich eine im 
Hinblick auf die in der Theorie gemachten Verein- 
fachungen befriedigende Ubereinstimmung mit 
dem experimentellen Kurvenverlauf und man 
erkennt, dass die Wahl von £o keinen grossen 
Einfluss hat. 

Aus diesem Grunde beschrinken sich die 
weiteren Rechnungen auf einen Mittelwert von 
Eo = 0,9 eV. Unter Verwendung dieses Wertes 
ergibt sich der bereits in Abb. 4 eingetragene 


> 4 
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E,=0,8eV 


E,=0,9eV 


—— experimentelie. Kurven 


theoretische Kurven 


200 250 
°c 
Asp. 6. Kaltleiter Widerstandsanstieg. 


theoretische Verlauf der Spannungsabhingigkeit 
des Widerstandes. Zum Vergleich mit dem 
Experiment ist zu bemerken, dass die Spannungs- 
abhiangigkeit—ausser durch das Verhalten der 
einzelnen Sperrschicht, wie es aus der Rechnung 
folgt—noch durch die Anzahl der je cm hinterein- 
ander geschalteten Sperrschichten bestimmt wird. 
Eine optimale Anpassung der theoretischen an die 
experimentellen Kurven ergab sich fiir fiinfzig 
Sperrschichten je cm in guter Ubereinstimmung 
mit der direkt ermittelten Korngrésse von ca. 40 pu. 

Des weiteren ergibt sich aus dem Modell die 
Dicke der Sperrschicht an den einzelnen Korn- 
grenzen. Man erhilt im oben betrachteten Fall 
eine Dicke von 2 x 3,3 u = 6,6, Die Feldstirke 
im Raumladungsgebiet erreicht damit die Gréssen- 
ordnung von 10° V/cm, d. h. es musste die effektive 
Dielektrizititskonstante fiir grosse Felder den 
Uberlegungen zu Grunde gelegt werden. Dieser 
Wert ist um den Faktor 6 kleiner als der Korn- 
durchmesser, d. h. die Sperrschichten greifen im 
Einklang mit den der Theorie zugrunde gelegten 
Voraussetzungen nicht ineinander tiber. Durch 
die Dicke der Sperrschichten ist aber auch die 
Kapazitat C; bestimmt, die parallel zum Korn- 
grenzenwiderstand liegt, entsprechend dem Er- 
satzschaltbild der Abb. 7. 


Dieses gilt zunachst nur fiir ein Einzelkorn, 
kann aber—wie die Frequenzabhingigkeit des 
Scheinwiderstandes zeigt—auch auf polykristal- 
lines Material im wesentlichen angewendet werden. 
C; kann im Bereich des Widerstandsanstiegs, wo 
Rs gross ist gegen R,, als kapazitiver Anteil des 
Scheinwiderstandes gemessen werden. Bei Proben 


Rs 


Ass. 7. Ersatzschaltbild: Kornwiderstand, Rs 
Sperrschichtwiderstand, Cs Sperrschichtkapazitat. 


mit einer Korngrésse von 40 « und einer Dotie- 
rung, wie sie der bisherigen Rechnung zugrunde 
gelegt wurden, liegt die aus C errechnete mittlere 
Dielektrizitaitskonstante um den Faktor 10 iiber 
der Volumen-Dielektrizitaitskonstanten des entspre- 
chenden undotierten Kérpers. Dies steht wiederum 
in guter Ubereinstimmung mit dem oben ermit- 
telten Verhiltnis 6 zwischen Korndurchmesser 
und Sperrschichtdicke. 

Nach diesen Ergebnissen darf das zur Deutung 
des anomalen Widerstandsanstiegs bei BaTiOg3 
vorgeschlagene Sperrschichtmodell als gesichert 
angesehen werden. 

Schliesslich sei noch folgendes bemerkt: Die 
bereits oben erwahnte Tatsache, dass anreduzierte 
Keramik héchstens einen verschwindend kleinen 
Widerstandsanstieg zeigt, ergibt sich zwanglos aus 
diesem Modell. Aus dem Temperaturgang des 
Widerstands unterhalb @ folgt némlich bei schwach 
anreduzierten Proben—ebenso wie bei den Proben 
von Busch und Mitarbeitern (vgl. Abb. 2)—dass 
die Donatoren hohe Aktivierungsenergie besitzen. 
Eine Umbesetzung der Oberflichenterme, wie sie 
fiir den Kaltleitereffekt Voraussetzung ware, kann 
also nicht auftreten. 


Anerkennungen—Besonders danken méchte ich meinen 
Mitarbeitern Herrn FENNER fiir die Herstellung der 
Proben, Herrn Dr. Scu6rer fiir phys. Messungen und 
Herrn SPICHTINGER fiir numerische Berechnungen. 


8 
| / Sor x 
6 
a Cs 
‘ yy 45 
4 
Ry | 
3 
10 
2 
l 
. 


58 Ws 


ANHANG ZUR NUMERISCHEN BEHANDLUNG 
Fiir die numerische Berechnung fiihrt man zweck- 
missig in Gleichung (II,9) dimensionslose reduzierte 
Grdéssen ein 


= 
T kT 


Fiir die Leitfahigkeit o ist die Grésse y massgebend, 
fiir die nach Gleichung (II,9) unter Verwendung von 
Gleichung (A,1) der Zusammenhang gilt 


(A, 2) 


Aus der 


maximum 


dy/dx =0 im Widerstands- 
folgenden Zussammenhang 


Bedingung 
erhalt man 


(Maximumswerte durch Index m gekennzeichnet) 
Um CXim [1 —2¢(1 —Xm)]+ 1 = 0 


2c(1—xm)—1 ]? 


(A, 3) 


HEYWANG 


Diese Gleichungen liefern einen Zusammenhang von 
der Art 


b = b(c) und A = A(c) bzw 


(A, 4) 
np = np(Eo) und N = N(Eo) | 
wobei der Wertebereich fiir mp bekannt ist. Hieraus 
ergeben sich fiir N und Eo die in Gleichung (III,4) 
angegebenen Grenzen. Nach Wahl von £o in diesen 
Grenzen kann aus Gleichungen (A, 4) und (A, 2) der 
Temperaturgang des Widerstandes gewonnen werden. 
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THE FORWARD TRANSIENT BEHAVIOR OF SEMI- 
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Abstract—The transient behavior of junction diodes in response to a step current in the forward 
direction is analyzed and the theoretical results verified experimentally. The forward transient of 
the diode is resolved into junction voltage and bulk resistance components. The former is due to the 
gradual building up of the excess carrier density near the junction and the latter due to the con- 
ductivity modulation. 

A simplified planar junction model and diffusion equation are used in determining the excess 
carrier density as a function of time and position. From the excess carrier density function the two 
transient components may be determined analytically. 

The theory yields satisfactory explanation of all the observed phenomena: the diode acts inductively 
for large forward current, capacitively for small current and oscillatory for certain intermediate 
current. Furthermore, these equations are confirmed with an accuracy of 5 per cent or better by 
experimental data from germanium and silicon alloyed diodes. 

Several applications are suggested, for example the design methods to minimize the forward 
transient and the measurements of lifetime and bulk resistance from the transient observation. 


Résumé—La maniére de comportement transitoire des diodes 4 jonction en réponse 4 un courant 
a échelon dans la direction avant est analysée et les résultats théoriques vérifiés expérimentalement. 
La tension transitoire ‘‘avant’’ de la diode est résolue en une composante de voltage de jonction et une 
autre de résistance “‘en vrac’’. La premiére est due 4 la composition graduelle de l’excédent de la den- 
sité de porteur prés de la jonction et l’autre due a4 la modulation de conductivité. 

Un modéle simplifié de la surface de la jonction et l’équation de diffusion sont utilisés pour 
déterminer l’excédent de densité de porteur en fonction du temps et de la position. En partant de la 
fonction de l’excédent de la densité de porteur, on peut calculer analytiquement les deux com- 
posantes transitoires. 

La théorie explique d’une maniére satisfaisante tous les phenoménes observés. La diode se com- 
porte en circuit inducteur en présence d’un courant avant élevé, en capacité en présence de faibles 
courants, et en circuit oscillateur en présence de certaines valeurs intermédiaires du courant. Aussi 
ces équations sont confirmées avec une précision de 5 pour cent ou mieux par les données expéri- 
mentales des diodes alliées au germanium et au silicium. 

Plusieurs applications sont suggérées telles que les méthodes de dimensionnement pour minimiser 
la tension transitoire avant ainsi que les mesures de longévité et de résistance “‘en vrac’’ déduites des 
observations transitoires. 


Zusammenfassung—Das Verhalten von Ubergangsdioden beim Durchgang von Stromimpulsen 
in der Vorwéartsrichtung wird analysiert. Die theoretischen Ergebnisse werden experimentell 
gepriift. Der Vorwartsiibergang der Diode lasst sich in eine Ubergangsspannungs- und eine Wider- 
standskomponente zerlegen. Die erstere riihrt von dem allmahlichen Ansteigen der Dichte der 
Uberschusstrager in der Nahe des Ubergangs her, die letztere von der Modulation der Leitfahig- 
keit. 

Ein vereinfachtes Modell mit Flacheniibergang und eine Diffusionsgleichung dienen zur Bestim- 
mung der Dichte der Uberschusstrager als Funktion von Zeit und Ort. Aus dieser Funktion lassen 
sich die beiden Ubergangskomponenten analytisch bestimmen. 

Die Theorie erklart alle Beobachtungen in zufriedenstellender Weise: Die Diode wirkt bei 
grossem Vorwartsstrom induktiv, bei kleinem Strom kapazitiv und bei gewissen intermediaren 
Strémen als Oszillator. Durch Versuche mit Germanium- und legierten Siliziumdioden wurden 
die Gleichungen mit einer Genauigkeit innerhalb von 5 Prozent experimentell bestiatigt. 
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Beobachtung des Ubergangs. 


INTRODUCTION 
WueEN the bias of a diode is switched from for- 
ward to reverse, the transient behavior is referred 
to as the reverse recovery or reverse transient. 
Similarly, the forward transient of the forward re- 
covery is used to denote the diode behavior when 
the bias is switched from reverse or equilibrium 
state to forward state. The study of the transient 
behavior of semiconductor diodes has been the 
subject of intensive interest in the past few years 
by electron device and circuitry workers. It is well 
known that the diode behaves very differently 
from that predicted from its static behavior when 
the bias is changed abruptly, in either the forward 
or reverse directions. This transient behavior has 
been shown to be caused by the change of carrier 
densities, corresponding to different bias con- 
ditions, as well as by the conductivity modula- 
tions. 

It is the purpose of this article to examine in 
detail and to explain quantitatively the forward 
transient behavior of semiconductor junction 
diodes. A simplified but reasonable model is used 
to provide a unified explanation for the results re- 
ported under different conditions. 

A number of workers have studied this problem, 
and this article also reports results of new studies. 
The important reported characteristics may be 
tabulated as follows: 

(a) If a constant step voltage is applied to a diode 
in equilibrium and the steady-state current 
is quite large, the current as a function of 
time is as shown in Fig. 1(a). 

(b) If a large step current is applied, the voltage 
function is as shown in Fig. 1(b). 

(c) For small currents the shapes of the voltage 
and current curves are the transposed forms 
under (a) and (b). 

(d) The initial condition of the diode, either in 
the reverse state or in the equilibrium state, 
has little effect on the observed forward 
transient behavior. 

(e) If the diode is biased slightly in the forward 
direction initially, the maximum deviation 
between the initial value and the final value 
(voltage or current) can be reduced greatly. 
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Als Beispiele fiir praktische Anwendung ergeben sich: Die Entwicklung von Methoden zur 
Reduktion des Vorwartsiibergangs und die Messung von Lebensdauer und Widerstand durch 
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Fic. 1. The forward transient curves. 


Measurements made by the author gave evi- 
dence that the diode forward transient consists of 
two components; one behaving in a manner 
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Fic. 2. Forward transient voltage characteristics. 
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similar to an inductive circuit, and the second in a 
manner similar to a capacitive circuit. For large 
currents the inductive character dominates; while 
for small currents, it is the capacitive behavior 
that dominates. Between the two extremes an 
oscillatory behavior was observed. Fig. 2 illus- 
trates the three typical characteristics of forward 
transient voltage for a step current. 


PHYSICAL MODEL AND QUALITATIVE 
EXPLANATION 

For simplicity, the following assumptions are 
made which constitute the model of the junction 
diode 

(1) 
diode as shown in Fig. 3. 

(2) The conductivity of the p-region, op, is 
much greater than that of the m-region, op. 


to be studied. 
The diode can be represented by a planar 


Fic. 3. The planar diode. 


(3) The width of the n-region, Wy, is large com- 
pared with the diffusion length of holes in the 
n-region, Lp. 

(4) The minority-carrier density at position X 
and time ¢, p,(X,t), is small compared with the 
majority-carrier density in equilibrium, mp0. 

(5) The transition region is narrow and abrupt. 

(6) The metal contact at both terminals may be 
considered as ohmic contacts. 

Furthermore, the following symbols are defined: 

(a) pn(X,t) is the hole density in the n-region at 

time ¢ and at a distance X from the junction. 

(b) p(X,t) = pn(X,t)—pno is the injected hole 

density. 

(c) p(x,r) is obtained by substituting x = X/Lp, 

r = t/t», in p(X,t), where x is the normalized 
distance, r the normalized time, Ly the 
diffusion length of holes in the n-region, and 
Tp the lifetime of holes in the n-region. 

(d) Capital letters V or J are used to represent 

steady-state quantities or some particular 
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values 
i represent 
quantities. 


of voltage or current, while v and 
instantaneous or varying 


A qualitative explanation of the forward 
transient phenomena may be obtained by consider- 
ing the following physical description. 

Under the assumptions made, the 
transient behavior is determined by the carrier 
densities in the n-region. The steady-state carrier 
densities in the diode at equilibrium as well as 
when biased to a forward current, are shown in 
Fig. 4. Where the abrupt junction is represented 


diode 


Carrier density 


P, (X)= 
( exp exp(-24 
kt 


Npo 


Fic. 4+. Carrier densities of the diode. 


by the line X = 0; pao and myo are the equi- 
librium carrier densities in the n-region; and 
Pn(X) is the minority-carrier density when the 
diode is subject to a forward bias. This bias causes 
a current /; to flow and establish a junction voltage 
V. The steady-state injected hole density is, as 
defined, 


Pui X) = pno [exp(qV/kT)—1] exp(—X/Ly) 


If, at time ¢ = 0, a constant forward current is 
applied to the diode which is initially in the 
equilibrium state, the injected hole density has to 
build up from zero toward the steady-state value 
in a manner as shown in Fig. 5. Accordingly, the 
voltage across the junction v increases with time 
from zero toward the final value V. At the same 
time, the conductivity of the material is increased 
due to the increased majority- and minority- 
carrier densities. Therefore, the bulk resistance of 
the diode is reduced; this, in turn, causes the 
ohmic drop to decrease. The terminal voltage of 
the diode is equal to the sum of the junction voltage 
and the ohmic drop. The junction voltage increases 
with time, while the ohmic drop decreases with 


4 
fe 
Ppo 
| |_| 
w. 
— j 
-x 
= 
4 
a 


ry < ro< rz 


Fic. 5. The hole-density distributions in the forward 
transient period. 


time. For very small current, the ohmic drop is 
small compared with the junction voltage. ‘The 
observed terminal voltage increases with time. 
For very large currents, the junction voltage has 
reached its saturation value, and the ohmic drop 
is the dominant one. In this case, the terminal 
voltage decreases with time. Over some inter- 
mediate values of current the terminal voltage 
rises to a high value, then decreases to a minimum, 
and then increases again toward the steady-state 
value. Fig. 6 shows photographs of the forward- 


voltage transients observed. 


MATHEMATICAL THEORY 
In the m-region of the diode model described 
above, the injected hole density p(x,r) can be 
determined from the diffusion equation 


(2,7) (1) 
or 
where x = X/L,y and r = t/rp. This equation ts 


solved by means of Laplace transform subject to 
the following conditions: 


initial condition 


p(x,0) = 0 (2a) 
p(a,r) = 0 (2b) 


boundary condition 


Op(x,”) 
Js = A) = (———] 
ox 
= constant 
final condition 


—p(0,00) = pno(e*” —1) = IpLy/qDp (2d) 


WEN-HSIUNG 


KO 


where /; is the forward current, A the junction 
area of the diode and a = g/mkT where m = 1 for 
small J; and m = 2 for larger Jy. The solution of 
equation (1) subject to the conditions given by 
equations (2) is 


= p(0,20) s(x") (3) 


where 


= 4 \ r) 


x 
—e*erfc (— ——% 
2, 


By applying the boundary conditions, the transient 
voltage across the junction at normalized time r is 


(+) 


—In [1+ —1) erfy/7] 
q 


(5) 


The total injected minority carriers stored in the 
n-region at atime ¢ = Tpr is 
Wr an 
gA p(X,t)dX = | gAL,(0,0)s(x,7)dx 
0 0 (6) 


Q.(r) = 


where x, = W)/Lyp. For x, > 1, 


Or) = (7) 

The conductivity in the m-region, when the 

diode is thermal equilibrium, 

= where is the mobility 

of the carrier and 6 = p»/p». Accordingly, the re- 
sistance of the diode is 

Lp 
Ro = —~— Xn 


60-4 


(3) 


After the forward current flows for a time, t = Tpr, 
the hole density, as well as the electron density, is 
increased. The conductivity is now 


1+5)p(0, 
o(x,”) = ao + (9) 


Pno+ Onno 


Then the bulk resistance becomes 


pA: 
Ro— 
| Ao(x,r) 


R(r) = (10) 
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Fic. 6. The three types of forward transient voltage curves. (a) The termi- 


nal voltages; (b) the constant-current pulses; (c) the enlarged terminal 


voltages. The horizontal time axis is from right to left, 
10 wsec/cm for Syl-III, 
are: for Syl-III, (a) 0-2 V/em, (b) 


its scale is 
and 50 pwsec’cm for Clev-I. The vertical scales 
2:5 mA/cm, (c) 0-05 V/cm, for Clev-I, 
(a) 0-05 Viem, (b) 0-5 mA/cm, (c) 0-02 V/cm. 
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where R,»(r) represents the change in resistance 
due to the forward current. If we define 


(1+) p(0, 00) 


(11) 
Pnot bnno 


1+ Ks(x,7) 

2 ie 

[ dudx (12) 


/ 
0 V™ 


The second term in equation (12) yields an alter- 
nating series and makes a relatively small contri- 
bution to the total Rm(r) when r is either very 
small or very large. For a first approximation 


¥ 
1+ Ks(x,7) 
Equation (13) may be derived also by using 
si(x,r) = erf (\/r) exp(—x) to approximate s(x,7) 
in equation (10). By substitution of equation (13) 
into equation (10), for x», > 1, 


(13) 


R(r) = Ro +K erf vn| (14a) 


Xn 


while for x, > 1 


1 i 1+K erf 
R(r) = Ro [1-—1n( | 
x, \1l+Kerf exp(—xn) 
(14b) 
When r > 1, equation (14a) becomes the same as 
the equations derived by Barnes) and by 
SHULMAN and McManon®). 

The terminal voltage of the diode, v;, is the sum 
of the junction voltage and the resistance drop. 
From the static diode equation I; = I;(e¢” —1) 
and equation (5), and (14a) for x, > 1, 


kT I; 
Vt) = —In erty) 
q Is 


1 
+I;Ro ——In(1+K 


Xn 


Att = 0(r = 0), o(0) = JpRo; att > 1 (7 > 1), 


v(00) = V = —In 
(16) 


+I1;Ro [ + K)| 

Xn 
From equation (15) and equation (16), the transient 
voltage curves in Fig. 6 are readily explained. For 
v(0) > v;(00), the diode behaves inductively, 
while for v;(0) > it behaves capacitively. 
For v;(0) ~ v;(00) the diode behaves like a heavily 
damped oscillatory circuit. 

The transition capacitance c; of the diode is in 
parallel with the junction. When the junction 
voltage changes with time, the capacitance will re- 
quire some charging current which will slow down 
the rate of change of transient voltage. However, 
for the forward transient of diodes, this effect is, 
generally, small and can be neglected. This is 
justified by comparing the capacitance current J,, 
with the diode current J;. For x > 1 from equation 


(5) 


dv If 1 


dt Is 14+ erfy/r 


Therefore, 
I, Ct et 1 


9a Ty err) 


The maximum ratio occurs at r = 0, and de- 
creases rapidly as r increases. Assume Jy = 1 mA, 
I; = 10 pA and ¢ = 10-67, F. For r > 0-01 the 
ratio is less than 10-%. 

If the diode is not started from an equilibrium 
state but with an initial current J}, then the 
amplitude of the resistance transient may be re- 
duced. This results from the fact that in this case 
the initial resistance, instead of being Ro, is 


1 
R, = Ro +X) | 
Xn 
where 


1 = 
Pno+ bnno Is 


If J; is set equal to 5/;, then K; = 5K. Therefore, 
the maximum change of resistance is now 


(= (17) 
coo) = — In 
xn \1+8K 


s 
; 
BS 
Then 
: 
: 
15 
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On the other hand, if the diode is started from the 
equilibrium state, the maximum change of re- 
sistance is 


Ro 
— In(1+K) 


Xn 


Ro— R(x) (18) 


If we define the coefficient p; as the ratio of the 
maximum changes in equation (17) and equation 
(18), 

R( ) 


In(1+8K) 
Ro—R(co) 


In(1+K) 
The reduction of p; by an initial current 5/; can be 
related to the transient resistance curve in the 
following way. Consider the ratio of maximum 
co to the 
oo, and call 


resistance change from r = r; to r 


maximum change from r = 0 to r 
it pr- Then 


In(1+erf 


20 
In(1+ A) (2°) 


Consequently, if erfy/r; = 5, then pi = py. This 
implies that the in the resistance 
transient due to an initial bias current J; = 6/; is 


reduction 


equivalent to starting the transient at ¢; = riTp, 


where erf\/r; = 34. 


EXPERIMENTAL RESULTS 
The technique developed by Gossick") for 
separating the junction voltage from the ohmic 
drop was used in the following experiments. If a 
diode in a forward state is suddenly open-circuited, 
the voltage across the diode is shown in Fig. 7(a). 
The initial jump Vr, is the ohmic drop of the 
diode and V9 is the junction voltage at ¢ = 0. 
The test circuit used is shown in Fig. 7(b). Ri 
was used to adjust the forward current. The 
IN-34-A diode provided an open-circuit condition 
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Fic. 7. Open-circuit diode voltage curves and the test 


circuit. 


after the forward-current pulse was over. The 
recovery time of IN-34-A was selected to be 
shorter than 0-05 ysec. The current was measured 
from the voltage drop across the 200-Q precision 
resistance. The pulse repetition rate was adjustable 
from 50 to 200 pulses/sec, the time interval 
between two pulses was kept greater than twenty 
times the measured lifetime of diode D. The 
possible error in measurements is 5mV. Data 


Table. 1 The properties of sample diodes 


Wafer area 


No. (mil®) 


Description 


n-Ge, alloyed 
n-Ge, alloyed 
n-Si, alloyed 
n-Si, alloyed 


Clev-1 
GE-III 
Syl-III 
HD-6006 


80 x 80 
45 
47 
32 


x 47 
x 32 


cir. mil 


Wn 
(mil) 


Resistivity 
(Q-cm) 
20-25 
20-25 
15-25 


* Measured value from a similar sample. 
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taken with special care may be accurate within 
2:5 mV. 

The physical dimensions as well as the resistivi- 
ties of the sample diodes are listed in Table 1. It is 
known that in the diode equation 


I = —1) 


the value a equals g/mkT, for small currents 
m = 1; for large currents m = 
samples and the germanium samples with medium 
currents, the quantity a from the static charac- 
teristics, has the values shown in Table 2. 

As a verification of equation (5), refer to Fig. 
8(a) and (b) where the solid theoretical curve is 


2.6) For the silicon 


Table 2. The values of ‘‘a’’ o 


Silicon 2 
HD-6006 


Silicon 1 
Syl-III 


Germanium 1 
Clev-1 


Sample 
diode 


a(V-}) | 27 23 
At I (mA) 2 0-7 


— 
=0-2mA,% =| |O“sec 


r=t/r, 


Fic. 8(a). The forward-voltage transient characteristics 
of a germanium diode (Clev-I). 


calculated from the measured steady-state-junction 
voltage V, while the data points are represented by 
x. For small voltages, [curves 1 and 2 in Fig. 8(a)], 
a = q/kT = 39 was used; for larger voltages, 
[curves 3 and 4 in Fig. 8(a) and curves in Fig. 8(b)], 
the measured values of a were used. Though the 
theory is derived from the low injection assump- 
tion, it is found that the results can be applied to 
the large-current cases, provided the actual value of 
a is used and the change of lifetime during this 
transient period be corrected (see Appendix). 

For small currents, data from the germanium 
diode Clev-1 and the silicon diode Syl-III 
showed a maximum error of 2-5mV as com- 
pared with the theoretical values. For large 
currents, the maximum error was 5 mV. They are 
all within the expected range of experimental 
error. 

In order to test the equations derived for 
transient resistances, Ro was measured by a very 
short current pulse (0-1 psec), R(oo) by a very 
long current pulse (107,), and K calculated by 
equation (14) with r= oo. By substitution of 
these values in equation (14a) or (14b) the 
theoretical resistance transient curve may be 


600 


HD-6006 


(V-O5)vs r 0:28 


i 


r=t/z, 


Fic. 8(b). The forward-voltage transient characteristics 
of silicon diodes (with zero suppressed ordinate). 
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calculated. The comparison between the actual The agreement between the analytical calculation 
data and the theoretical curve is shown in Fig.9(a) and the experimental measurement is good for all 
and (b). The agreement is good. Just as expected, three types of transient voltage. 

the approximation equation (14), gives better The reduction of the inductive transient due 
accuracy at small and large values of r than at to an initial current J; = 5/; is equal to starting the 
transient at r) = t/t» with erfy/r; = 8. In Fig. 9, 
it is clearly illustrated that the larger the current 


intermediate ones. 
The diode terminal transient voltage, V;(r), of 


| 65erf ) 
} l=O2mA 


[, 

38 

| R= 138 |l-Gl 4)! 


I=2mA =93 asec 


50 


Clev- Diode, t=rz,, sec 


Fic. 9(a). The forward-resistance transient characteristic of a germanium diode. 


Clev-1 sample is calculated from equations (5) and _ the sharper the decrease of the transient resistance. 
(14b) at Jy = 0-2 mA, 0-8 mA and 2mA, and is Therefore, for a constant 6, the larger the final 
plotted in solid lines in Fig. 10. The data points current, the larger the reduction of the transient, 
in the same figure represent the measured values. and the smaller the value of p1. This is illustrated 
by the three curves shown in Fig. 11(a). Fig. 11(b) 
shows the effects of p; if x, is not infinity. It is 
observed that the smaller the value of x, the more 
rapidly p; decreases with 6. 


CONCLUSIONS 

. ] From the study here reported the following con- 
i\ clusions are possible: 


“ (a) The forward transient consists of two com- 
~~, ponents: the junction-voltage transient and the 
diode-resistance transient. The former increases 
™ HD - 6006 mé 5 use with time and the latter decreases with time. These 
transients may be calculated accurately from 
equations (5), (12) and (15). 

(b) Due to the different functional relationships 
0 : between the two transient components with the 
Syl- [land HD-6006 diode, férr, usec forward current, three types of over-all transients 

Fic. 9(b). The forward-resistance transient character- 47 possible, as illustrated in Figs. 6 and 10. 
istics of silicon diodes. (c) For minimum overshoot and fast rise of the 
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(ii) Use diode materials with large conductivity. 

| (iv) Design the circuit as described in (c) to give 
optimum performance. 

. ly Dato point (v) Bias the diode in the forward direction in- 

A oz itially. 
oie (f) Several applications may be suggested as 
follows. 

(i) The forward-voltage transient curve 

[equation (5)] is shown to have an accuracy 

of 5 per cent or better; it can be used to 


03 4 


r= t/r, 


. 10. The diode-terminal transient voltages of a 
germanium diode (Clev-I). 


terminal transient voltage, the initial voltage 
should be nearly the same as the final one. For a 
given diode with known initial resistance Ro, and 
the static-terminal /—V characteristic, the optimum 
operating point A may be found as shown in Fig. 
12. 
(d) For large currents, the over-all transient of 
the diode behaves somewhat similarly to an RL 
circuit, the initial voltage being much greater 
than the steady-state voltage. The amplitude of 
the transient may be reduced by biasing the diode 
in the forward direction initially. The amount of 
reduction in transient amplitude is determined by 
the final current and the ratio of the initial current 
to the final current, as illustrated in Fig. 11. The 
approximate value of reduction can be calculated 
from equation (19) or from the resistance 


transient curve and equation (20). 
(e) If the forward transient is to be eliminated measure the lifetime of the minority carrier 


the following methods may be used : in the diode material‘? for [gu(kT)] > 1 

(i) Decrease the widths, W, and Wp, of the end where v is the instantaneous junction volt- 
materials. age. 

(ii) For the assumed model, the junction in- 


(ii) Use diode materials with smaller minority- 
carrier lifetime. jection ratio is unity. The charge stored in 


Fic. 11. pi vs. § curves. 
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(iii) A method to measure the diode bulk re- 
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the diode end material by a current J; for a 
time ¢ is, from equation (7), 


Q, = 

If the injection ratio is not unity but y, then 
Qs = 

This may be used to measure the injection 


ratio. Qs can be determined by reverse re- 
covery method. ®) 


curve 
of diode 


line 


Inductive 
region 


Capacitive 
region 


Vv 


Fic. 12. The forward transient regions. 


sistance is provided by the pulse technique 


as discussed. ‘7) 


(iv) The static characteristic may be expressed 


as 


I = I,{exp{a(V —IR)}—1] 


1 
R = Ro —In 
Pno+ bnno I; 


Xn 


(v) A means to measure J; may be developed 
from the accurate static characteristics. 
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APPENDIX 


The minority-carrier lifetime in the diode material 
has been derived as a function of the injected carrier 
density Ap, as‘* 1°) 


1+a’Ap 
= 


1+5’Ap 


Where a’ and Db’ are constants, and 79 is the low-level 
lifetime. Because the injected minority-carrier density 
is proportional to the forward current, it is obvious that 
7 will vary with forward current in the same manner that 
it varies with Ap. The measured lifetimes from reverse 


fo sec 


fe) 


Fic. 13. The lifetime vs. forward-current curves. 
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recovery time are plotted against current in Fig. 13. 
These curves show good agreement with the above 
equation. During different periods of the current flow, 
according to equation (3), the injected hole density 
varies from zero to the final value. It is expected that the 
lifetime will change during the forward transient period. 
Therefore, in the calculation of r = t/tp, the proper 
values of tp corresponding to the hole density should 
be used. In the calculation of curves 1 and 2 in Fig. 8(a), 
uniform 7p is used because the error without correction 
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is smaller than experimental error. For curves 3 and 4 
in Fig. 8(a) and curves in Fig. 8(b) the change of tp 
cannot be neglected; a linear change of tp is assumed to 
give a first-order correction. The correction is appreci- 
able (2-5 per cent) and it improves the agreement of 
experimental data with the calculated curve. 

Following the same reasoning as discussed for life- 
time, the value of a = q/mkT actually does change with 
time in the transient period. For more accurate results 
the value of a should be modified. 
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NOTES 


Ge or Si junctions made by the surface 
weld-regrowth process 


(Received 2 February 1961; in revised form 13 March 
1961) 


A TECHNIQUE for making p—” junction structures 
of germanium or silicon, which consists of the 
melting, wetting and resolidification of one piece 
of semiconductor on the surface of another, un- 
melted piece, has been described by Lesk®), A 
similar process, which produces junctions of the 
same metallographic appearance as those described 
by Lesk, was developed independently in this 
laboratory. Since the Lesk paper does not present 
data on the electrical characteristics of devices 
made by his process, it is the purpose of this note 
to present some characteristics of p-—n junctions 
made in our work, and to show that they compare 
favorably to junctions made by other means. Be- 
cause of the nature of the process and the metallo- 
graphic appearance of junction structures made 
by it, we call this process surface weld—regrowth. 

Fig. 1 shows the direct-current characteristics, 
measured at room temperature, of four p-n 


junctions made of low-resistivity germanium. 


Using a resistance-heated thermal-gradient fur- 
nace, arsenic-doped germanium of 7 x 10-4 Q-cm 
resistivity was melted and regrown on the surface 
of indium-doped germanium of 0-25 Q-cm re- 
sistivity to form junction areas approximately 
circular in shape, and measuring from 0-030 to 
0-035 in. in diameter. Ohmic contacts were made 
to the n- and p-type germanium with antimony- 
gold alloys and lead-indium alloys, respectively, 
attached at temperatures below 400°C. The 
reverse characteristics were developed by using 
either immersion etching in CP-4, or electrolytic 
etching in a potassium hydroxide solution. 
Similar results were obtained from the two etches. 
It may be noted that the junctions do not show a 
rigid saturation of the reverse current. ‘The same 
effect may be noted in germanium junctions made 
by a vapor growth process.) 

Fig. 2 shows characteristics of three junctions 


made with antimony-doped germanium of 
0-4 Q-cm resistivity as the melted and regrown 
material. The substrate was indium-doped ger- 
manium, of 0:25 Q-cm resistivity for one of the 


+ 


4 
Forword bios 


Reverse bias 


Bias V 
Fic. 1. Direct-current characteristics of four germanium 
junctions made by surface weld—regrowth. 7 x 10-4 Q-cm 
As-doped germanium regrown on 0:25 Q-cm In-doped 
germanium. 


units, and 4 Q-cm resistivity for the other two. 
Other details of the processing were the same as 
for the units of Fig. 1. It may be noted that the 
saturation of the reverse current is more pro- 
nounced for the units of Fig. 2, although the 
currents are about ten times as great. Since the 
junctions represented in Fig. 2 are comparable in 
size (0-022-0-037 in. diameter) to those of Fig. 1, 
and since one of them uses the 0-25 Q-cm sub- 
strate, we attribute the larger currents to the high- 


ve 
2 
10 + 4 
+ 
a | 
of 
7+ 
O 
AF 
4 
+ 
9 
4 
} 
| 
ce 
70 
i 


io" 
- 
Forward bios 
x 


Current, 


on 


“Reverse bios 


Bias, V 


Fic. 2. Direct-current characteristics of germanium p-n 
junctions made by surface weld-regrowth. x—Sb- 
doped germanium, 0-4 Q-cm, regrown in In-doped ger- 
manium, 0°25 Q-cm; @, (J—the same melt material, 
regrown on In-doped germanium, 4 Q-cm. 


resistivity regrown material produced by the 
antimony-doped germanium, and to low minority- 
carrier lifetimes caused by the severe heating of 
the surface weld—regrowth process. Consideration 
of the resistivities before melting, as well as the 
distribution coefficients of arsenic and antimony) 
would predict a much higher resistivity in the 
units of Fig. 2. Since resolidification proceeds 
from the junction outward due to the thermal 
gradients used to achieve preferential melting, a 
dopant of small distribution coefficient tends to 
leave the first regrown layers very lightly doped. 
The units of Fig. 2 also have poorer forward 
characteristics than those of Fig. 1. The swerve 
in the high-current portion of the forward charac- 
teristic of one (denoted by the symbol x) is due 
to an unstable ohmic contact. 

These junctions are compared to a theoretical 
model and to junctions made by other means in 
Fig. 3. The theoretical model is derived from the 


familiar equation? 
I = /kT — 1) (1) 


where J = the net current through the junction, 
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I; =the saturation current, g =the electronic 
charge, V =the applied bias, k = Boltzmann’s 
constant and 7'= the absolute temperature. For 
any value of applied bias, the model predicts a 
ratio of forward to reverse current of 

= —eW/kT 
I; 


(2) 


where the subscripts f and r, respectively, dencte 
forward- and reverse-bias conditions. A plot of this 
function is given in Fig. 3, together with plots of 


1,) 


3 )4 Os 
Bios, V 


Fic. 3. Comparison of the rectification properties of 

germanium p-m junctions made by various means. 

OAVYV+—Surface weld-regrowth of As-doped, 

7 x 10-4 Q-cm on In-doped, 0°25 Q-cm; §j—Surface 

weld-regrowth of Sb-doped 0:5 Q-cm on In-doped, 

4 Q-cm. 

— — — Vapor-grown P-doped, followed by vapor- 
grown B-doped 

-—- -- Same as above, but more heavily doped 

— ——— — Vapor grown Ga-doped on Sb-doped, melt- 
grown substrate 

Germanium junction, commercial, alloyed 


experimentally determined values of (J;/J;,) for 
junctions made by the surface weld—regrowth pro- 
cess, and others. Data for the other units were 
obtained from Ref. 2. Since the range of bias in 
Fig. 3 is below the reverse-bias breakdown of any 
of the samples, the sharp veering of the plots away 
from the theoretical model is due to the effect of 
resistance in series with the junctions on their for- 
ward characteristics. It is apparent that germanium 
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junctions made by surface weld-regrowth tech- 
niques have electrical characteristics which com- 
pare favorably with those of germanium junctions 
made by other means. This ts particularly the case 
for the regrowth of heavily arsenic-doped ger- 
manium on low-resistivity indium-doped sub- 
strates. It is possible that their characteristics 
might be improved by heat treatments or alloy 
gettering,”) although none of the germanium 
samples were given these treatments. 

A less extensive study has been made of p-n 
junctions made by surface weld-regrowth of 
silicon. The samples were made by the regrowth 
of silicon doped heavily with boron, on arsenic- 
doped, 2 Q-cm resistivity substrates. The samples 
were annealed for 13 hr at 475°C in argon in order 
to restore minority-carrier lifetimes. Reverse 
characteristics were developed by immersion etch- 
ing in CP-4 (without bromine). Table 1 summar- 
izes the low-voltage electrical characteristics of 
four units at room temperature. 


F. A. Trumpore, Bell Syst. Tech. J. 39, 207 (1960). 
. W. Srocktey, Electrons and Holes in Semiconductors 
p. 91. Van Nostrand, New York (1950). 


Melting phenomena with silicon 


(Received 7 February 1961; in revised form 22 March 
1961) 

and TreuTING") have noted that small, 
randomly distributed regions on freshly prepared 
silicon surfaces appear to melt at temperatures 
several degrees below the melting point of pure 
silicon. Some observations made in connexion with 
the development of the regrown—diffused transis- 
tor®) may throw a little more light on this be- 
haviour. 

Blocks of freshly etched silicon* with (111) 
oriented main face were partially melted in a steep 
temperature gradient under pure dry hydrogen, 
the experimental arrangement being illustrated 


Table 1. Summary of direct-current characteristics, silicon junctions 


Sample 
(V) 
0-97 
0-96 
1-10 
0-81 


The characteristics given above for germanium 
and silicon junctions made by the surface weld— 
regrowth technique affirm the usefulness of this 
and similar processes for making experimental 
semiconductor device structures. 


T. C. TAYLor 
F. L. Yuan 
Semiconductor Division 
Raytheon Company 
Newton, Mass. 
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Vy at J7=100 mA 


Ty at 
Vr=1-:0V 


I; Tr at 
Vs=Vr=0-7 V 
3 0-165 
8 x 10° 0-230 
5 0-006 
0-018 


x 


in Fig. 1. Before heating, such blocks showed no 
distinguishable surface features even at x 1000. 
On examining the surface of the block close to 
the interface between melted and unmelted regions, 
characteristic striae would be observed. Fig. 2 
shows a typical specimen: the darker area at the 
top is the melted region, and the striae appear to 
be the tracks of small globules of molten material 
on the unmelted silicon which have migrated up 
the temperature gradient, and which originated 
in a region showing numerous small black “‘nuclei’’. 


* Degreased, boiled in conc. HNOs, etched 1 min in 
2 parts conc. HNQOs, 1 part 48 per cent HF, quenched 
in a large excess of double-distilled water, stream washed 
in a recirculator for 1 hr and dried under vacuum. 
CP-4 etch gave almost identical results, in spite of the 
“cobble-stone’’ surface obtained with it. 
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Fic. 2. Surface of silicon block near melt interface, after 
re-freezing, showing striae and ‘‘nuclei’’, x 66. 


Fic. 3. Surface of silicon block near melt interface, after 
re-freezing, showing ‘‘nuclei’’, x 296. 
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Fic. 4. Frozen silicon surface showing conical spikes, x 280. 


[facing p. 72 


> 
hy 
q 
‘ 
4 
4 ‘ 
bal 
- | 
ea i 


ons 


Tungsten 
heater 


Molten 
silicon 


Water-cooled 


block 


Fic. 1. Experimental arrangement for melting silicon. 


This region, at higher magnification, is illustrated 
in Fig. 3 which also shows a globule in the process 
of formation. It should be noted that such globules 
freeze to form a typical conical spike, i.e. they are 
basically silicon. 

That the globules actually migrate over the 
surface of solid silicon and not on a molten surface 
skin was proved by high-temperature observations 
using a long-working-distance microscope. The 
solid—liquid interface could clearly be followed 
during freezing as could the tracks of small 
globules climbing up the solidified silicon surface 
slightly below it. (The rate of climb could be rela- 
tively rapid, of the order of 0-5 mm/min.) Such 
tracks can also be seen “‘frozen”’ in Fig. 2. 

It is suggested that impurities left on the surface 
depress the freezing point of silicon locally to form 
a small molten region and that this region migrates 
up the temperature gradient (possibly aided by 
surface-tension effects) by the temperature- 
gradient zone-melting mechanism postulated by 
PranN®), An electron-diffraction examination of 
a surface showing “‘nuclei’”’ indicated the presence 
of an unidentified material which was not silicon, 
silica or silicon carbide. 

High-temperature observations also showed 
that, as a silicon surface melts, an extremely thin 
film of some material is drawn by surface tension 
to the edges and in particular to the corners of the 
molten region. This film is broken by numerous 
rounded holes (revealing the true silicon surface) 
which are in a state of constant agitation so long 
as melting proceeds. If power is reduced, a conical 
spike of silicon grows from each such hole, as 


shown in Fig. 4 (the film appears able to withstand 
the associated pressure). The black regions are the 
spikes. The spikes usually took up the same 
orientation as the unmelted material, as judged 
from the <111) ridges seen on all of them. 

It was noted that during melting the thin surface 
film gradually tended to disappear, but whether 
this was due to evaporation or solution was not 
determined. 

It is suggested that the film present on a molten 
surface and the “‘nuclei’” on the solid have a 
common origin, and may be associated with a 
deposit left from the washing water. On evapora- 
tion this water left a very slight residue which was 
believed to come from the de-ionizing column used 
for purification. 

C. H. L. GoopMAn* 


The General Electric Company Limited 
Hirst Research Centre 


Wembley, England 


Addendum 

The melted regions observed by PEARSON and 
TREUTING showed outlines characteristic of the 
crystal face upon which they formed [i.e. tri- 
angular on a (111) surface]. No such orientation- 
dependent structure would be expected under the 
experimental conditions of the present work on 
account of the tendency for globules to move up 
the temperature gradient when they have formed. 

In Fig. 2 the boundary between melted and 


* Now at: Standard Telecommunication Laboratories, 
Harlow, England. 
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unmelted regions is a “‘high-water mark’’, being 
the furthest point to which the liquid-solid inter- 
face penetrated. The tracks of globules crossing 
into the melted region formed after the interface 
had withdrawn, as briefly noted in the text. 

The indebted to the referee 
raising queries on these points. 


author is for 


Note added in proof 

HANEMAN™) has recently observed small molten 
regions moving on InSb at temperatures below the 
melting point. PEARSON and ‘TREUTING referred 
to surface melting with such compounds and it 
thus seems probable that the effects described in 
the present Note will be encountered with other 
diamond-type materials, and possibly with pure 
congruently melting phases in general. 
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Thin-film capacitors using tantalum oxide 
dielectrics prepared by reactive sputtering* 


(Received 17 February 1961) 


A METHOD of making small capacitor elements of 
the thin-film type is described and some results 
obtained from measurement of their electrical 
characteristics are given. 

The form of these capacitors can be summar- 
ized as follows. A thin film of tantalum oxide is 
interposed between two aluminium-film electrodes, 
the whole structure being supported by a suitable 
substrate. ‘The aluminium-film electrodes com- 
prise the plates of the capacitor and the tantalum 
oxide its dielectric. 

Details of the process for the formation of the 
capacitor elements are now given. A fused-quartz 
microscope slide, size 25 x 76 x 1 mm, is prepared 
by washing in detergent, rinsing in distilled water 
and then isopropy] alcohol, and finally drying off by 
exposure to isopropyl alcohol vapour. This 


* U.K. Patent application No. 42094/60. 
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quartz substrate is then placed in a vacuum 
chamber where it is further cleaned by ionic 
bombardment preparatory to its coating with six 
base electrodes (evaporated from 99-99 per cent 
pure Al), their thickness being approximately 
2000 A. The substrate now carrying the base elec- 
trodes is then transferred to a sputtering chamber, 
similar in design to that described in the litera- 
ture,") where it is coated with tantalum oxide by 
the chemical or ‘‘reactive’’ sputtering process.) 
In this process the oxide is formed by sputtering 
from a tantalum cathode in an oxidizing atmos- 
phere provided by leaking oxygen into the vacuum 
system through a needle valve. The cathode 
potential was 2500 V and the cathode current den- 
sity was maintained at 0-5 mA/cm®, resulting in a 
sputtering pressure of 12 Hg. These conditions 
gave a deposition rate of 350 A/hr, limited by the 
temperature rise of the substrate. ‘The thickness 
of the dielectric films formed under these con- 
ditions ranged from 1200 to 1800 A. Finally the 
substrate is returned to the vacuum coating 
chamber where two aluminium counter electrodes 
are evaporated on to the surface of the tantalum 
oxide film, so forming twelve capacitor elements. 

A diagrammatic representation of a set of twelve 
capacitor elements made as described above is 
shown in Fig. 1. 


Two evaporated 
Sputtered tantalum Gluminium counter 
oxide dielectric film electrodes 


Substrate 


Six evaporated 
Gluminium base 
electrodes 


Fic. 1. Construction of twelve capacitor elements. 


Capacitors formed in this way, for test purposes, 
have given capacitance values of 0-1 »F/cm?, and 
have shown tan 6 values of less than 0-01 up to 
30,000 c/s. Frequency characteristics have been 
plotted for dissipation factor and capacitance, and 
are given in Fig. 2. 

Unprotected films have withstood d.c. break- 
down voltages up to 14 for a 1800A film; a 


= 
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tan 3 


factor, 


Dissipation 


Capacitance , 


Fic. 2. Frequency characteristics of capacitor element. 


5 10 
Applied voltage (d.c.) 


Fic. 3. Leakage current of capacitor element. 


curve of leakage current against voltage obtained 
in this instance is shown in Fig. 3. 

So far, except for periods of measurement 
extending to some hours, substrates have been 
stored in a desiccator; however, a small 300 kc/s 
oscillator has recently been constructed, using 
a single tantalum oxide capacitor element, 
which has been working satisfactorily under 
varied laboratory conditions without protection 
from moisture. 

These reactively sputtered tantalum oxide film 
dielectrics should find particular application in the 
transistor field, either in individual capacitors or as 
component parts of integrated micro-circuit 
structures of the thin-film type. They would also 
appear to be of general interest where thin in- 
sulating inorganic films are required. 


Royal Radar Establishment P. Lioyp 
Great Malvern, Worcestershire 
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Ricuarp H. Buse: Photoconductivity of Solids. 
Wiley, New York, 1960. 461 pp., $14.75. 


Photoconductivity of Solids is literally in a class by 
itself. Books on photoconductivity are rare indeed, 
and there are no others available that attempt to 
deal with the whole subject. Thus the reader’s 
choice is simple. If he wants a book that covers 
the whole field, this is it. Since it is the only book 
of its kind, one can only compare it with what 
might have been written and then try to assess 
the measure of success. The main functions of a 
book in an active field are to collect and summarize 
the available information, and, if possible, to 
digest and compact it. This latter step then pro- 
vides a new base for further advances. Photo- 
conductivity of Solids does an excellent job in the 
collecting and summarizing area. It has a good 
introduction to the theoretical under- 
and presents a wide variety of experi- 


present 
standing, 
mental observations, including many from re- 


lated fields. It may be less successful at building 
a new base from which to proceed, but that was 
really too much to hope for in the present state 
of the subject. Measured against a reasonable 
expectation, Photoconductivity of Solids is a good 
book, and is certainly the most convenient place 
to start the study of photoconductivity. 


R. W. REDINGTON 


and Related 
1960. 263 pp., 


E. H. Putrtey: The Hall Effect 
Phenomena. Butterworth, 
50s. 


London, 


THE title of this book is not an apt one, since the 
book is more nearly a review of the properties of 
semiconductors, including thermoelectric proper- 
ties, magnetoresistance, thermal conductivity, and 
basic physical and chemical properties, than a 
book dealing with the Hall effect and its conse- 
quences. ‘Thus the book is to be compared with 
similar books by the author of this review, by 
SPENKE, SMITH, and others. However, the title is 
justified in the sense that conduction properties 


are emphasized in the book, with little or no 
attention being given to optical properties, mag- 
netic properties, and some other important aspects 
often covered in general reviews, such as crystal- 
growth phenomena, surface properties, etc. No 
attention is given to metals or dielectrics. 

In the first section, ‘Conduction Processes’, a 
brief general review is given of the elementary 
theory of conductivity and Hall effect, together 
with the basic model of the conduction due to 
impurities in semiconductors originally due to 
WILSON. 

In the second section a valuable review is given 
of the methods of measurement of Hall effect and 
resistivity of semiconductors under various con- 
ditions, such as high and low temperatures. 
Various circuits for d.c. and a.c. measurements 
are shown, and various configurations for samples 
and sample holders are presented. This section is 
one of the most useful in the book since it is more 
extensive than can be found in most other reviews 
except for that in Methods of Experimental Physics, 
Vol. 6, Academic Press, New York (1959). 

In Section 3, titled ‘Conduction in an Isotropic 
Solid”, a review at a fairly high level is given of 
the Fermi—Dirac statistics, of the calculation of 
electrical conductivity, and of the general equations 
for the transport properties in the presence of a 
magnetic field. This material is less valuable than 
some of the other parts of the book since it is 
available in many other places, particularly in 
SMiTH’s book on semiconductors published in 
1959. 

In Section 4, “The Behaviour of ‘Typical 
Semiconductors”, a review is given of a large 
number of properties of semiconductors, in- 
cluding such effects as intrinsic and extrinsic 
conduction, mixed conduction by electrons and 
holes, impurity scattering phenomena, magneto- 
resistance phenomena, surface effects on galvano- 
magnetic properties, and the Nernst, Righi- 
Leduc, and Ettingshausen effects. 

In Section 5, “A Summary of the Electrical 
Properties’, a review is given of the conduction 
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properties of the elemental semiconductors of the 
germanium type, of the III-V compounds, the 
sulfides, selenides and tellurides, and of other 
semiconductors. 

The work is valuable since it represents the 
thoughts of an investigator who has contributed 
much through his personal work in the field, and 
the combination of experimental approach with 
theoretical analysis is authentic and shows with 
completeness yet with economy the problems and 
progress in an important area of physics. Its length 
is such that there is a minimum of superfluous 
material. The book appears carefully written, 
and but a few typographical errors were found. 
The review of applications of the Hall effect is, 
unfortunately, confined to one or two pages. The 
book is too specialized to make a good text, but 
will have value as a reference work. 


W. C. DuNLAP 


J. Roperts: High Frequency Applications of 
Ferrites. Van Nostrand, New York, 1960. 166 pp., 
$4.85. 


ALTHOUGH the title of this book implies that the 
author is concerned with the use of ferrites at high 
frequencies, he touches on applications which 
range from d.c. magnets to high-speed switching 
cores. To write a book which treats in detail the 
physics of ferrites and their many applications 
for such a frequency range would require several 
thousand pages. In such a treatment the basic 
physical principles would probably be obscured 
in mathematical detail and descriptions of specific 
device geometries. Professor RoBERTS has written 
a book which avoids the possible shortcomings of 
a long book. His book is primarily intended for 
the newcomer to the ferrite field and requires a 
background comparable to that of an advanced 
student of electrical engineering and physics. He 
uses mathematical analysis sparingly and then 
only as a tool to illustrate the basic physical 
principles. For each type of application, whether 
it be microwave or inductor circuitry, the author 
proceeds from the pertinent physical principles 
to several illustrations of specific devices and a 
discussion of important design factors. ‘Through- 
out the book he makes an effort to make a compari- 
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son between appropriate materials, bringing out 
the assets of each material and showing the steps 
approaching improved device performance. 

The opening chapter deals with the physical 
properties of ferrites. This includes the com- 
position and crystallographic structure of the 
normal and inverted spinels, their resistivity, 
mechanical and thermal properties, and _ their 
magnetic structure. In his discussion of the source 
of ferrite magnetism, Professor Roperts delves 
into exchange and superexchange interactions and 
into Neel’s theory of ferrimagnetism. The ex- 
cursion is very short and yet is sufficient to indicate 
the nature of ferrimagnetism as it is understood 
today. There are also descriptions of magnetic 
anisotropy and the gyromagnetic phenomena. 

Inductor and transformer cores are the subject 
of the second chapter. Here the author spends 
some time and analysis illustrating the value of the 
air gap in improving the Q of a core and the 
temperature coefficient of effective permeability. 
He then discusses initial permeability of a number 
of materials and follows with a description of 
several devices such as the pot core inductor and 
the shell-type transformer core. An effort is made 
to show not only how performance depends on the 
initial permeability and loss tangent of the ferrite 
material, but also upon the enclosing electrical 
circuit. In the examples, all these factors are con- 
sidered and the result is a compromise which 
depends on the particular application. 

The following chapter discusses the usefulness 
of the gyromagnetic properties of ferrites. After 
short derivations of the complex microwave 
susceptibility, the ferromagnetic-resonance pheno- 
mena, plane-wave propagation in an_ infinite 
medium, and Faraday rotation, the author proceeds 
to describe microwave devices such as isolators, 
circulators, phase shifters, harmonic generators 
and ferromagnetic amplifiers. The presentation is 
by no means exhaustive and serves to outline the 
types of functions ferrites can perform in the 
microwave region. Reference is made to the use of 
these components in larger systems and the need 
for specific material properties is frequently 
mentioned. In this chapter the reviewer became 
particularly aware of one of the possible short- 
comings of a survey book of this nature. That is, 
a reader may be left with the impression that some 
of the devices such as a waveguide phase shifter 
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are very easy to construct. It would be well to 
mention how empirical much of the design work 
to date has been and how the construction of a 
device with high performance characteristics is 
frequently more an art than a science. The re- 


viewer, however, feels that this is really only a 
minor criticism. 

The last two chapters deal with computer 
applications and with hexagonal materials of high 
anisotropy. As a result of asquare hysteresis loop, 
high-speed switching cores are used in computers 
as storage elements. The important parameters 
such as coercive force, squareness, remnant flux 
density and switching time are described and two 
examples of core arrays, the shifting register and 
the matrix storage, are given. The concluding 


chapter describes applications of high-anisotropy 
materials in permanent magnets, pulse trans- 
formers and high-frequency microwave devices. 

In summary, the reviewer feels that the chief 
value of this book is its usefulness as an intro- 
duction to ferrites and their applications. The 
book is a survey and as such is short, clear and 
concise. Nevertheless there is sufficient presenta- 
tion of physical principles and engineering 
approach that should satisfy both the physicist 
and the electrical engineer. There are many de- 
vices that have been described and a rich literature 
exists from which more specialized information 
can be obtained. 


JEROME J. GREEN 
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a A NEW METHOD OF ZONE LEVELING FOR 


MATERIALS HAVING DISTRIBUTION COEFFICIENTS 
IN THE RANGE OF 0-0-6 


I. BRAUN and E. Y. WANG 


Raytheon Research Division, Waltham, Massachusetts 


(Received 14 March 1961; in revised form 13 April 1961) 


Abstract—By doping an originally pure crystal at both ends and by subsequently melting it re- 
peatedly back and forth, the calculated impurity distributions, as obtained after each pass, converge 
to a horizontal straight line. This is, therefore, a useful method for obtaining a uniform impurity 
distribution along a single crystal. In the last zone, however, the abrupt change in impurity con- 
centration, due to the normal freezing cannot be avoided. The first doping of the crystal has to be 
done before the first pass and the second doping at the other end of the crystal after the first pass. 
Graphs are given for different values of k, for the length of the.crystal in relation to the zone length 
and for the minimum number of passes needed to obtain a uniform impurity distribution. The 
results indicate that the method is extremely well suited for materials with values of k up to 0-6, 
while ordinary zone leveling fails for materials with a value of k between 0-1 and 1. In the new 
method the impurity content in any pass is proportional to the introduced impurity content at one 
end. Thus any desired uniform impurity distribution can be easily obtained. 


Résumé—En dopant un cristal originellement pur aux deux extrémités et en le fondant ensuite 
continuellement en mouvement d’avance et de recul, les valeurs des distributions d’impuretés 
calculées obtenues aprés chaque passage convergent vers une ligne droite horizontale. C’est donc 
une méthode utile pour obtenir une distribution uniforme d’impuretés le long d’un seul cristal. 
Dans la derniére zone on ne peut toutefois empécher le changement abrupt de la concentration 
d’impuretés dd a la congélation normale. La premiére dope du cristal doit étre faite avant le premier 
passage et la seconde dope a l’autre extrémité aprés le premier passage. Des graphiques sont donnés 
pour différentes valeurs de k, pour la longueur du cristal relative a la longueur de la zone, et pour le 
nombre de passages minimum nécessaires pour obtenir une distribution uniforme d’impuretés. 
Les résultats indiquent que la méthode est trés indiquée pour des matériaux ayant des valeurs de k 
jusque 0,6, tandis que le nivellement ordinaire de zone ne réussit pas pour des matériaux ayant des 
valeurs k entre 0,1 et 1. Dans la nouvelle méthode, le contenu d’impuretés de tout passage est 
proportionnel au contenu d’impuretés introduit dans une extrémité. Donc, on peut obtenir n’importe 


quelle distribution d’impuretés désirée. 


Zusammenfassung—Wird ein urspriinglich reiner Kristall an beiden Enden dotiert und dann 
wiederholten Durchgingen durch Zonenschmelze unterworfen, so niahern sich die Stérstellen- 
verteilungen, wenn sie nach jedem Durchgang berechnet werden, einer horizontalen Geraden. 
Man erhilt also auf diese Weise eine gleichférmige Stérstellenverteilung langs eines Einkristalls. 
In der letzten Zone bleibt jedoch die durch das normale Erstarren verursachte plétzliche Verander- 
ung der Stérstellenkonzentration bestehen. Die erste Dotierung des Kristalls muss vor dem ersten 
Durchgang erfolgen, die zweite am anderen Ende nach dem ersten Durchgang. Es folgen graphische 
Darstellungen fiir verschiedene Werte von k, fiir die Lange des Kristalls in Verhaltnis zur Zonen- 
lange und fiir die minimale Anzahl von Durchgingen, die zur Erzielung der gleichférmigen Stér- 
stellenverteilung erforderlich sind. Die Methode ist offenbar fiir Materialien mit k-Werten bis zu 
0,6 sehr geeignet, waihrend sich bei Materialien mit k-Werten zwischen 0,1 und 1 kein Zonenaus- 
gleich ergibt. Bei der neuen Methode ist der Gehalt an Verunreininigungen bei jedem Durchgang 
zu dem an einem Ende eingefiihrten Betrag an Verunreinung proportional, so dass sich jede 
gewiinschte gleichférmige Stérstellenverteilung leicht erreichen lasst. 


79 


4 
= 
a F |_| 


80 


I, INTRODUCTION 

THE purpose of zone leveling is to obtain a uniform 
impurity distribution. For small values of k (about 
0-1) the method of doping at one end and then 
passing the molten zone along the crystal is 
effective,’ but more passes are needed than with 
the method to be described. PFANN’s suggestion 
to reduce the zone length continuously during 
melting, so that the impurity concentration re- 
mains constant, is difficult to realize experiment- 
ally. RoMANEKO") describes a method of doping at 
one end and melting back and forth. This tech- 
nique can be used with increasing difficulty up to 
k = 0-25 and the leveling is far from perfect. 

The suggested method is experimentally simple 
and effective up to k = 0-6, as will be shown. An 
originally pure crystal has to be doped at both ends 
with the same amount of impurities and must 
then be melted repeatedly back and forth a certain 
number of times. We shall designate by C; the 
solid impurity concentration at each end of the 
crystal. It is experimentally easier to dope the 
impurities into the liquid zone rather than to 
attach them in solid form to both ends. Thus the 
doping has to be performed in two stages. Before 
melting is initiated the liquid impurity concentra- 
tion C;/k has to be introduced into the starting 
zone. The second doping with the same amount 
Ci/k has to be performed at the other end after 
the first melting pass. This is because doping into 
the liquid zone performed at both ends before the 
first pass will lead to diffusion of the impurities 
of the last zone n into part of the n— 1 zone during 
melting. Thus a certain asymmetry is introduced 
and this complicates the mathematical solution of 
the problem. After the first pass there is no need 
to go through the normal freezing in the last zone. 
Once the front of the zone reaches the end of the 
ingot the direction of zone travel must be reversed. 

By moving the molten zone from left to right, 
x-co-ordinates have to be used, and, by moving 
backwards, u-co-ordinates have to be used with 
u = L—x, where L is the total length of the 
crystal (see Fig. 1). The letter C is used to indicate 
any impurity concentration and the subscript NV 
the number of passes. Thus, Cy[x] is the im- 
purity concentration at the point x of the Nth 
pass when the zone moves from left to right and 
Cy+1[u] is the impurity concentration at the point 
u = L--xin the subsequent pass. Fig. 1 represents 
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schematically the impurity concentrations of two 
successive passes. To avoid confusion square 
brackets are used to indicate only the argument of 


D 


L 


Crystal 


Fic. 1. Schematical representation of two successive 
impurity concentrations. The arrows indicate the 
direction of melting. 


the function. We indicate by / the length of the 
molten zone. 

Using PraNnn’s®) assumptions and theory, the 
impurity concentration of the Nth pass at every 
point along the crystal is obtained by the integra- 
tion of the equation 


aC y[x] k 


for 0 < x < L-—l, if the zone moves from left to 
right. In the last zone, normal freezing takes place 
and the impurity distribution is given by 


Cy[x] = Cy[x = (2) 


for L—l < x < L. If the zone moves from right 
to left, equations (1) and (2) are used again with 
the substitution of x by u. 


Il. CALCULATION OF THE DIFFERENT 
PASSES 
A.N=1 
After introducing the impurity concentration 
C; at the point x = 0 and moving the zone from 
left to right, and by assuming an originally pure 
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crystal, i.e. Co = 0, intregration of equation (1) 
with the boundary condition Ci[x = 0] = C; 


yields 
Ci[x] = Ci exp {—(h/D)x} (3) 


for 0 < x < L—I, and for the last zone, equation 
(2) yields 


L—x\'- 
Ci[x] = Cilx = (4) 


for L—1l < x < L with 
Ci[x = = (5) 
from equation (3). 


B.N=2 

Before melting back in the opposite direction, 
doping has to be performed again at x = L or 
u = 0 of the amount of C;/k into the liquid zone. 
The last zone which had just undergone normal 
freezing during the first pass will be molten again. 
This gives the boundary condition for the second 
pass at the starting point u = 0, i.e. the impurity 
concentration at this point is equal to the sum of 
the freshly introduced impurity concentration Cj 
and the remaining impurity due to the normal 
freezing from the first pass 


k l 
Co[u = 0] = Cit | Cy[u] du (6) 
0 


In equation (6), C; [u] has to be taken for the 
normal freezing curve given by equations (4) with 
(5), and by changing the co-ordinates with 
x = L—u, equation (6) yields, after integration, 


Cofu = 0] = Cy exp {(—R/I(L—D} (7) 


To find the impurity distribution along the crystal, 
equation (1) has to be integrated for N = 2 and 
replacing x by u, which yields with the boundary 
condition (7) 


Ci 
Cafu] = Cr exp + 


x [exp + exp 
(8) 
for 0 < u < L—I. To calculate equation (8), the 


expression C)[u+/] was needed. This expression 
has been obtained by changing the co-ordinates 
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with x= L—wu in equation (3), which yields 
Ci[u] = C; exp {(—/])(L—u)} and then by re- 
placing [u] by i.e. 


Ci(u+/] = Cy exp (9) 
is obtained. 


C.N = 3,4,...N 

After the second pass, melting has to be per- 
formed backwards and forwards without intro- 
ducing further impurities. If N is odd, the zone 
moves from left to right; if N is even the zone 
moves in the opposite direction. As boundary 
condition for any N > 2, the following equation is 
used 


= 0) = Cy-afx = = Cy-alu = 
(10) 


if the molten zone moves from left to right. 
Equation (10) holds again if the zone moves from 
right to left, only x has to be replaced by u and 
vice versa. The proof of equation (10) is as follows. 
At the starting point x = 0 for the Nth pass, 
towards the right, the impurity concentration 
Cy[x = 0] is due to the normal freezing of the 
(N—1)th pass in the opposite direction, 1.e. 


k l 
= 0) => (11) 
0 


with 


x\k-1 
Cy-al[x] = Cy-alx = a(-) (12) 


If equation (12) is introduced into equation (11) 
and this equation integrated, we get the boundary 
conditions (10). 

To obtain C3[x], equation (1) has to be inte- 
grated for N = 3 which yields 


Calx] = exp | 


x Co[x+/] exp dx+K exp {—(h/])x} (13) 


for 0 < x < L—I. Co[x+/] must be calculated 
from equation (8) by first changing the variables, 
with u = L—x, and then by changing the argument 
[x] into [x+/]. The value of K must be determined 
with the boundary condition (10). Introducing the 
value of K so obtained and C2[x+/] into equation 
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Fic. 2. 1 = 1cm, L = 10cm, k = 0:1. At least five passes are needed to obtain 
a uniform impurity distribution. Co[x] is very close to Cs[x], C, = 1:05 Ci. 


(13), the impurity distribution of the third pass ai iA 
can be written in the form Ps[x] = +i7* 
PYL—1-x] = P\L—1+x] = =} (15) 


C3[x] 
P2(2(L—1)—x] = P3[2(L—1)+x] = PZ = } 


< . which will facilitate a generalization for any N. 
>, ++] exp {(—A/))(u(L—1) If the P}-functions reduce to a constant, it is 


=0 
meaningless to write the argument of the function 


2 as for instance P? = } in equation (15). 

> pé[u(L—1)—x] exp {((—R/)(u(L—1) —x)} Finally the Nth impurity concentration can be 

(=1 calculated with the knowledge of the (N—1)th 
(14) impurity concentration by integrating equation 

for 0 <x < L—Il, where we introduced as (1) for N = N and by using the boundary condi- 

abbreviation tions of equation (10). The result of a rather long 
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calculation is 
Cy[u] 
N-1 
= Pk [u(L—1)+u] exp 


(16 

+ > exp 
pol 

The same expression holds if the zone moves in the 

opposition direction, except that u has to be re- 

placed by x. P&[i(L—1)+u] and 


Cn 


4 


stand for finite power series of their arguments 
and they are of the form 


PY [i(L—l)+u]= 
{i(L—l+u}+A 
Py 
+ Af, {i(L—l)—u}+ A}, 
(17) 
It can be shown that the coefficients A\, , of both 
series of equation (17) have the same value. These 
series are designated together by P‘.[(L—J) + u], 
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Fic. 3. /=1cm, L=10cm, k = 0°3. At least ten passes are needed to 
obtain the uniform impurity distribution. C,, = 0°52 Ci. 
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where the upper index 7 is always a summation 
index and the lower index N indicates the number 
of passes. The P*,-functions of the Nth pass must 
be calculated with the help of the , functions 
of the (N—1)th pass by the following formulas 
(the proof is straightforward but long and has not 
been given here). 


(1) Fori > 0 


Cy 
Cj 


— 
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it}... 
+ (=x) + uj+ 

(18) 
are taken to mean the first, second... derivative 
of Pi-\[i(L—J) + u] in respect to its argument 
+ 


| 3 
7 
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Fic. 4. 1 = 1 cm, & = 0-5. Graphical representation of the impurity distributions 
of ten successive passes, which converge slowly to an ultimate impurity distribu- 
tion. Ten passes are not enough to reach the ultimate concentration distribu- 
tion. It is suggested that at least fourteen passes are needed. C,, = 0:36 Cy = Cia. 
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8 
6 


Fic. 5. =1cm, L = 20cm, 


5 


= 0-1. Ten passes are needed. C,, = 0:39 


C; = Cro. 


(2) For i = 0 


Pu] = du+P}_,[u = 0] 
(19) 


Note, that in accordance with equation (16) 
P%,[—u] does not exist. If the zone moves from 
left to right, the same expressions (18) and (19) 
have to be used with u substituted by x. 

A detailed example will be given in the 
Appendix, together with the different P‘,-series 
up to N = 7. 


Ill. GRAPHICAL REPRESENTATION OF THE 
DIFFERENT IMPURITY CONCENTRATIONS 
In accordance with equation (16) it is seen that 

every impurity concentration Cy is proportional 

to the introduced impurity concentration C; at 
one end of the crystal. This proportionality makes 
it possible to increase or decrease the uniform 
impurity concentration along the crystal in an 
experimentally convenient way. The different 

curves have been plotted independently of C;, 

i.e. in the form of Cy/C;. 

Different groups of graphs were plotted, holding 
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the zone length / constant and varying k and the 
length of the crystal L. Figs. 2-4 show the case of 
1cm, ZL = 10cm and k varying from 0-1 
to 0-5. lt can be seen from these figures that, with 


and E. Y. 


WANG 


more passes are needed by increasing the whole 
length of the crystal L. 

A small number of passes N is needed if k and L 
in relation to / are small, for example, for k = 0-1, 
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Fic. 6. / = 1cm, L = 20cm, k = 0:5. Ten passes are not enough to reach 
the ultimate impurity distribution. It is not certain, but probable, that this ; 
ultimate distribution is uniform along the crystal. C,, = 0-19 Cj. : 
increasing k, and ZL and / remaining constant, an / = 1 cm, Z = 10cm, only five passes are needed, 7 
increasing number of passes are needed to reach _ but if & increases to 0-5 we need up to fourteen = 
the impurity concentration which approximates a__ passes. 
horozontal line, which had been designated by Figs. +, 6 and 7 demonstrate clearly that if the : 
C,,. The same can be seen for the case of k varying number of passes increases, a limiting—or ultimate 
again from 0-1 to 0-5 and /= 1cm, L = 20cm -—<impurity distribution is reached in the sense er 
as in Fig. 5. Holding k and / constant and varying that if N increases Cy[u] = Cy+o[u] and “ 
L we see also by comparing Fig. 2 with Fig. 5 that ~Cy—[x] = Cy+:[x]; this ultimate impurity distri- 
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Fic. 7. 1 = 1 cm, L = 30cm, k = 0-5. Seven successive impurity distributions are 
plotted. It is doubtful whether the ultimate impurity distribution will approach a 


bution is in certain ranges of /, Z and K a straight 
horizontal line, but certainly not for any value of to / = 1cm for certain values of & to assure a 
l, Land k. See, therefore, Fig. 7 with = 1cm, uniform impurity concentration. 

L = 30cm and k = 0-5 where it is doubtful that 

the ultimate distribution will flatten out. Table 1* 


IV. CONCLUSION 
It is concluded that the zone-leveling method (cm) k 
described leads to a uniform impurity distribution | 


along the whole crystal—except for the last zone— 8 0-6 
for a certain range of JL, in relation to / and k. The a 7 
equalization of the impurity concentration is 0 0-2 
reached with a smaller number of passes if k and L 40 0-1 
are small for ] = 1 cm. Since it is experimentally 

easier to adjust the length of the crystal Z to a in ton 


given zone length / than to adjust / to L for a given 
distribution coefficient k, Table 1 gives the maxi- 


3 


straight line. 


mum length Imax the crystal may have in relation 


Lmax 


If the number of melting passes increases, the 
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curves of the impurity concentrations converge for 
increasing N to a limiting or ultimate impurity 
distribution which is only a straight line for certain 
values of L, / and k. The ultimate impurity distri- 
bution is in reality oscillating, since every melting 
process will bring the impurities from the first 
zone—due to the normal freezing of the previous 
pass—into the end zone. In the region of 
l<x<L-l or l<u<¢L-l, however, the 
ultimate impurity distribution will remain the 
same. Mathematically this ultimate impurity 
distribution can be defined by = 
or Cy[u] = Cy+o[u]. 

The method described is probably not the only 
possible way to obtain a nearly uniform impurity 
distribution. Spot doping at constant intervals 
may eventually give a uniform impurity distribu- 
tion. However, the mathematical treatment yields 
a non-analytical function for the impurity con- 
centration which changes its form from interval 
to interval for the same pass. Thus for any given 
set of values for k, Z and / it is difficult to predict 
the number of passes needed to equalize the im- 
purity concentration. 
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APPENDIX 
1. Detailed example 
As an example, C5 [x] will be calculated with the help 
of equation (16) knowing that C4[u] is of the form 


Cafu] 
CG 


3 
= +0] exp +3] 


3 
+ > exp 
(A.1) 


for 0 <u < with 


P%u] = (A.2) 
k (A.3) 
PYL—1l + uj] = 3+ + u) 
P2(2(L—1) + u] = P? = } (A) 
P3(3(L—1) + u] = P8 =} (A.5) 


The different P}-series must be calculated with the 
help of equations (18) and (19) knowing the relations 
P‘,. Since the 5th pass is from left to right (N is an odd 
number), x-co-ordinates have to be used and equation 
(19) will give for N = 5 


k 
Pex] = | Pi{x]dx+Pi[x = 0]  (A.6) 


P;[x] can be calculated with the help of (A.3), simply by 
replacing [L—/ + u] by [x] 


Pi[x] = 3+ 
and for x = 0 
Pl{x = 0] = 3 
Introducing these values into (A.6): 
P%x] = (A.7) 
l 8/2 
Ps must be calculated with equation (18) for N = 5, 
+ x] = HPYL-1 + x] 


To calculate for this expression P$[L—/ + x] the 
argument [u] of (A.2) has to be exchanged by [L—/ + x] 
which yields 


k 
POL—-1 + x) = + x] 
and by taking the derivatives: 
(Lo 
Py + x] = 


+ x] =0 


and by introducing these values into (A.8) yields: 


k 
3+ 


: 


8 
| 

191 Be T ze 1 
+ 1) +82 | (x F 49 


191 


> 
N 


4 
89 
| | | | | | | +s | = 
+1 
: 
1 | 
| 
| : 
| 
2 || 
|| +1 +1 
| 
+ 
7 4 | 
+ wie 


90 a. 


In a similar manner again from equation (18) for N = 5, 
¢=2 
2 
P2[2(L—l) + x] = + 4] 


] A.9 
+ PP '[2(L—l) + x]} 


P‘{[2(L—1) + x] is obtained from (A.3) by exchanging 
[L—l+u] by [2(L—1) + x], and by taking the de- 


rivatives yields 


k 


PY1(2(L—1) + x] = — 
+ 4] ar 
P?1[2(L—1) + x] = 0 


Introducing these values P; is obtained with 


k 
14 +x 
+ x) 
(A.10) 


In a similar manner, application of equation (18) with 


N = 5 andi = 3, 4 yields 


3 _ 
Ps =} 


P2AL—I) + x] 
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Knowing the different P4-functions, C5[x] is obtained 
with equation (16) 


Ci 


9 


exp {(—A//)x} 


exp {(—h/I)(L—1+x)} 


+ (3+ 


k 
+ (8+ exp 


k 


) exp {(—A/I)(2L—21+ x)} 


oles 
+ blexp 
+ exp {(—R/D(4L—41— x)}| 
+ 
+ exp 
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Abstract—lIn order to assist in the design of thermoelectric refrigerators, the relationship between 
refrigerating capacity per unit volume and coefficient of performance is examined for a single-stage 


unit. These are both determined for given temperature difference by the figure of merit and the 
contact resistance, the latter being particularly important in fixing the maximum value of refrigerat- 
ing capacity per unit volume. Equations and graphs are presented, which, when certain considera- 


tions of an economic character have been assessed, will enable an optimum design to be arrived at. 


Résumé—Pour pouvoir faciliter la dimensionnement des appareils frigorifiques thermoélectriques, 
la relation entre la capacité réfrigérante par unité de volume et le coefficient de rendement est 


examinée pour un dispositif a un étage. On les détermine pour une différence de température donnée 
par le facteur de mérite et la résistance de contact, cette derniére étant particuli¢rement importante 
pour fixer la valeur maximum de la capacité réfrigérante par unité de volume. Des équations et des 
graphiques sont presentés pour permettre d’obtenir un dimensionnement optimum quand certaines 


considérations d’ordre économique doivent étre estimées. 


Zusammenfassung—Zur Unterstiitzung der Fabrikation thermoelektrischer Kiihler wurde die 
Beziehung zwischen Kiihlungskapazitat pro Volumeinheit und Wirkungsgrad an einem einstufigen 


Gerit untersucht. Bei gegebener Temperaturdifferenz werden beide durch die Leistungsziffer und 
den Ubergangswiderstand bestimmt, wobei der letztere zur Festsetzung des Héchstwertes der 
Kihlungskapazitaét pro Volumeinheit besondere Bedeutung hat. Die angegebenen Gleichungen 
und graphischen Darstellungen sollten, nach Bestimmung gewisser wirtschaftlicher Gesichtspunkte, 


1. INTRODUCTION 
THE physics of thermoelements has received con- 
siderable attention over the past fifty years, and is 
now fairly well understood. The geometry of these 
elements, excluding the problem of heat transfer 
from the junctions, has, however, received little, 
if any, study. This disparity is unreasonable, 
since one may gain considerably in efficiency and 
refrigerating capacity by correct design, as well 
as by obtaining materials which are potentially 
capable of greater cooling. 

The intention of this paper is to provide the 
formulae, etc., needed by the designer in carrying 
out his task. To this end we shall calculate (for 
various values of the figure of merit of the material, 
the contact resistances and the temperature 
difference) the geometry and the operating con- 


die Herstellung eines optimalen Gerites erméglichen. 


ditions of the thermoelements for which the re- 
frigerating capacity per unit volume and/or co- 
efficient of performance are optimized. 


2. NOTATION 
dimensionless figure of merit 


WwW 

II Peltier coefficient 

K (total) thermal conductivity 

p resistivity 

T absolute temperature—and temperature 
of hot junctions 

S Seebeck coefficient 

ty contact resistance/unit area 
thermal load per cm? 

AT temperature difference across the 
thermocouple 

j current density 
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A cross-sectional area 

l length of thermocouple arms 

1,2 (subs.) refer to arm 1 and arm 2 

f AT/2T 

B Te/pl 

jpl/211(1+) 

ys q/2l refrigerating capacity per unit 


volume 


max maximum refrigerating capacity per 
unit volume with respect to current 

We maximum refrigerating capacity per 
unit volume for maximum efficiency 
mode of operation 

ey efficiency (total) for the case of maxi- 
mum refrigerating capacity per unit 
volume 

€max maximum efficiency with respect to 
current 

jm j for the maximum temperature differ- 
ence 

Cc cost of unit refrigeration 

r +B) —f 

h heat leakage coefficient 


3. MODEL AND BACKGROUND 
The usefulness of a material for the purposes of 
thermoelectric cooling may be defined in terms of a 
figure of merit 


9 


o= 
kpT 


(1) 


Various other definitions have been adopted, !-®) 
but these differ only in constants and the power of 
the temperature; thus, inter-conversion for the 
purposes of comparison is a simple matter. 

The dependence of the figure of merit upon 
various physical parameters of the materials has 
been discussed in detail by Jorre and others,": 4) 
and recent papers have reported various materials 
with figures of merit up to approximately 1. 6 

The application of this principle for the purpose 
of small-scale refrigeration is increasing, and some 
devices, such as the continuously recording dew- 
point hygrometer, are already available.‘—9) 
MARTYNOVSKY and NaAgER"® have discussed some 
of the problems of heat transfer associated with 
such devices. 

A refrigerating thermocouple unit is shown 
schematically in Fig. 1. The arms are composed 
of two bars of semiconductor of Seebeck coefficient 
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S and —S, resistivity p and thermal conductivity 
x. We shall suppose their length to be / and that a 
contact resistance re per unit area exists between the 
arms at the cold junction where a thermal load of 


Fic. 1. Schematic diagram of a thermoelectric re- 


frigerator. 


q W/cm? is applied. A temperature difference of 
AT is supposed to exist when the hot junctions 
are maintained at a temperature J and a current 
density of j is flowing in the appropriate direction. 

For simplicity we have assumed equal thermal 
and electrical resistivities, cross-sectional areas, 
and lengths. Where the thermal and electrical re- 
sistivities are not equal, the length and cross- 
sectional areas must be adjusted so that 


/2 
= (2) 


KA? 


pil? 
«A? 


in order to obtain the best performance. 
The heat balance at the cold junction, using the 
simple model, is given by the following equation 


2 
q = AT (3) 


where on the left-hand side we have the refriger- 
ating load, and on the right-hand side we have 
first the Peltier heat absorption and then, sub- 
tracted from that, half of the resistive joule heating 
in the conductor (the other half is effectively 
absorbed at the outer contacts), plus the amount 
of heat conducted along the elements from the hot 
junctions. The refrigerating capacity is therefore 
greatest for any given current when AT is zero 
(that is, we are using the device purely as a heat 


: 
q 
| 
4 
T- 
a 


pump), and is zero when 


211j —(pl+r¢) j2 
AT (pl+1e)j 
2x/l 


This gives what is essentially a load curve, 
shown in Fig. 2; g is a heat leak which is usually 
proportional to AT, say AAT, and the intersection 
of the two curves gives the refrigerating capacity 
and temperature difference for a given current. 

The dependence of g on j means that g will first 
increase with current, go through a maximum, 
and then decrease with further increase of current. 
The current at which this maximum effect is pro- 
duced is 


II 
Ju = 
pl+ 
and at this current 


The refrigerating capacity is zero when 
AT = 


which is therefore the maximum reduction in 
temperature which can be produced. 

The power consumed (W) in the thermocouple 
is the resistance heating plus work done in driving 
the current through the thermocouple against the 
Seebeck voltage caused by AT. Thus, defining the 
coefficient of performance as refrigerating capacity 
divided by power consumed, we find 


q 
MAT/T] 


Equations (3) and (4) form the basis on which 
the theory of the succeeding sections is erected. 


4. STATEMENT OF PROBLEM, FOR A SINGLE- 
STAGE THERMOELECTRIC REFRIGERATOR 
The designer of any useful device is restricted 
by two sets of factors; on the one hand the specifi- 
cation for the device, and on the other the available 
material and technology. In the case of a thermo- 
electric refrigerator, the first class includes: 


(1) The temperature difference. 
(2) The refrigerating load. 
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The principal factors in the second class are: 


(a) The figure of merit of the materials available. 
(b) The contact resistance between the thermo- 
elements for such materials. 


Within the limitations set out above, the designer 
will be guided by two considerations of a basically 
economic character: 


(1) To reduce the capital cost of the refrigerator, 
he will desire to minimize the quantity of semi- 
conductor needed. 

(2). To reduce the running cost, he will wish to 
make the refrigerator as efficient as possible. Put 
more precisely, he will wish to obtain the best re- 
frigerating capacity per unit volume ¢ and highest 
coefficient of performance e, bearing in mind that 
these are not independent. The relative importance 
of these two parameters depends on detailed 
economic factors.* 


The designer must first consider the relative 
merits of single- and multi-stage (cascade) re- 
frigeration. We shall not discuss this question at all, 


* The object of the designer is generally to meet the 
specification (temperature difference and refrigerating 
capacity) as cheaply as possible; i.e. the cost per unit 
of refrigeration should be as low as possible. This is 

Capital cost 


= Average refrigerating capacity 


+ Interest rate| 


Cost of power 


+ 
Coefficient of performance 


This expression contains many factors which we cannot 
take into account, e.g. the capital cost will include, in 
addition to the semiconductor and its fabrication, the 
cabinet power supply, etc. Also the over-all coefficient 
of performance will usually be lower than the figure we 
have calculated. However, if we can separate these 
terms in the cost which depend on the variables at our 
disposal, 8 and x, from the rest, the problem will be 
simplified. We suggest that this can be done approxi- 
mately with an equation of the form 


A B 
C = + +D 
W(B,X)  (8,X) 


where A, B and D depend only weakly on 8 and x. A 
corresponds in general terms to the cost per unit volume 
of the thermoelectric unit and B to the cost of electric 


power. 
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Fic. 2. Load curve for a thermoelectric refrigerator. 


as it involves very great complications. Assuming, 
therefore, that only a single-stage refrigerating 
unit is being considered, the two variables at the 
disposal of the designer are the lengths of the 
thermocouple arms and the operating current. 
He wishes to adjust these to optimize his design 
with respect to the considerations given in the pre- 
vious paragraph; when he has done this, it will be 
seen from (3) that the load curve of g against AT 
is now defined completely. The specified tem- 
perature difference then determines the refriger- 
ating capacity per unit area, and the specified load 
fixes the total cross-section required. ‘This means 
that the fundamental design problem has been 


solved. 


5. DESIGN THEORY FOR A SINGLE-STAGE 
THERMOELECTRIC REFRIGERATOR 
The refrigerating capacity per unit volume 
ys = q/2/, and, using (3), is given by 


J—(pel+re)j? — (5) 
Making the substitutions 

f AT Ve jpl | 

= x= 

gives us 

2xp-T W ) 6 

= 2 - x(1+x)— 


This equation shows that given two materials of 
the same w and §, that having the larger value of 
xp” is preferable. The designer is given f; he can 
vary § and x independently through / and j. 

The design can be optimized for refrigerating 
capacity per unit volume in two ways. This is most 
easily seen by regarding the current (or x) as the 
variable and the element length (or f) as a para- 
meter. For any given length of element (value of 
8) there is a certain current density (value of x) 
which corresponds to the greatest refrigerating 
capacity for that particular geometry of element. 
The corresponding value of # is naturally depend- 
ent on the geometry and will be a maximum for a 
particular value of 8; this is the maximum possible 
refrigerating capacity per unit volume obtainable 
from material of given figure of merit and with 
given contact resistance. This is the first approach. 

In the second approach we consider first the 
coefficient of performance. Again for any given 
length of element there is a particular current 


Fic. 3(a). Refrigerating capacity per unit volume. 


Here ol +r 
| 
4 
= No 
| 
0-4 } 
| 
«ve Qn 
eo* | 
wee 
oC 
°C 
w=0-4 4 
Pi 
7 
/ | 
/ 
4 
nf 
/ 
4 | 
| 
10 + - -—_—--} 
f 
3 2 
fe= f=; 
; 
(a) 
10 
1-0 10 


DESIGN THEORY OF COOLING ELEMENTS AND UNITS 95 


density which corresponds to the highest co- 
efficient of performance for that element; this 
current density is always less than in the first case 
and so the refrigerating capacity per unit volume 
is less. Nevertheless there is again a particular 
value of 8 which corresponds to the maximum 
value of this resulting refrigerating capacity. 
Because the coefficient of performance increases 
monotonically with increase of length of element 
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Fic. 3(b). Refrigerating capacity per unit volume. 


(decrease of 8), a third approach in which its 
absolute maximum is sought does not really exist. 
We can now apply the ideas outlined above to 
the expression for the refrigerating capacity. 
Examination of (6) shows that # is a maximum 
when x = 3 and is given by 
G 


2«p?T w 
2xp?T 


= (8) 
defining I’. The variation of I with 8 for certain 
values of f and wis shown in Fig. 3 (a-c). The values 
of f and w cover most probable operating con- 
ditions and figures of merit. 
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Fic. 3(c). Refrigerating capacity per unit volume. 


We now use (4) and calculate the efficiency for 
this mode of operation. Substituting f, 8 and x 
into (4) gives us 
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Fic. 4(a). Coefficient of performance. 


and setting x = } to obtain maximum refrigerating 
capacity and writing ey = « at this point 


w—4f(1+ 8) 


2e(1+2f) 


Fig. 4 (a-c) shows the variation of «, with § for 
the same values of f and w as were used in Fig. 3 
(a-c). 

The second alternative is to operate the thermo- 
couple so that the coefficient of performance has 


10 


Fic. 4(b). Coefficient of performance. 


its maximum value. The current for this condition 
is obtained by differentiating « with respect to 
x and setting @e/éx = 0. The value of x so obtained 
is 
= 


Fic. 4(c). Coefficient of performance. 


and in Fig. 5 the dependence of x on 8 is shown for 
the previously used values of f and w. 

Inserting this expression for x in equations (6) 
and (9) gives us the refrigerating capacity per unit 
volume. 


2xp?T 


1+8 


and the coefficient of performance 


+ 
2fL 


The values of I’ and ¢ obtained from (11) and (12) 
are also plotted in Fig. 3 (a-c) and Fig. 4 (a-c). 

It will be noticed that the notation used is that 
€y means the value of « when ¢% is maximized and 
y, means the value of % when e is maximized. 

Looking at the figures, it will be seen that 
whilst % has a maximum at a certain value of f, 
€ increases as 8 decreases. They both go to zero at 
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Fic. 5. Optimum refrigerating current. 


the same value of $8, however, irrespective of 
whether y or « has been maximized. The physical 
significance of this can be seen from equation (3). 
As the contact resistance increases (8 increases), q 
will decrease towards zero; however, g cannot 
become negative in a real situation. What really 
happens is that the required AT will not be 
obtainable. As long as q is positive for the required 
AT, the refrigerator can be constructed if a large 
enough cross-section is used. The distinction be- 
tween maximizing % or « disappears under these 
circumstances near the limit of operation. 

Fig. 6 (a—c) has been constructed from Figs. 3 
and 4 and shows I plotted in terms of ¢ for the two 
types of maximizing. These show what values of # 
and « can be obtained when w and f have been 
fixed. From these curves we see that I" goes 
through a maximum, and therefore the designer 
will always work on the right-hand side of this 
maximum to get the larger value of coefficient of 
performance. Also the curves for % maximized 


Fic. 6(a). Design curves. 
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Fic. 6(b). Design curves. 


and « maximized cross over one another. It will 
always be best to use the higher of the two curves, 
and in fact for some efficiencies or refrigerating 
capacities only one is possible. The graphs also 
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Fic. 6(c). Design curves. 


show that for larger values of f the curves move 
closer together. 

The actual values of % and « to be chosen can 
only be arrived at after taking economic considera- 
tions (see footnote p. 93) into account. However, 
it certainly appears that a very much higher f can 
be tolerated in many cases than had hitherto been 


Fic. 7(a). Specimen performance curves. 


expected. In fact, for higher figures of merit and 
lower temperature difference, it is advantageous 
to make r¢ rather greater than pl. 

A concrete example is shown in Fig. 7(a), where 
y and « are plotted against length of thermocouple 
arms for reasonable values of the material para- 
meter and contact resistance. Despite the fairly 
large contact resistance, the maximum refriger- 
ating capacity is found with a length of about 
4mm where 7; is alittle larger than p/. In practice, 
the designer would certainly choose to operate at a 
somewhat larger value of / in order to increase the 
efficiency. 


Fic. 7(b). Specimen performance curves. 
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Solid-State Electronics 


Abstract—Single-cell lead telluride thermoelectric generators when operated between 600 and 
50°C generate approximately 1W of electric power. However, the output voltage of the generator for 
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HEAT TO A.C. CONVERSION USING THERMOELECTRIC 
GENERATORS AND TUNNEL DIODES 
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a matched load is of the order of 120 mV and the current is of the order of 8 A. The output of such 
a single-cell thermoelectric generator can be converted into high-voltage low-current power by 


using a high-current tunnel diode as a d.c. to a.c. converter. 


Résumé—Les générateurs thermoélectriques des cellules simples au tellurure de plomb produisent 


environ un watt de puissance électrique dans la gamme de température de 600 4 50°C. Pourtant, la 
tension de sortie du générateur pour une charge égalée est de l’ordre de 120 mV. et le courant est de 
l’ordre de 8 A. La tension de sortie d’un tel générateur thermoélectrique peut étre convertie en une 
haute tension et un faible courant en employant comme convertisseur de courant continu 4 courant 


alternatif une diode tunnel. 


Zusammenfassung—Einzellige thermoelektrische Generatoren aus Bleitellurid erzeugen bei 
Verwendung zwischen 600 und 50°C etwa 1 W elektrische Energie. Die Ausgangsspannung des 


Generators betrigt bei geeigneter Belastung 120 mV, und der Strom ist von der Gréssenordnung 8 A. 
Die Leistung eines derartigen einzelligen thermoelektrischen Generators lasst sich in einen hoch- 
gespannten Niederstrom umwandeln, wenn man eine hochstromige Tunneldiode als Wechselrichter 


benutzt. 


INTRODUCTION 

Tuts paper explores the possibility of using tunnel 
diodes in conjunction with thermoelectric genera- 
tors to convert the low-voltage output of a single 
thermoelectric cell into practical higher voltages. 
The tunnel diode appeared most suitable because 
the voltage required to bias the tunnel diode into 
the negative-resistance region") is obtainable from 
single-cell lead telluride thermoelectric generators. 
Since the thermoelectric cell is inherently a low- 
impedance power source, a high-current tunnel 
diode must be used in order to achieve efficient d.c. 
to a.c. conversion. 

At the time the work was started, commercial 
tunnel diodes were only available with peak cur- 
rents of the order of 20 mA. This would leave two 
ways to make high-current tunnel diodes: either 
to use a very large number of low-current tunnel 
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diodes in parallel or to investigate the technology 
of producing higher-current tunnel-diode junc- 
tions. 

The purpose of the work reported here is to 
show that tunnel diodes used in conjunction with 
thermoelectric generators can be used successfully 
as heat to a.c. converters. 


THE THERMOELECTRIC GENERATOR'®) 

A thermoelectric generator as illustrated in Fig. 
1 was built. It consists of a heater—a; a ceramic 
plate—b; a high-purity iron busbar—c; p- and 
n-type lead telluride elements (}-in. diameter by 
}-in. length)—d; two copper busbars—e; a water- 
cooled heat sink—f; and four screws—g. The 
contact between the lead telluride and the iron 
busbar is made by pressing the two materials to- 
gether in a special jig at 600°C in an argon atmos- 
phere. This contact cannot be soldered because 
it is the high-temperature contact, which is to be 
maintained at 600°C. Silver solder and other high- 
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Fic. 1. Single-cell lead telluride thermoelectric generator. 


temperature solders contain copper, a metal that 
diffuses rapidly into lead telluride, changing its 
properties. The contact between the lead telluride 
and the copper is a soldered contact. Lead telluride 
can be tinned with lead-tin solder by means of an 
ultrasonic soldering iron. 

The thermoelectric device must be operated in 
an inert atmosphere in order to minimize the 
oxidation of the lead telluride elements and the 
iron busbar. The characteristics of the generator 
when operated between 600 and 50°C are the 
following: 

Open-circuit voltage: 
Internal resistance: 


240 mV 
13 mQ 


TUNNEL-DIODE FABRICATION(®) 
Because of the prohibitive cost and the 
possibility of variation in bias voltage (due to 
differences in base spreading resistance), the use 
of a large number of low-peak-current tunnel 
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diodes in parallel was abandoned in favor of pro- 
ducing junctions of much higher current. Junc- 
tions were fabricated by alloying boron-doped 
aluminum (N4 ~ 1x 102! cm-%) to single-crystal 
phosphorus-doped Si (Np = 8-2 x 102° cm-%). The 
junctions were heated for 2-0sec in a No-He 
forming gas atmosphere at a temperature of 
1050°C. 

With these alloying techniques, junctions were 
produced with a peak current of 360 mA and a 
maximum peak-to-valley ratio of 3-6. Attempts to 
alloy larger areas of aluminum—boron alloy than 
used in forming the 360-mA junction resulted in 
partial alloying and small shorts which would de- 
generate the junction. 

By alloying several junctions on the same silicon 
substrate, ultrasonically soldering one large com- 
mon contact to the back of the substrate, and ultra- 
sonically soldering contacts to the aluminum-— 
boron alloy dots, a parallel-junction tunnel diode 
having a sufficiently high peak current was formed. 
The final characteristics obtained were: 


Peak-point current: 660 mA 
Valley-point current: 230mA 
Peak-point voltage: 65 mV 
Valley-point voltage: 340mV 


THE NEGATIVE-RESISTANCE OSCILLATOR 

Fig. 2 shows the actual circuit used in this 
experiment. The voltage of the thermoelectric 
generator must be high enough to bias the tunnel 
diode into the negative-resistance region. For most 
tunnel diodes, the bias must be between 65 and 
350 mV. The tank circuit is formed by the in- 
ductance of the transformer and the capacitance C, 
reflected into the primary as n?C; n is the turns 
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Fic. 2. Actual circuit for heat to a.c. conversion. 
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ratio of the transformer. The resistance Rjp¢ is the 
total d.c. resistance of the primary circuit. This 
includes the resistance of the battery, the resistance 
of the transformer and the resistance of the leads. 
Oscillations will occur under the following con- 
ditions: (a) The d.c. resistance Rint is smaller than 
the negative resistance of the tunnel diode. (b) The 
a.c. resistance is greater than the negative re- 
sistance of the tunnel diode. An oscillogram of the 
output voltage of the oscillator is shown in Fig. 3. 
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Fic. 3. Waveshape of output voltage (experimental). 


THEORETICAL ANALYSIS 
For the purpose of analysis, the electrical 
characteristics of a tunnel diode in and near the 
negative-resistance region may be approximated 
by 
i= —aet+be (1) 


where 7 and e are normalized with respect to the 
quiescent point, that is? = [—Jp ande = V—Vo. 
To obtain a symmetrical a.c. waveform from a 
negative-resistance oscillator using a tunnel diode, 
we assume that Vo = V2)/2 and 
Io = (4 +J2)/2, and Vy being the peak-point 
current and voltage and /2 and V2 the valley-point 
current and voltage, respectively, as illustrated in 
Fig. 4. By setting di/de = 0 and i = —(—ZI2)/2 
at e = (_V2—V4)/2, we obtain 
-andb = 2 
2-Vy 


The a.c. equivalent circuit of the negative- 


Voltage 


Fic. 4. Tunnel-diode characteristic. 


resistance oscillator is shown in Fig. 5. From this 
circuit we may write 


i+(ip+ictig) = 0 
1 de 
—ae+bei+ — jf edt+C—+eG=0 
L dt 


Differentiating and rearranging terms in the above 
equation, we obtain the standard van der Pol 
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Fic. 5. Equivalent circuit of negative-resistance oscillator. 
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equation, namely 


— +1(1 + ante = 


where w2?=1/LC, «=(a—G)/woC and 
B = 3b/(a—G). For the particular diode used in 
this experiment, a = 2-34 and 6 = 42; and for 
the present circuit, wo = 2000, «= 2-3 and 
B = 90. 

The solution of the van der Pol equation is dis- 
cussed extensively in the literature.“) For « > 1, 
the waveshape of e shows an abrupt transition 
from one state to another and it is often referred 
to as relaxation oscillation. The voltage e varies 
with time in the following manner: 


(in (4) 


wo 


For « < 1, the solution can be found by pertur- 
bation calculation and is given by 


e= eo wot+ Sin wot —sin (5) 
The waveshape is a flattened and skewed sinusoid. 

The waveshapes for «>1 and «<1 are 
illustrated in Fig. 6 for comparison with the 
experimental results. In Fig. 6 two quantities, 
Emax and T, can be checked experimentally. 
These values can also be obtained from equations 
(4) and (5). For «> 1, Emax = 2/8'/? and 
T = 1-61a/wo; for «<1, Emax = 2/B1/? and 
T = 27/wo. This gives: Emax = 0°21 V (primary 
side) or Emax = 9-2 V (load side); T = 1-8 x 10-8 
sec for relaxation oscillation and T = 3-1 x 10-3 
sec for harmonic oscillation. The values observed 
experimentally are Emax = 8-5 V (load side) and 
T = 3-5x 10-3 sec. The theoretical and experi- 
mental values are in good agreement. In the 
present circuit, the turns ratio of the transformer 
was 44, and the circuit began to oscillate for 
R,> 4000 Q. (Refer to Fig. 2.) The output voltage 
changed from 6 to 8-5 V as Ry varied from 4000 to 
10,000 Q. 


DISCUSSION 
It should be pointed out that the z-e relation- 
ship given by equation (1) is symmetrical with 
respect to the quiescent point and hence the pre- 
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Fic. 6. Waveshape of oscillator output voltage for (a) 
a > 1 and (b) «<1. 


dicted waveshape illustrated in Fig. 6 is sym- 
metrical with respect to the horizontal axis. If the 
diode characteristics are not quite symmetrical 
with respect to the quiescent point, terms like e? 
and e* should be added to equation (1). This 
explains why the experimental curve shown in 
Fig. 4 has unsymmetrical positive and negative 
half-cycles. 

In the present investigation, we obtained at the 
output approximately 9mW of a.c. power. As 
mentioned earlier, the thermoelectric generator 
is a high-current and low-voltage source. To 
achieve maximum power transfer, a tunnel diode 
having a current capacity of several amperes is 
needed. The present state of low output power and 
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efficiency is due mainly to our inability to make 
high-current tunnel diodes. A brief discussion 
concerning the output power and conversion 
efficiency of a tunnel diode follows. 

In the relaxation mode of oscillation, the voltage 
decreases almost linearly from Emax = 2/81/2 to 
Emin = 1/81/2 as shown in Fig. 6(a). Assuming a 
linear decrease from Emax to Emin, we have 
Erms = (7/3)'/2 Emin or the a.c. power output 


For maximum P,,¢,, G = 4 a. Thus 
(Pa.c. max = = (1, —I2) (Vo-— Vi) (7) 
36 b 32 
The d.c. power input into the circuit is 


= LoVo = (+2) (Vit V2) (8) 


and the efficiency of conversion is 


_ 7 Va—Vi) 
8 (+12) (V2+V;) 


(9) 


In equation (7), V2— Vi is of the order of 
200-400 mV. It is quite easy to have a single cell 
of thermoelectric generator to supply a current 
of a few amperes. Thus, a thermoelectric generator 
in conjunction with a tunnel diode should be able 
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to supply an output power in the watt range if 
high-current tunnel diodes become available. The 
conversion efficiency of a tunnel diode depends 
upon the ratio of the peak-point voltage and 
current to their respective values at the valley 
point as given by equation (9). For commercial 
tunnel diodes, [;/J2 can be as high as 40: 1 and 
V/V is in the range of 3 : 1 to 5 : 1. Thus, a con- 
version efficiency in the neighborhood of 50 per 
cent may be achieved. 

There are many advantages which tunnel diodes 
have as a d.c. to a.c. converter, especially if used 
in conjunction with thermoelectric generators. 
The i-e characteristic of a tunnel diode is not very 
sensitive to temperature changes. Its operating 
voltage in the negative resistance region falls in 
the range of voltage produced by a single thermo- 
electric cell maintained at a temperature difference 
of a few hundred degrees. The circuitry involved 
is quite simple. 
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Abstract—Work is described which shows that the shallow etch pits revealed on germanium {111} 
faces by etching in CP4 correspond to globular defects which are caused by contamination of the 
germanium in the liquid state probably by oxygen. 


The effect of these defects and of grown-in edge dislocations on hardness has been investigated by 
means of a microhardness tester. This shows that both defects produce an increase in hardness. 
The range of hardness values obtained was from 500 to 700 VPN. 


Résumé—On deécrit les travaux qui démontrent que les creux de corrosion peu profonds qui se 
produisent sur les faces du germanium {111} en gravant dans le CP4 correspondent 4 certains 
défauts globulaires causés par la contamination du germanium dans |’état liquide par |’oxygéne. 
L’effet de ces défauts ainsi que les dislocations d’arétes développées sur la dureté a été examiné 
avec l’aide d’un instrument de mesure de microdureté. Cela démontre que les deux défauts pro- 
duisent une augmentation de dureté. La gamme des valeurs de dureté obtenues est de 500 4 700 


VPN. 


Germaniumkristallflachen beim 


Zusammenfassung—Untersuchungen zeitgen, dass die flachen Atzgruben, die sich auf {111} 
Atzen mit CP4 ergeben, auf kugelférmigen Defekten beruhen. 


Diese entstehen wahrscheinlich durch Verunreinigung des Germaniums in der fliissigen Phase mit 


Sauerstoff. 


Der Effekt dieser Defekte und wachstumsbedingter Kantenversetzungen auf die Harte wurde 
mit einem Mikro-Hiartestempel untersucht. Es ergibt sich, dass beide Defekte die Harte vergréssern. 


1. INTRODUCTION 

IN THE course of metallurgical work on germanium, 
the occasional presence of shallow etch pits as 
well as the normal edge-dislocation-type pits has 
been noted.) Tweet) found that large concentra- 
tions of small shallow pits occurred in the parts of 
his crystals last to solidify, while in the part first 
to solidify there were smaller concentrations of 
much larger pits. He showed that annealing 
caused clustering of the small pits to form the 
larger ones and assumed that these pits were due 
to vacancy clusters. In this laboratory it had been 
noted that the density of shallow pits appeared 
to be connected with the gas atmosphere in the 
crystal puller. In order to decide between these 
hypotheses, this investigation was undertaken. 

For this purpose crystals were grown in a variety 
of atmospheres and the results correlated. As 


Die Harte schwankte zwischen den Werten 500 bis 700 der Vickersschen Hiarteskala. 
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additional data in the course of the metallurgical 
examination, the microhardness of the crystals 
was measured and the results of this investigation 
are reported in the second part of this paper. 


2. METALLOGRAPHIC EXPERIMENTS 

2.1 Crystal growth 

Crystals were grown by the CZOCHRALSKI 
technique®) from a melt contained in a silica liner 
in a crystal puller capable of being evacuated to 
5x 10-@mm Hg. The seed crystal was rotated 
at about 15 rev/min and the growth rate was about 
10cm/hr. When crystals with similar edge- 
dislocation densities were required, these were 
grown from the same seed. The range of disloca- 
tion densities covered was from 0 to 106 cm-?. 
In general the crystals were grown parallel to a 
[111] axis. 
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Crystals were grown in vacuum with and 
without pre-baking of the liquid melt, and in a 
variety of gas atmospheres without pre-baking. 
The gases used were 10 per cent Hg in Ng purified 
by passing through a ‘‘Deoxo”’ catalytic purifier 
(Baker Platinum Ltd.) and a liquid-nitrogen trap, 
or pure argon 99-995 per cent (British Oxygen 
Gases Ltd.) either with or without a heated 
tungsten filament in the gas circuit. Doping with 
oxygen during growth was achieved by the addi- 
tion of either small amounts of GeOg to the melt 
or of oxygen to the argon atmosphere. Some 
samples of germanium grown in oxygen atmo- 
spheres were also obtained from Mr. P. PENNING. 

The resultant crystals in general contained about 
1014 cm-3 shallow acceptors as determined by the 
Hall effect. Oxygen-doped crystals contained up to 
1015 donors cm~*, The starting material was germ- 
anium zone-refined in a Ng/H»2 mixture and having 
a resistivity over 50 Q-cm at 19°C, 


2.2 Etching techniques 


The specimens 2 x 1 x 3 mm were mounted with 
(111) faces unshielded in cold setting ‘‘Ceemar”’ 
resin (E. M. Cromwell and Co. Ltd.) to enable 


accurate location of the crystal for etch-pit tracing. 
They were ground with 15- alumina grinding 
powder (303 grade British American Optical 
Company) for just long enough to remove any 
previously etched surface. In most cases 5-10u 
were removed. 

The composition of the etches used is given in 
the Appendix. As a rule, etching was carried out 
in CP4) at 17°C for 3 min. 

With CP4, two types of etch pit were generally 
found. These are shown in Fig. 1. Occasionally 
small pits (Fig. 2) were found in the lower portions 
of fairly rapidly cooled crystals. 

Occasionally etching was carried out in CP1 at 
17°C for 3 min to reveal the same type of pits on 
the (100) face. 

The pits marked A shown in Fig. 1 are thought ® 
to be due to dislocations. When the thickness of 
the crystal was decreased by successive grinding 
and etching (70 being removed in each combined 
step), observation of these etch pits after each step 
showed that the dislocations responsible for them 
could be traced through the crystal for distances up 
to 300u. 

The shallow pits shown in Fig. 1 (marked B) 
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and Fig. 2 could not be traced by this technique. 
Elimination of the grinding and reduction of the 
etching time to 30-60 sec reduced the step depth 
to 5-10 making it possible to examine faces 
that distance apart. It was found by this technique 
that the large shallow pits could be traced for 
20-30 . This is approximately equal to the dia- 
meter of the etch pit and suggests that we are 
dealing with a spherical imperfection. The small 
shallow pits had an approximate diameter of 2-4 » 
and could not be traced by either of these 
techniques. 


2.3 Results 


The following results were obtained in experi- 
ments with crystals grown under various condi- 
tions. 

(a) Fora crystal grown in a constant atmosphere 
of H2/No, the concentration of large shallow pits 
(see B in Fig. 1) decreases slightly down the length 
(for example from 10% cm? at the seed end to 
600 cm~? near the end last grown). Smaller shallow 
pits (see Fig. 2) are found in the last section of the 
crystal to grow; when they appear, the concentra- 
tion of the larger pits is rapidly reduced to zero. 
The number of smaller shallow pits increases 
rapidly from the point at which they first appear 
until it reaches an approximately constant level 
usually between 105 and 106 cm-2 when the larger 
pits have vanished. 

(b) Annealing at 600°C in vacuum or pure 
H2/Ne mixtures has the effect of decreasing the 
number and increasing the size of the small pits. 

(c) Low shallow pit densities were found in 
crystals grown in purified No/H2 atmospheres. 

(d) Changing the atmosphere in the puller 
during growth may cause a fairly rapid change in 
shallow-pit concentration. For example, a crystal 
grown in argon (99-995 per cent) contained about 
1x104cm-? shallow pits. Switching on the 
tungsten filament in the gas circuit (presumably 
leading to the removal of oxygen from the gas) 
caused a decrease to about 200 cm~? in the course 
of 30 min growth [compare with (a)]. 

(e) Starting with pit-free single-crystal material, 
regrowing in argon (99-995 per cent), not purified 
over the tungsten filament, caused the reappearance 
of shallow pits. (With purified gas the pits did not 
reappear.) 

(f) Addition of oxygen to the gas stream or of 
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Fic. 2. Small shallow etch pits (magnification x 420). 
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Fic. 5. Microhardness impressions 20-g load. Magnification 
< 1400. (a) Uncracked, (b) slightly cracked, (c) badly cracked. 
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GeOsz to the melt produced an increase in shallow- 


pit density. 

(g) Baking the liquid melt under vacuum before 
growth was commenced reduced the shallow-pit 
density. Fig. 3 shows the effect of various lengths 
of bake at 1100°C on the shallow-pit density for 
crystals grown in vacuum from the same batch of 
starting material. 


10° 


pit density, 


Shallow 


Time of bake, min 


Fic. 3. The effect of baking the liquid germanium at 
1100°C under vacuum before growth. 


(h) The observations (c)-(g) suggest a correla- 
tion between shallow p*‘ts and oxygen. In order to 
test the existence of such a correlation, the oxygen 
content of a variety of crystals was investigated by 
two methods. The first was vacuum fusion applying 
a correction for surface oxygen. This had a limit of 
detection of about 2 x 10!6cm~% and a probable 
error of about 2 x 1016 cm~%. In the second method, 
infra-red absorption) was used as a measure of 
oxygen content. 

In this case the limit of detection was about 
3x 10145 cm-%, depending on sample thickness. 

Oxygen content as a function of shallow pit 
density is shown in Fig. 4. The limits shown in 
this figure indicate the experimental scatter. The 
closed symbols have no significance except to 
indicate the method used. Where no lower limit is 
shown, no oxygen was detected and the limit of 
detection corresponds to the upper limit shown. 
In view of the experimental errors in the deter- 
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Fic. 4. The relation between oxygen and shallow-pit 
concentrations (1, vacuum fusion; ©, optical absorp- 
tion). The symbols only indicate the method used. 


minations of both quantities plotted, the correla- 
tion appears to be well established. 


2.4 The nature of the shallow pits 

From the results described in Sections 2.2 and 
2.3 it can be deduced that the shallow pits are 
associated with spherical (rather than linear) 
defects with an apparent diameter less than 30 p, 
the smaller pits appear to cluster to form the 
larger and the shallow pits are associated in some 
way with an impurity taken up from the gas phase 
or melt, presumably oxygen. 

‘TWEET assumes that the shallow pits are associ- 
ated with vacancy aggregates in dislocation-free 
sections of the crystal. We found large concentra- 
tions of shallow pits in crystals having dislocation 
densities up to 106 cm~2. Since the vacancies would 
precipitate on the dislocations under such condi- 
tions, the pits cannot be due to pure vacancy 
clusters. TWEET’s model also fails to account for 
the correlation with impurities (oxygen) found. 
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It would be possible to modify Tweet’s model 
to encompass the impurity effects by assuming a 
composite cluster formed by vacancies clustering 
on the oxygen. Another possibility would be to 
assume oxygen clusters on vacancies. Finally 
there would be the further possibility of clusters 
of oxygen on some other nucleus. Further work is 
required to distinguish between these three 
possible models. 


3. HARDNESS TESTING 
3.1 Technique 

A Vickers Microhardness Tester was used for 
all the hardness tests. ‘This is essentially a diamond 
indentor that is applied to the test piece under a 
given load, at a known rate for a set time. 

For germanium the best conditions were found 
to be the use of a 20- or 30-g load applied for 15 sec 
at a rate not exceeding 1-2 u per sec. From the 
length of the diagonals of the resulting impression, 
the Vickers Pyramid Numeral (VPN) can be de- 
rived from conventional formulae. Since most of 
the diagonals were between 8 and 12, long, the 
standard modification to the calculated result had 
to be made to allow for the slight ridge at the apex 
of the indentor. 

Prior to testing, the samples, which were 
approximately 1cm dia. and 3 mm thick, were 
mounted in cold-setting resin blocks (1 in. dia. to 
fit the chuck on the Micro Hardness Tester). 

Since mechanically polished surfaces were 
found to be highly strained and to cause a great 
deal of conchoidal fracturing on the application of 
the indentor, the surfaces of the test pieces were 
prepared by grinding on alumina and etching 
in hot CP4 for 3-4 min to give an “‘orange peel” 
free surface and to remove about 300 u of german- 
ium. If less than 300 » were removed, consistent 
results were difficult to obtain owing to the high 
incidence of cracking from the corners of the 
impressions. After removal of 300 pu, the residual 
cracking could be reduced to a minimum by 
rotating the microscope stage through 90°, making 
impressions every 15° and then selecting the most 
favourable orientation. 

When the crystals were aligned in the optimum 
direction, 5-10 per cent of impressions could be 
obtained without visible signs of cracking, a 
further 85 per cent had very fine cracks; the 
diagonals of these were, in all cases, within 
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+ 4 per cent of the uncracked impressions. About 
5 per cent of the impressions were heavily cracked 
and chipped, the results from these being dis- 
counted. Typical impressions are shown in Fig. 5. 

All the VPN values used in this paper were 
obtained from the average of nine or more im- 
pressions made on (111) faces (orientated correctly 
to + 1°). The scatter in all cases was less than 
+ 4 per cent. In the majority of samples tested, 
the hardness was sensibly constant over the cross 
section but no tests were carried out in the outmost 
millimetre of sample. 


3.2 The effect of etch pits on hardness 


As would be expected the effect of increasing 
the concentration of edge dislocations (Fig. 6) is 


Hardness (VPN) 


Edge dislocation density, cm-2 


Fic. 6. The effect of edge dislocations on hardness 
(shallow-etch-pit density constant at 1 x 10% cm~). 


that of increasing hardness, in this case from 
500 VPN for dislocation free material to 700 VPN 
for material with 10° edge dislocations cm 
Since the shallow pits have a similar effect (Fig. 7) 
it must be concluded that the defect causing these 
pits also introduces strain into the lattice though 
to a smaller extent than the edge dislocations. 


4. CONCLUSIONS 

The work described in this paper has shown that 
the shallow etch pits found on etching germanium 
are due to globular defects introduced by con- 
tamination, probably by oxygen. 

Both the shallow pits and edge dislocations pro- 
duce an increase in hardness which, in the case 
of edge dislocations, reaches about 700 VPN at 
5 x 10® edge dislocations per cm?. 
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Hardness (VPN) 


Shellow pit density, cm-2 


Fic. 7. The effect of shallow-etch-pit density on hardness 
(edge dislocation density constant at 1 x 103 cm~?). 
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CP4 HNOs 


Bromine 2 drops in 50 ml 


HNOs 1 part 
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Iodine | 40 mg in 50 ml 
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Abstract—A molecular engineered astable multivibrator has been developed which utilizes a 
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four-region semiconductor structure. This structure with a power supply and load acts as a relaxa- 
tion oscillator. The operation of this structure has been analyzed using a linearized characteristic to 
provide some insight into the effect of various parameters. Certain temperature effects have been 
found detrimental to the operation of the multivibrator. By the extension of this structure to more 
than four regions, temperature stability may be obtained. The results obtained with a five-region 


structure are also presented. 


tion, elle devient un oscillateur 4 relachement. 


Résumé—Un multivibrateur astable de construction moléculaire employant une structure semi- 
conductrice 4 quatre régions a été développé. En joignant cette structure a une charge et une alimenta- 


Le fonctionnement de cette structure a été analysé en employant une caractéristique linéaire pour 
fournir un apercu des effets des divers paramétres. On a trouvé que certains effets de température 
sont nuisibles au fonctionnement du multivibrateur. En étendant cette structure a plus de quatre 
régions, on peut obtenir une plus grande stabilité en fonction de la température. Les résultats obtenus 


avec une structure 4 cing régions sont aussi presentés. 


Zusammenfassung—Ein astabiler Multivibrator wurde unter Verwendung eines Vierzonen- 
Halbleiters entwickelt. Das Gerit wirkt bei Kraftstrombetrieb und Belastung als Relaxationsoszillator. 


Seine Wirkungsweise wurde mittels einer linearisierten Kennlinie untersucht, um Einblick in den 
Effekt verschiedener Parameter zu gewinnen. Es ergab sich, dass gewisse Temperatureffekte die 
Leistung des Multivibrators beeintrichtigen. Es ist méglich, dass bei Erweiterung des Geriites auf 
mehr als vier Zonen Temperaturbestindigkeit erzielt werden kann. Die mit einem Fiinzonengerit 


erhaltenen Ergebnisse werden angegeben. 


INTRODUCTION 
Ir 1s possible to obtain an astable multivibrator 
with a four-region semiconductor structure, power 
supply and load. The shunt capacitance generally 
required in the classical (gas tube) multivibrator 
of this type is an inherent part of the semiconductor 
structure. The four-region structure required for 
multivibrator operation is related to the four- 
region n—p—n-—p switch. However, the multivibrator 
structure has different requirements on the width 
of the negative-resistance region. 


STRUCTURES 
In Fig. 1 is shown the characteristics of the 
n—p-n—p multivibrator 


structure necessary for 
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operation. As can be observed, the breakover 
current should be low and the minimum sustaining 
current high. For the multivibrator to operate 
successfully, the load line must lie in the negative- 
resistance region of the V—J characteristics of the 
four-region structure. If the negative-resistance 
region is narrow, as would be desired for a good 
switch, then high external resistances are required 
and the necessary applied voltage would have 
to be large compared to the breakover voltage of 
the structure. If, on the other hand, the minimum 
sustaining current is high, the load line can have a 
shallow slope, and the applied voltage required for 
oscillation approaches the breakover voltage of the 
structure. 
ANALYSIS 

A linearized analysis was performed for this 

structure in order to obtain some insight into the 
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importance of the various design parameters with 
respect to frequency of oscillation. The analysis 
that was performed was the classical analysis of a 
relaxation oscillator. It is not suggested that the 
results of this analysis will provide exact informa- 
tion concerning the voltage across the device as a 
function of time, but the effects of such parameters 
as the holding voltage and current, the sustaining 
voltage and current, the source voltage, the source 
impedance and the effective junction capacitance 
on oscillation frequency should be demonstrated. 

Although the static voltage—current (v-) 
characteristic of this device is highly nonlinear 
(see Fig. 1), one way of obtaining a quantitative 
picture of the operation is to assume piece-wise 
linearity of this characteristic. Fig. 2(a) shows how 
this can be done and Fig. 2(b) contains the equiva- 
lent circuit of the linearized device. The junction 
capacitance C is actually voltage dependent, but 
for the present purposes will be assumed constant 
in order to maintain linearity. This assumption 
causes the results to be somewhat approximate and 
is one of the many approximations made in order to 


H 


CURRENT 


Fic. 1. n—p-n-p characteristic for multivibrator operation. 


obtain a simple form for an estimate of the maxi- 
mum frequency of oscillation. In the equivalent 
circuit of Fig. 2(a), Rz includes the series summa- 
tion of load resistance and internal resistance of the 
voltage source. The series resistance of the p—-n—p-n 
structure is included in the linearized v-7 character- 
istic. S; and S, are switches which correspond to 
the switching between the two branches of the 
v-i characteristic. Switch S is the switch that 
energizes the circuit. The oscillations proceed in 
the following fashion. Assume capacitor C is un- 
charged prior to energizing the circuit. With the 
closing of S, C begins to charge (exponentially in 
time) and the capacitor voltage rises toward 
RiE/(Ri+Rz). (Si is closed during this time.) 
However, if Vy < R,E/(Ri+ Rr), then the system 
will switch to the other branch of the v7 curve 
(S; opens, S2 closes) when voltage v reaches Vy. 
Immediately upon S2 closing, the capacitor voltage 
begins to decrease toward Rek/(R2+Rr). If 
Vs < RekE/(Ro+Rz), then the system will switch 
back to the initial state (S; closed, Sz open) when 
v reaches Vs. Thus cyclic operation is sustained. 
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(b) 


Fic. 2(a). Linearized characteristics for the four-region multivibrator. (b). Equivalent circuit for analysis 
of the multivibrator. 


Let State I be defined as that for which Sj is 
closed and State II be that for which So is closed. 
Then the period of oscillation P is the sum of 
the time, ¢*, spent in State I plus the time, ¢**, 
spent in State II during one cycle of operation. 
(Details of the mathematical manipulations are 
given in Appendix A.) 

P = t*+?t** (1) 

Vs—ER,/(Ri+ Rr) 


ER,/(Ri+ Rr) 


Ri 


—— in 
Rr 


Vy—ER2 (Re + Rr) 
Vs—ER2/(R2+ Rr) 


(3) 


In a practical device, 
Vs/E < 1, Ro/(Ri+ Re) Vy/E, and < 1. 
Then 


Ri 1—Rz/(Ri+ Rr) 
n 


4 


1—Vy/E—Rz|(Ri+ 


VulE 
In (4) 
Vs/E—Ro/Ri 


~ ————R 


The major concern of this analysis was to 
determine the minimum period of oscillation. As 
presented in Appendix A, the analysis indicated 
that a minimum period of oscillation is obtainable 
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when > For this condition 


J 


P~ ila 


Vu 1 
+ RoC In (5) 
Vs/Re—J 
where J = E/Rz is the only independent variable 
for a given p-n-p-n structure. 
For a minimum period, 


Ri Vs Ri Vs 
Ro Ro Ri Ro Vu 


Since Vs/Re Is and Tn, and since 
(for most devices) R; > Re, then 


for a minimum period. 
If Ry > R} is to hold, then 


I 
E> Vs) (with Rz > Ri) (8) 
H 
must be satisfied. Expression (8) is a condition 
that relates the circuit parameters to the device 
parameters in order to obtain a minimum period of 
oscillation. 
The shortest period of oscillation possible for a 
given device can be found approximately by sub- 
stituting (7) into (5). This yields 


Va 1—Vs/Vy 


P ~ 
V V 
(9) 
s Vs 


Equation (9) indicates the effects of the various 
design parameters of the four-layer device upon 
maximum attainable frequency of oscillation. The 
minimum period has been found here (approxi- 
mately) in terms of device parameters only. 

It is apparent from equation (9) that reduction 
in the effective junction capacitance is one way of 
reducing the minimum period. This is not sur- 
prising and was intuitively expected from the 
beginning. However, at this point a word of 
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caution should be expressed. If the effective 
capacitance is too small a completely different 
mode of operation can exist. This is due to the 
fact that the junctions possess an inductive com- 
ponent. The “inductance diode” is a well-known 
example.) In order to obtain some notion of the 
relative effects of the various design parameters, 
a similar linearized analysis was performed under 
the assumption that there is an inductance in- 
herently associated with the negative-resistance 
region of the device characteristic (Jy <i< Ts). 
The linear equivalent circuit that was considered 
is shown in Fig. 3. This equivalent was chosen 


} 


Fic. 3. Equivalent circuit for the linearized character- 
istics in the negative-resistance region. 


instead of one used for the tunnel diode because it 
has been found experimentally that many four- 
layer switches can be biased stably in their 
negative-resistance regions when driven from a 
current source. Appendix B shows that relaxation 
oscillations will occur as long as 


L Ry Ry 
Ry? Rit 


(10) 
or, for Ry > Ry, this becomes 
€ (10’) 
> 
Ry? 


If the inequality (10) is not met, the device will 
either oscillate about an operating point in the 
negative-resistance region of the v-7 character- 
istic or will remain stably in the negative-resistance 
region. The condition for stability in the negative- 
resistance region is 


i 


(11) 
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as shown in Appendix B. Between these two condi- 
tions (10) and (11) is the state in which sinusoidal 
oscillation takes place. 

Since all the above analysis was performed on 
idealized, linearized lumped-parameter models 
the results are meant to be used as a guide for 
device design. Equation (9) shows how the various 
device design parameters interact to affect the 
minimum period of oscillation, and equation (10) 
indicates the relationship between device capacit- 
ance and device inductance in order to maintain 
relaxation oscillations. 


FABRICATION 

The structure utilized for the multivibrator 
is shown in Fig. 4. The fabrication procedure is 
similar to that used for n—p-n-p switching struc- 
tures, with the major distinction the fact that, in 
a good switch, steps are taken to reduce the 
minimum sustaining current by providing for a 
high alpha at low currents, while the multivibrator 
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requires generally higher minimum sustaining 
currents for paractical operation. It is extremely 
important to note that the high minimum sustain- 


Fic. 4. Multivibrator structure. 


ing current is a practical requirement in connec- 
tion with the range of loads and applied voltages 
for operation, but even units with low minimum 
sustaining currents can function as described. 
The multivibrators have been fabricated in both 
germanium and silicon. The silicon multivibrators 
were made both using single diffusion followed by 
alloy fusion and by an all-diffusion process. In 
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5. Frequency vs. light intensity for a four-region multivibrator. 
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germanium, most of the units were made by a 
diffusion followed by an alloy fusion for the fourth 
region. In addition, the p—n—p-m structure®) with 
its very high obtainable minimum sustaining 
current was also investigated in germanium. 


FIVE-REGION STRUCTURES 
The behavior of this multivibrator with light 
or temperature is quite interesting. The v7 
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Fic. 6. Frequency vs. temperature for a four-region 
multivibrator. 
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NPNP AND PN CHARACTERISTIC 
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Fic. 7. Characteristics needed for composite five-region 
structure. 


characteristic before breakover moves in the 
direction of increasing current with increasing 
light or temperature, thus changing the width of 
the negative-resistance region and thereby chang- 
ing the frequency of oscillation of the structure. 
The variation of frequency with light is shown in 
Fig. 5. The variation of frequency with tempera- 
ture for a typical multivibrator is shown in Fig. 6. 
If an additional region is added to form a five- 
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Fic. 8. Frequency vs. temperature of a five-region structure. 
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region n—p—n—p-n, it is possible to compensate for 
this temperature variation to a large extent. The 
addition of the fifth region may be considered, 
under proper conditions, similar to putting a diode 
in the negative-resistance region of the bistable 
structure. The diode saturation characteristic 
appears as shown in Fig. 7. The behavior of a 
structure of this type with temperature is shown 
in Fig. 8. The vast improvement in temperature 
stability between Fig. 6 and Fig. 7 is clearly 
evident. This occurs because, as the four-layer 
structure tends to increase current with increasing 
temperature, the diode characteristic moves in 
such a direction as to compensate for this, thereby 
retaining constant frequency of oscillation over a 
wide temperature range. 


CONCLUSION 

Structures of the type of the four-region 
multivibrator and particularly the five-region 
temperature compensated multivibrator perform 
electronic circuit functions without a one-to-one 
correspondence between some portion of the 
functional electronic block and a circuit performing 
the same task. An exact analysis of such a structure 
is not readily obtained. The linear analysis, 
coupled with experimental work, is sufficient to 
provide a reasonable design base for such 
structures. 


APPENDIX A 
For the equivalent circuit of Fig. 2(b), the expressions 
for v(t) in the two states are: 


State I 
Ri 
lows) 
——_. — Vs} exp(—t/r 


t = 0 when S} is closed. 
State II 
Re 
ih. 
Ro+ Rr, 
Vu) exp(—t/ry) (A.2 
p(—t/rp2) (A.2) 
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RoR, 
= 
Ro+ 


t = 0 when Sz is closed. 
Let t* =time in State I, i.e. 


v(t*) = Vu, and 
t** = time in State II, i.e. v(t**) = Vs. Then P, the 
period of oscillation is 


P = 
Vs—ER,/(Ri+ 


(1) or (A.3) 


t* = Tpl In 
Vy —ER,/(Ri+ Rx) 


(2) or (A.4) 
Vy —ER>2/(R2+ Rr) 
Vs—ER2/(R2+ Rr) 


(3) or (A.5) 
Equation (4) or (A.6) is obtained by making the 
assumptions 


Vs/E < 1, Ro Re) < Vu/E, and Ro/R;, <1. 


t** = Tp2 In 


R +R 
P ~ ui + Rr) 
1—Vy/E—R_/(Ri+ Rx) 
ValE 
+ RoC In 
Vs/E—Ro/Ri 


(4) or (A.6) 
Of particular interest is the shortest period of oscilla- 
tion that can be obtained with a given device. For a 
given device only E and R_z are variable. Thus @P/dE = 0 
and @P/2é@R, = 0 must be satisfied for a minimum in P. 
These expressions are very complicated and were not 
solved in general. Instead, the following two cases were 
considered: Case I, Rr < Ri, and Case II, Rr> Ri. 


Case I 


1 
P ~ R,C ln ————_-+- In 
1—Vy/E 


r 


Vu 
(A.7) 


Let E/Rr = J, then 


(A.8) 


Vs—RoJ 


The second term t** is no longer a function of EF. For a 
fixed value of J, the first term t* decreases for Vx/E — 0. 
In fact, at the limit, 

Vi lim 1 


In = 
Vu/E 1- Vu/E 


1 (A.9) 


= | 
te 
‘ 
(A.1) CVu E l 
PU, E) = ——— —— ln 
ik 

Ri+ Rt 
Vi 
| 
| 
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Thus, for any value of J, P is reduced by increasing E. 
However, for fixed J, as E increases Ry increases; 
therefore, this runs contrary to the condition Rr < Ri. 
‘Therefore, the minimum value of P is probably obtain- 
able in Case II where Rx > R1. 


Case II 
R,E/R V, 
R,E/Ri—Vu Vs—ReE/Rzt 
(A.10) 


Equation (A.10) is obtained from equation (A.6) 
by assuming Ri. Again let = J, then 
equation (5) is obtained. 


1 
Vs/Ro—J 
(5) or (A.11) 
In this case P is a function of only one variable, /J. 


Setting dP/dJ = 0 and solving for J yields the value of J 
for a minimum P. 


P~ R,Cl|n 


P~ RCln 


Therefore, for dP/dJ = 0, 


(A.13) 


Since Ro/Ri <1 and Vs/Vu <1 in a typical device, 
the binomial expansion for the square root will be used 
and all terms containing 


k 
Vu 


will be neglected. Then the expression for J simplifies 


to 
Ri Vs ) Vs 
R,—Re Ro re 
(6) or (A.14) 
or R 
Is(1-—), 
Vu. 
(7) or (A.15) 


for a minimum period of oscillation. 


APPENDIX B 


For the equivalent circuit of Fig. 3, the differential 
equation for current 7 through the L — Ry branch is 
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0=R, LC 


+(Ri—Ry)i 
(B.1) 


The mode of oscillation can be determined from the 
coefficients of this differential equation. For example, 
the circuit will not oscillate if all the coefficients in (B.1) 
have the same sign. Then, if Rr > Ry and L > RiRyC, 
the circuit is stable in the negative-resistance region; 
i.e., for stability, 


Ry < Ri < (B.2) 


N 


For relaxation oscillation, it is necessary that R, > Ry, 
otherwise the device will operate stably in either of its 
two positive resistance states. Therefore, Rr > Ry will 
always be assumed. As mentioned above, if L > RrRnC 
the circuit is stable. Therefore, for some type of oscilla- 
tion L < RziRnC is required. 

Consider the two roots of the characteristic equation 


for (B.1). 
M,,2 = 

Ri 
2RLLC 


(B.3) 


with Rr, > Ry and L< If 4RrLC(Rit—Ry) > 

>(RiRyC—L)?, then the solution for i(t) is an ex- 
ponentially growing sinusoidal oscillation with angular 
frequency 


= | ~ = 
(B4) 


If 4R_LC(Rit— Ry) < (RtRnC —L)?, then i(t) is the sum 
of two growing exponentials. This inequality can be 
rewritten in the form, for two growing exponentials, 


L R R 
C> 
Ry Ri Rt 


after some simple mathematical manipulations. 

The exponentially growing sinusoidal solution is a 
distinctly different mode of operation from the two 
growing exponentials solution. With the linear approxi- 
mation there is nothing to prevent either of these solu- 
tions from growing indefinitely; however, because of 
the nonlinear character of the device, the sinusoidal 
solution eventually stops growing, while the exponential 
solution permits relaxation oscillations. The sinusoidal 
solution stops growing when the amplitude of the voltage 
swings increases to the point where the average effective 
negative resistance Ry becomes small enough to satisfy 
the equation 
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R,C 
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Ry = (B.6) 
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BruNETTI) expressed the average effective negative 
resistance as a function of voltage swing for sinusoidal 
voltages is terms of energy considerations. 
y2 
2(power supplied by the nonlinear device) 
(B.7) 


where V is the maximum value of the sinusoidal voltage 
across the device. BRUNETTI’s work shows how this can 


Ry = 


STRULL and W. M. KAUFMAN 


be used to predict the amplitude of sinusoidal oscilla- 
tions. 
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Abstract—It has long been recognized that large turn-on gain can be achieved in p—n—p-n triodes 
when driven through the base. On the other hand, it has been recognized only recently that these 
devices can also be turned off through the base with large gain. In this paper we shall discuss in 
detail the mechanism of base-current turn off and show how large turn-off gain can be achieved. 
Several structures in which large turn-off gain can be attained will be described. Electrical character- 
istics of experimental models which show gains approaching 40 at collector currents of about 100 mA 


will be presented. 


Résumé—On a reconnu depuis assez longtemps que de grands gains de déclenchement peuvent étre 
obtenus en employant des triodes p-n—p—n controllées par la base. D’un autre cété, on n’a reconnu 
que récemment que ces éléments peuvent étre coupés par la base avec un grand gain. Dans cet 
article, on décrira en détail le mécanisme de coupure du courant de base et on démontrera comment 
un grand gain de coupure pourra étra achevé. Plusieurs structures dans lesquelles un grand gain de 
coupure peut étre atteint seront décrites. Les caractéristiques électriques des modéles expéri- 
mentaux qui produisent des gains approchant 40 a des courants de collecteur d’environ 100 mA 


seront présentées. 


Zusammenfassung—Es ist lange bekannt, dass bei p-n—p-n-Trioden beim Einschalten ein grosse 
Verstirkung erzielt werden kann, wenn der Strom an die Basis gelegt wird. Man hat aber erst in 
juingster Zeit erkannt, dass auch beim Abschalten durch die Basis eine grosse Verstirkung zu 
erzielen ist. In der vorliegenden Arbeit wird der Mechanismus des Abschaltens mittels Basisstrom 
diskutiert und gezeigt, dass eine hohe Verstarkung méglich ist. Wir beschreiben ferner mehrere 
Bauelemente, die hohe Abschaltverstarkungen ergeben und geben Einzelheiten iiber Versuchs- 
modelle, die bei Kollektorstrémen von etwa 100 mA Verstarkungen bis zu 40 liefern. 


INTRODUCTION MECHANISM 
THE properties and characteristics of three- A p-n-p-n diode or triode is in many ways 
terminal p—n—p-n switches have been discussed by equivalent to a conjugate pair of transistors con- 
MAackInTOosH™) and by MUELLER and Hivipranp®) nected with collector junctions in parallel in the 
in some detail. These authors have described the so-called flip-flop configuration.°) When the 
static characteristics, the turn-on mechanism and _ device is in the low-impedance state, each of the 
other details of operation. They have not described component transistors is in the saturated condi- 
the mechanism of turn-off by withdrawal of base tion. The drive current required to saturate each 
current in any detail, however. In this paper this transistor is supplied by the collector or output 
mechanism will be discussed. Several structures current, or a portion thereof, of the other transistor. 
which provide base control with large current In Fig. 1 a schematic of the p-n—p-n triode and 
gain in turning off as well as turning on will be the current flow directions are shown. a» is the 
described and experimental results on laboratory d.c. current multiplication ratio of the p-n-p and 
models will be given. %p that of the n-p-n. The drive current, i.e. the 
*This material was originally presented at the — majority “carrier current into the base, required 

to maintain the n—p-n just in saturation is 


IRE-AIEE Solid State Device Research Conference, 
Pittsburgh, Pennsylvania, June 1960. (1—« »)Iz. The maximum drive current available, 
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with the base lead open-circuited, is the collector 
current, &»Jc, of the p-n—p. Thus, for the device 
to be on with the base lead open-circuited, 
(lc = Ig), we have 


An trp 2 l (1) 


In order to return the p-n—p-n to its high im- 
pedance state, the drive current must be reduced 


Fic. 1. Schematic representation of p-n—p—n triode 

showing directions of current flow and current multipli- 

cation factors. x, is the d.c. current gain of the p-n-—p 
and a» that of the 


below the value required for saturation. This 
current can be most easily calculated by con- 
sidering one of the component transistors. Since 
the two component transistors have a common 
collector junction, when one comes out of satura- 
tion the other does also, and consequently the 
p-n-p-n goes off. When majority carriers are 
removed from the base of the n—p-—n transistor 
through the base lead, the maximum drive current 
to the n—p-n becomes «»,/J¢—I/,. Thus, the n—p-n 
will be out of saturation when 


tnlc—Ip < (l—ap)le 
or, since 
Ic = Ig+ Tp 
then 
< aplp 


As in the case of a saturated three-region 
transistor, the collector current is determined by 
the external circuit. Consequently changes in 
base current have little effect on the collector 
current while the device is on. Hence the «’s of 
interest in equation (4) are those corresponding 
to the ‘‘on”’ collector current and vary but little 
until the switch comes out of saturation. Once 
turn-off is achieved the collector current drops 
to near zero and correspondingly the «’s drop. 
Thus the device remains off when the base is 
open-circuited, 
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If we define the turn-off gain as the ratio of 
current flowing in the load, when the switch is on, 
to the base current required to turn the switch 
off, then the turn-off gain is given from equation 


(4) by 


Cc Xp 
(5) 
Iz (an +%p—1) 


Thus, high turn-off gain can be achieved in 
p-n-p-n triodes if the device is designed in such a 
way that, when on, the « sum just exceeds unity 
and the « of the transistor to which the base lead 
is attached («» here) is high. Physically this means 
that the switch (or the component transistors) is 
just in saturation. The excess stored charge is 
minimized thereby minimizing the base current 
required for turn off. 

In order to minimize the drive to turn on, it is 
again necessary for the « of externally driven 
transistor (%p here) to approach unity. Thus 
maximum turn-on and turn-off gains are both 
achieved when the « of the base to which external 
connection is made («p here) is high, and the 
other « (a%» here) is low. 


STRUCTURES 

In this section we shall describe several of the 
many different structures which can exhibit the 
required controlled «. The high « transistor can 
be fabricated by conventional diffusion and/or 
alloy techniques. A controlled low-« structure 
may be built by reducing either the injection 
efficiency y or the transport factor B to values 
near zero. A structure in which the low « is 
achieved by reduction of y is shown in Fig. 2. 
Mo t and Ross“) and TANENBAUM and THomas"®? 
have shown that the injection efficiency of a tran- 
sistor in which the diffusion length in the base is 
large compared to the base width (high £) and the 
diffusion length in the emitter is large compared 
to emitter width, and the surface recombination 
velocity at the emitter surface is infinite, is 
approximately 

Ry 


6 
Re+ Rp 


Y 
where Ry is the sheet resistance of the base layer 
and R, is the sheet resistance of the emitter. 
Normally one makes Ry > R, to obtain high y; 
to obtain a low y one makes R, > Rp. Typical 
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values for sheet resistances are indicated in the 
figure. High gain, both in turning on and turning 
off, is therefore achievable in the structure of 
Fig. 2. 

The n-p-n is a conventional double-diffused 


N 

P 

N R, = 50N/0 
Re= 10000/0 


Fic. 2. Schematic representation of a p—n-—p-n triode 
with high turn-off gain. The high «-transistor is the 
n—p-n made by conventional techniques. The low-« 
transistor is the p-7-p made with an emitter sheet 
resistance much higher than the base sheet resistance 
to provide a low injection efficiency. 


silicon transistor. The p-type emitter is made by 
the diffusion of a high sheet resistance layer into 
the back of the n-p-n. Emission concentration 
does not alter the injection efficiency of this 
structure. By making this p-type emitter thin and 
highly doped, consistent of course with the re- 
quirement of high sheet resistance, conductivity 
modulation of the region, with a subsequent 
increase in injection efficiency, will not occur. 
Furthermore, the series resistance will be low. 
In this structure, lifetime is noncritical so long 
as it is high enough to provide diffusion lengths 
substantially greater than emitter and base widths. 

A second structure somewhat similar to the 
first is shown in Fig. 3. In this case the lower 
emitter is limited in area as indicated and a shorting 
contact is placed across the emitter-base junction. 
The injection efficiency here is reduced by shunting 
the current around the emitter junction. If the 
sheet resistance of the n-layer is, for example, 1/20 
the sheet resistance of the emitter layer, then 
approximately 95 per cent of the current into the 
n-layer will flow directly from the contact rather 
than by injection. For such a structure to be 
effective, however, the resistance of the n-layer 
must be large compared to the junction forward 
resistance.) The localized p* region can be used 
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Fic. 3. Schematic representation of a p-n—p-n triode 
with high turn-off gain. The n-p-n is a conventional 
high « transistor. In the p—n-p the injection efficiency is 
reduced to a small value by means of the shorting contact 
across the emitter junction which causes most of the 
current to flow directly into the n-type base for the 
base and emitter sheet resistances indicated. The pt- 
region insures a high local injection efficiency for that 
portion of the current which flows into the emitter from 
the shorting contact. 


to insure that the local injection efficiency is near 
unity. 

Fig. 4 shows a structure where the low « is 
achieved by lowering the transport factor 8. This 
structure, though less amenable to calculation 
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Fic. 4. Schematic representation of a p—n—p-n triode 
with high turn-off gain. The high-« transistor is a con- 
ventional n—p-n. The transport factor of the p-n-p is 
made low by forcing the emission to take place away 
from the collector junction and by providing high 
surface-recombination velocity surfaces. 


than the others, can also be used to produce the 
desired effect. The 8 is reduced by making the 
collector junction much smaller than the emitter 
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and by providing high recombination velocity at 
the surface of the n-type base. Contacts are made 
to the edge of the emitter. Although the resistance 
of the n-type base layer will tend to shift the emis- 
sion toward the center, the resistance of the 
emitter itself will tend to shift the emission away 
from the collector and back to the vicinity of the 
contacts. Thus, again the emitter sheet resistance 
should be higher than the base sheet resistance 
though the large ratios required above are not 
needed here. 


EXPERIMENTAL RESULTS 
Fig. 5 illustrates the turn-off gain of a typical 
unit made in the structure of that shown in Fig. 2. 
The turn-off gain is plotted as a function of the 
collector or load current in the figure. Note that 


ail 
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Fic. 5. Experimental data showing turn-off gain of a 
p-n—p—n triode of the structure of Fig. 2 as a function of 
collector current. The gain approaches infinity at the 
two-terminal holding current J,, decreases with increas- 
ing collector current and saturates at a value of 40. 
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near the holding current the gain approaches in- 
finity as it must when a» + %p is just equal to unity. 
As the collector current increases the gain falls, 
as the n—p-n « increases, and then saturates at a 
level of about 40. 


CONCLUSIONS 

The basic requirement for the achievement of 
turn-off gain in p-n—p-—n triodes is that the sum 
of the «’s just exceed unity when the device is in 
the ‘‘on’’ or low impedance state. In order to 
achieve large turn-on as well as large turn-off 
gain the « of the component transistor to which the 
base lead is attached is made to approach unity 
while that of the other component transistor is 
made to approach zero. 

Several structures in which large turn-off and 
turn-on gain can be achieved have been described. 
In each of these the high-« component transistor 
is made by conventional diffusion and/or alloy 
techniques. The low-x component transistor can 
be fabricated with a_ low-injection-efficiency 


emitter achieved by making the sheet resistance 
of the emitter much greater than that of the base. 
Alternatively, the transport factor may be made 
low. p-n—p-n switches made in this way are not 


driven heavily into saturation when turned on and 
as a result other effects will occur. First the 
storage portion of the turn-off time of these de- 
vices will be low because the excess stored charge 
is low. Rise time on the other hand will be in- 
creased. In addition, one may anticipate slightly 
larger ‘‘on”’ drop in high-voltage structures since 
most of the current through one base is carried 
by majority carriers. 
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A NEGATIVE-RESISTANCE PHOTOELECTRIC DIODE 
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Abstract—The fabrication and some of the properties of a silicon photoelectric diode displaying a 
negative-resistance region in its J—V characteristic are described. The sensitivity to light is par- 
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ticularly pronounced in the negative-resistance region and is determined by the amplitude and 


wavelength of the radiation applied. 


Résumé—On décrit dans cet article la fabrication et quelques-unes des propriétés d’une diode 


photoélectrique au silicium qui manifestent une région 4 résistance négative dans la caractéristique 
I-V. La sensibilité 4 la lumiére est particulitrement prononcée dans la région a résistance négative ; 


elle est déterminée par l’amplitude et la longueur d’onde de la radiation appliquée. 


Zusammenfassung—Die Herstellung und Eigenschaften einer photoelektrischen Siliziumdiode 
mit einem Bereich negativen Widerstandes in der J-V-Kennlinie werden beschrieben. Die Licht- 


empfindlichkeit ist in dem Bereich mit negativem Widerstand sehr ausgesprochen und wird durch die 


THE presence of a negative-resistance region in 
the J-V characteristic of a variety of two-terminal 
and multi-terminal semiconductor devices has in 
recent years attracted increasing interest. The 
usefulness of these devices centers around the 
particular transfer properties for electrical signals 
inherent in the presence of a negative resistance. 
The purpose of this paper is to report preliminary 
results obtained from a novel photoelectric diode. 
This device offers similar advantages in the 
transfer properties for light signals, in addition to 
displaying the desirable features of a conventional 
negative-resistance diode. The sensitivity to light 
is particularly pronounced in the _negative- 
resistance region, whose slope and range are 
affected to a degree determined by the amplitude 
and wavelength of the radiation applied. These 
properties, as compared with those of conventional 
photoelectric devices, offer interesting possibilities 
for various applications. 

The semiconductor material used is 1000 Q-cm 
silicon, about 10 mils thick in the (111) direction, 
and with a surface area of about 30x 30 mils. 
The chip is mounted on a heavily gold-plated 
JEDEC-30 header by suitable heating and for- 
mation of a Si-Au eutectic bond. A piece of 


Amplitude und Wellenlainge der aufgewandten Strahlung bestimmt. 


123 


(a) (b) 
Horizontal volts /cm Horizontal: !0 volts /cm 
Vertical :5 ma/cm Vertical: 2 ma/cm 


Fic. 1. Dark-state J-V characteristics. 


aluminum wire 2 mils in diameter is attached to 
one of the header terminals by welding or thermo- 
compression bonding. The sub-assembly is then 
boiled in Permachlor, etched in CP-4 for 15-20 
sec, washed in de-ionized water and dried in a 
nitrogen atmosphere. The unit is then alternately 
connected to a  condenser-discharge pulsing 
apparatus and an oscilloscope displaying its J-V 
characteristic. Mechanical contact between the 
Al wire and the semiconductor is established and 
the wire pulsed in. In most cases this results in a 
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typical characteristic as shown in Fig. 1(a). If 
instabilities are present they can often be removed 
by repeating the pulsing procedure. When satis- 
factory performance is obtained a metal ring is 
pressed over the rim of the header to protect the 
finished unit (Fig. 2) from handling. 


Fic. 2. The diode assembly. 


Occasionally, turnover voltages Vz as high as 
100 V were observed as in Fig. 1(b), or V7 values 
as low as 3 V. Various values of V7 have been 
obtained on the same chip by altering the pulsing 
procedure. Generally, it was found that V7 de- 
creased as the contact size increased. 

The spectral sensitivity at room temperature 
was determined within the range of about 


Horizontal : |O volts/cm 
Vertical: 5 ma/cem 


Fic. 3. J-V characteristics with positive bias for the 
dark state and for two intensities of illumination. 
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0-4-1-4 x. Care was taken to eliminate possible 
errors due to heating and drift. The effects of 
illumination were determined by observation of 
the J-V characteristic on a low-frequency curve 
tracer. Illumination has been found to alter the 
device conductance at all bias values, both positive 
(the Al contact positive) and negative and most 
significantly in the negative-resistance region. Fig. 
3 shows the effect of illumination with white light 
of various intensities. Both V7 and the sustaining 
voltage Vs (minimum voltage) decrease with in- 
creasing intensity of white light. The negative- 
resistance region decreases and finally disappears 
as the illumination intensity increases. Spectro- 
graphic analysis shows that at room temperature 
this effect is most pronounced at about 1-02 pz. 
Fig. 4 shows the dependence of V7 on wavelength 
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Fic. 4. Turnover voltage as a function of wavelength. 


with constant light intensity. Fig. 5 shows the de- 
pendence of V’7 on intensity at 1-02 p. 

The extent of the active device surface has not 
yet been determined and thus its absolute sensi- 
tivity is not known at present. In one case, with a 
unit biased close to its turnover voltage, a total 
radiant power of about 44W at a wavelength of 
1-02 » resulted in a change of 2-8 V and 0-65 mA 
across a load resistance. The radiant power input 
was derived assuming the whole device surface to 
be active. Occasionally very high sensitivities were 
observed while the J-V characteristic was dis- 
played by a curve tracer. In these cases ordinary 
room illumination (about 10ft from a 40-W 
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fluorescent lamp) resulted in decreases of Vr of 
the order of 10 V. 

An estimate of the response time was obtained 
by exposing the unit to illumination from a tungs- 
ten filament in a suitable optical system. The light 
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Fic. 5. Turnover voltage as a function of radiation in- 
tensity at a wavelength of about 10,200 A. 


beam was passed through a Kerr cell which was 
pulsed at a rate of 500 c/s with a decay time for the 
light pulse of about 2x 10~* sec. With the unit 
biased close to Vy the corresponding device re- 
sponse time, as observed on an oscilloscope across 
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Fic. 6. Turnover voltage as a function of temperature. 


the diode, was found to be about 2 x 10-6 sec. 
This probably constitutes a low estimate, since 
considerable capacity once external to the device 
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was present when the measurement was made. 
No time lag in the response was observed with 
use of mechanical light-chopping techniques at 
frequencies of the order of 10 ke/s. 

Determination of the temperature dependence 
of the device parameters between room tempera- 
ture and about 110°C was performed by enclosing 
the unit in an open-air furnace. The J-V character- 
istic of the unit under positive bias was taken on a 
curve tracer at various temperatures. Increases of 
temperature were found to result in decreases of 
both Vr and Vg in a similar manner to increase of 
light intensity. At about 110°C the negative- 
resistance region disappears. Fig. 6 shows the re- 
lationship between Vp and temperature. 

Admittance measurements were performed at 
100 kc/s on a Boonton capacity bridge 74 C = S8 
at a signal level of 100 mV r.m.s. In view of the 
relatively large signals applied, the results of these 
measurements must be interpreted with caution 
since some of the fine structure may have been 
masked. The measuring circuit is shown in Fig. 7. 


meter 


Fic. 7. The bridge measuring circuit. 


The device admittance was measured with both 
bias polarities over a voltage range below the 
negative-resistance region. Considerable spread in 
the admittance values was observed on various 
units. However, within the bias range considered, 
a typical characteristic is represented by Fig. 8 
for a unit with a V7 of 25 V. The values given in- 
clude the package capacitance of about 1-1 pF. 
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Fic. 8. Reactance as a function of bias at 100 ke/s. 
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The tendency to display inductive reactance under 
positive bias as the turnover voltage is approached, 
particularly at low frequencies, was also found 
under negative bias but at considerably higher 
voltages. Change of admittance towards inductive 
values was always accompanied by an increase of 
conductance. 

Owing to the pulsing involved in the contact 
formation in conjunction with the high resistivity 
of the semiconductor used, the exact nature of 
the small junction is somewhat in doubt. It is 
evident that the aluminum contact determines the 
dark-state device characteristic to a large degree, 
as demonstrated by the strong dependence of the 
latter on pulsing procedure and consequent junc- 
tion geometry. Current experiments suggest that 
injection from the large contact also plays a role 
in the device characteristics. It is conceivable that, 
under the small contact area, high fields are present 
which lead to current multiplication and avalanche 
breakdown. Such effects have in the past been 
associated with light sensitivity,”) negative re- 
sistance: 3) and inductive reactance." 4) It is 
hoped that work now in progress will clarify this 


point and permit the determination of an appro- 
priate physical model. 

In summary, the fabrication and some of the 
properties of a photoelectric diode displaying a 
differential negative resistance have been described. 
Potential applications of this device encompass, 
among others, light-controlled oscillators and 
switches actuated by light, as well as many func- 
tions of conventional photoelectric devices. 
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Abstract—The results of an experimental and theoretical study of the transient photovoltaic 
response of diffused-junction silicon photodiodes are presented. The analysis pertains to a thin 
p-type layer diffused in an n-type wafer illuminated on the p-type surface. According to an exact 
solution for the transient response of the photocurrent at the junction, the rise time is limited by 
minority-carrier storage. Expressions for the external photovoltage rise and fall times indicate that 
in general the rise time at room temperature with no external bias depends on the light intensity 
as well as the load resistance, while the fall time depends only on the load resistance. Previous 
attempts by others to show experimental agreement with theory have not been completely 
satisfactory. Some experimental difficulties have been overcome by using an extremely fast light 
chopper. Rise and fall time measurements made on a silicon photodiode (TI Type LS 222) are in 
very good agreement with analysis. Impedance measurements which are important in showing the 
effect of load resistance on rise time are also discussed. 


Résumé—On présente les résultats d’une étude expérimentale et théorique de la réponse voltaique 
transitoire des photodiodes au silicitum aux jonctions diffusées. L’analyse se rapporte 4 une couche 
fine de type p diffusée dans une tranche de type v illuminée sur la surface du type p. D’aprés la 
solution exacte pour la réponse transitoire du courant photoélectrique 4 la jonction, la durée 
d’établissement est limitée par l’emmagasinage de porteurs minoritaires. Des équations pour la 
durée d’établissement et de chute de la tension photoélectrique externe indiquent qu’en général la 
durée d’établissement a température ambiante sans polarisation externe dépend de l’intensité 
lumineuse aussi bien que de la résistance de charge, tandis que la durée de chute dépend uniquement 
de la résistance de charge. Plusieurs essais précédents tentant de démontrer l’accord expérimental 
avec la théorie n’ont pas entiérement réussi. Certaines difficultés expérimentales ont été surmontées 
en utilisant un tranchant lumineux extrémement rapide. Les mesures des durées d’établissement et 
de chute faites sur une photodiode au silicium (TI Type LS 222) sont en bon accord avec l’analyse. 
Les mesures d’impédance qui sont importantes pour demontrer I’effet de la résistance de charge 


sur la durée d’établissement sont aussi discutées. 


Zusammenfassung—Der photoelektrische Sperrschichteffekt einer Siliziumphotodiode mit 
Diffusionsiibergang wurde theoretisch und experimentell untersucht. Benutzt wurde eine diinne 
Schicht vom p-Typ, die in eine Schicht vom n-Typ eindiffundiert war, Beleuchtung erfolgte auf 
der p-Typ Oberflache. Eine genaue Lésung fiir den Sperrschichteffekt des Photostroms am 
Ubergang ergibt, dass die Anstiegszeit durch Anhaufung von Minoritatstragern begrenzt wird. 
Ausdriicke fiir die Anstiegs- und Abfallszeit der ausseren Photospannung zeigen, dass die Anstiegs- 
zeit bei Zimmertemperatur. wenn keine Spannung angelegt wird, von der Lichtintensitét und dem 
Belastungswiderstand abhingt, wihrend die Abfallszeit nur vom Belastungswiderstand beeinflusst 
wird. Friihere Versuche anderer, eine experimentelle Ubereinstimmung mit der Theorie zu 
erzielen, waren nicht sehr erfolgreich. Es gelang, einige der experimentellen Schwierigkeiten durch 
Verwendung eines sehr schnellen Lichtzerhackers zu itiberwinden. Die Messungen der Anstiegs 
und Abfallszeit bei einer Siliziumdiode (TI Typ LS 222) stimmen mit der Theorie gut tiberein. 
Impedanzmessungen, die den Effekt des Belastungswiderstandes auf die Anstiegszeit zeigen, werden 


ebenfalls erdrtert. 


* Presented at the Monterey meeting of the American Physical Society, March 1961. 
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1, INTRODUCTION 

SEVERAL papers have appeared in the 
concerning the performance and physical mechan- 
isms of semiconductor photovoltaic detectors. .2) 
The frequency response of grown,” diffused, 
and alloyed) p-n-junction photodiodes has been 
reported. The transient response has been qualita- 
tively understood) and very recently the transport 
properties at the junction during transient irradia- 
tion were reported; but a quantitative analysis 
of the observed photovoltage has been lacking. 
BECKER and Fan‘) observed the rise and fall of 
photovoltage under pulsed irradiation and con- 
cluded that the processes, while approximately 
exponential, were not simply the RC time con- 
stants. PRINcE and made similar measure- 
ments but the long rise and fall times of the light 
pulse employed placed severe limitations on the 
experimental conditions and transient times which 
could be analyzed. However, they concluded that 
over the range of their observations, “‘the transient 
times depended mainly on capacitance—resistance 
effects’’. 

The purpose of this paper is to present a quanti- 
tative analysis of the transient response times and 
to show experimental results over an extended 
range of conditions and transient times. A transient 
equivalent circuit is proposed in Section 2.2, 
analyzed in Section 2.3 and compared with ex- 
perimental observations in Section 3. 
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2. GENERAL ANALYSIS 

The diffused p-n-junction configuration con- 
sidered in this paper is illuminated normal to the 
piane of the junction (i.e. parallel to the x-axis) on 
the p-type surface (x = 0). The structure consists 
of a very thin p-type region (0 < x < W) diffused 
into a thicker n-type region (W < x < W+w). 

The following assumptions" have been made to 
simplify the analysis: 

(1) The incident light is monochromatic and 
results in a quantum efficiency of unity.* 

(2) There is an ohmic contact covering the entire 
surface at x = W+w and the contact to the 
surface at x = 0 is of negligible area relative to 
the area irradiated by the light. 

(3) Carrier trapping is negligible; i.e. the decay 


* By superposition, the results can be generalized to 
apply for any input spectrum. 
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of excess carriers in the bulk can be characterized 
by the single exponential, exp (—t/r). 

(4) The light intensity corresponds to low- 
level illumination, i.e. low injection level. 

(5) The junction is abrupt, i.e. the transition 
region is small compared to W. 


2.1 Frequency response} 

An expression for the small-signal a.c. com- 
ponent of the photovoltage vg¢ is given by SAWYER 
and REDIKER®) for photovoltaic operation as 


gM(1—)Q;AF(«, w) exp (iwt) 
Yae Yi 


Vac = 


where g is the electronic charge, M the degree and 
w the frequency of modulation of the incident 
light, % the surface reflection coefficient, Q; the 
number of incident photons per cm? sec, A the 
illuminated surface area, F (a, w) a function in- 
dependent of time, Yz, the admittance of the load, 
and Yq- the internal admittance of the junction. 
For values of 


w < wo = 2-46D,/W? 
where wo is the cutoff frequency, the admittance 
Yac may be represented by a parallel combination 


of a resistance and a capacitance whose 
values for sW/Dn < 1 are 


(kT /qjoA) exp(—qVac/kT) (1) 


Rac 
and 
Cac 


W(Racs)-! 


where Dy, is the minority-carrier diffusion constant 
in the p-type region, s the surface recombination 
velocity, k Boltzmann’s constant, JT the absolute 
temperature and jo is the reverse saturation current 
density. The RC representation is valid for 
w <s/W. 

The analysis results in the a.c. equivalent 
circuit for photovoltaic operation shown in Fig. 1, 
where j is the current density at the junction. 
Co is the capacitance and Rp is the shunt resistance 
of the barrier in the dark. R’ is the series resistance 
of the base structure, and Yz is denoted by Ry in 
parallel with C’. 


+ This section follows a development given in Ref. 3. 
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Fic. 1. A.C. equivalent circuit for photodiode operated 
in the photovoltaic mode. 


2.2 Transient response 

An expression for the time dependence of the 
current density at the junction when a step function 
pulse of light is applied to the photodiode has been 
given by GRINBERG and STROKAN®) as 
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Since the photodiode signal approaches an ex- 
ponential, it is convenient to consider 79, the rise 
time of the current at the junction,* where 
To = Ta+7Tp is approximately equal to the time 
constant in the exponential exp(—t/79). Note that 
the greatest lower bound of 79 is the minority- 
carrier storage time.) 

For the most part, 79 is small compared to the 
rise and fall times of the photovoltage observed 
across the load. When this condition is obeyed, 
the proposed transient equivalent circuit shown 
in Fig. 2 is applicable. Since the intrinsic junction 
processes come to quasi-equilibrium in the time 
to, the parallel combination of Rac and Cae is 
assumed switched into the circuit during the rise of 
externally observed photovoltage, and out during 
the fall. As a first-order approximation, the rise 


‘ W2\ Dnt 


x 


n 


n 
| Ox exp(«W) +o cos Ox (2) | 
Dn n 
a 
k k L?2 k Dn Dn k | 


where Ln = (Dnt)? is the minority-carrier 
diffusion length, « is the radiation absorption 
coefficient and @, are the roots of the equation 


ODn 
sW 


GRINBERG and STROKAN, with the aid of equation 
(2) for W = 0-5L, concluded that 7g, the time 
required for the amplitude to reach 0-1 of the 
steady-state value from the instant the excitation 
is applied, is in the range 


0-01 


tan® = — 


0-5 
<n 


wo 
and that rp, the time required for the amplitude 
to change from 0-1 to 0-7 of the steady-state 
value, is in the interval 
0:5 1-5 
wo w0 


and fall times of the internal current generator 
(i.e. to) are neglected. A small effect due to 79 is 
observed in certain cases and will be noted sub- 
sequently. Equation (1) is the inverse of the slope 
of the J-V characteristic of the photodiode at 
V = Vac, where for photovoltaic operation V 


hVy Coc} Rae 


PHOTODIODE LOAD 


Fic. 2. Transient equivalent circuit for photodiode 
operated in the photovoltaic mode. 


* The fall time of the current at the junction can be 
shown to be 7» also. 
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carrier concentration arising from radiation. “? 


For a given value of the load resistance (i.e. 
R;, = 4:52K) the load line is shown on the J-V 
characteristics in Fig. 3. It is clear that Rae in- 
creases as the light intensity decreases for Ry 


held constant. 


T 
“IOF \ Q=0.1Q\ 7 
-20r Q=0.2Q, 
Q=03 
Q=0.5Q, 
~ 4 
Q=0.8Q, 4 
] 
~60F 200 ft 
-c LOAD LINE 
R,=4.5K + 
-70 — L L it L 
00 O03 O04 
V (volts) 


Fic. 3. Family of measured J-V characteristics for photo- 
voltaic operation of the photodiode for various light 
intensities. 


2.3 Time constants 
The time dependence of the photovoltage across 
the load (i.e. Ry in parallel with C’) is the same as 
that of the charge g on C’. The differential equation 
for q as a function of time is 
ag+bq+cq = (3) 
where 


a = RR,R'CC’, 


b = 
c= R+ R’, 
R= RacRo/(Ract+ Ro), 


C = Cact+ Co, 


and jae is the steady-state junction photocurrent 
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is’produced by the generation of a non-equilibrium 


density. The general solution of equation (3) is 
q = A: exp[—(y—B)t]+ Az exp[—(y+ A)t] 
jacA 
R+R,4+R 


where 


y = b/2a, = (b®—4ac)!/2/2a 


The boundary conditions at ¢ = 0 are 
q = Gg=90 (4) 


The coefficients A; and Ag may be evaluated 
using equation (4) and the absolute value of their 


ratio is 
= (y+8)/(y—B) (5) 


i.e. the absolute value of the ratio of the amplitudes 
of the responses is equal to the ratio of the associ- 
ated time constants where 


m1 =(y-B)", = (y+ B)* (6) 


Since 62 S 4ac for all Rz and R combinations 
involved then y+8 > y—§ and from equation (5) 
> | Ae]; ie. the observed photovoltage ex- 
hibits essentially the single exponential with the 
longer time constant. Also, 8 may be expanded in 
a series and the leading terms of the expansion 
are given by 


1 
al 
2a 2b (7) 


When equation (7) is substituted into equation (6) 
becomes 


RR(C+C’)+ R(RtC’+ RC) 
R+Ri+R’ 


The rise time of the photovoltage across the 
load, vr, is given approximately as 

RacRi(C+C’ 
% (Ri > 

Rac+ Ri 

by equation (8), since Rae < Ro except for small 
Ry (i.e. Rp < 1K) where Rae is given by equation 
(1) and Va- is the saturated (i.e. steady-state) 
photovoltage. The fall time is given approximately 
as 


1K) (9) 


RoRi(Co+C’ 


™ ; (Ri > 1K) (10) 


Ge 
ae 

i} 
“a 

ie 
- (8) 

=f 
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by equation (8) since Ro > R’ < Rx, except for 
small R;. The rise and fall times given by equations 
(8-10) are the times required for the amplitude to 
rise to (l1—e~) and to fall to e~! of the saturated 
value respectively.* 


3. MEASUREMENTS 

3.1 A.C. impedance measurements 
An a.c. impedance comparison bridge was used 
to verify the equivalent circuit and to deduce the 
values of the parameters Ro and R’. The imped- 
ance of the diode (TI type LS222) was compared 
with a resistance R in parallel with a capacitance 
C,. When the impedance of the diode is taken to 
be the equivalent circuit impedance, then at 

balance 

(R+ R’)?+ wC?R?R? 


(R+ R’) + w2C2R2R’ 


where w is the frequency of the a.c. signal genera- 
tor. The results of measurements made on the 
diode in the dark are shown in Fig. 4+ where the 
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Fic. 4. Comparison of experimental and theoretical 
dispersion of Ri where C’ is 87 pF. 


10° 


solid curve is a plot of equation (11), R = Ro is 
785K, and R’ is 46-3 Q. 


3.2 Fall-time measurements 
A very fast light chopper developed by PEATTIE 


* Provided the diode response is allowed to saturate, 
the 10-90 per cent rise time and the 90-10 per cent 
fall time may be obtained by multiplying the appro- 
priate 7 by In 9. 
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et al.) was used as a light source for all time 
measurements. The rise and fall times of the light 
pulse were approximately 10 mysec.} A typical 
oscilloscope trace for a fall time measurement is 
shown in Fig. 5. The results are shown in Fig. 6. 
The solid curve is a plot of equation (10) and the 
dashed curve is a plot of the more exact expression 
for ty given by equation (8) where R = Ro and 
C = Co. The range of fall times can be divided 
into three major regions: 


(1) In the region where Ry > Ro the fall time 
is independent of the load resistance, and is 
given by tr = Ro(Co+C’). 

(2) In the region where Ro > Ry > 70/Co the 
fall time is given approximately by equation 
(10), and is strongly load dependent. 

(3) In the region where R’ > Rr < 70/Co, the 
fall time is independent of the load resist- 
ance, and is limited by 79 or R’Co whichever 
is larger. 


TT 
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Fic. 6. Comparison of experimental and _ theoretical 
fall time dependence on load resistance. 


The measured data in regions (1) and (2) in- 
dicated by the solid dots fit very well the theoretical 
curve generated by the present analysis. The 


+ The rise and fall times of the light pulse depend on 
the width of the surface to be illuminated. Since the 
entire sensitive area of the diode was illuminated (i.e. 
a width of 1-25 mm), the rise time is consequently 
long. 
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deviation of the measured values near region (3) is 
attributed to 79. to may be calculated using 
equation (2) and is about 0-5-2-0x 10-7 sec. The 
fall times were found to be independent of the light 
intensity over the entire range investigated (i.e. 
25-500 ft-candles). This independence is pre- 
dicted by equation (10), since Ro does not depend 
on the light intensity, and is regarded as a further 
substantiation of the suggested model. 


3.3 Rise time measurements 

The “‘on-time” of the light pulse was adjusted 
to allow the photovoltage to saturate for rise time 
measurements. Care was exercised to maintain 
the rise time of the light less than 10 per cent of ry 
for all measurements; therefore, the accuracy of 
the rise time measurements was reduced to about 
20 per cent. A typical oscilloscope trace for a rise 
time measurement is shown in Fig. 7. In addition 
to rise time measurements, data were taken for a 
static characteristic curve (i.e. the curve 
O = 0-8Q; in Fig. 3), and a.c. impedance measure- 
ments were taken concurrently. The results are 
shown in Fig. 8. The capacitance curve is a plot of 
C+C’ calculated from the impedance measure- 
ments. The curve of the junction resistance R is a 
plot of Ro in parallel with Rae where the latter is 
the inverse of the slope of the measured character- 
istic curve where it intersects the load line for Rr. 
The junction-resistance curve data were used to 
calculate the solid curve of R in parallel with Rz, 
and the open circles indicate the values obtained 
from impedance measurements. The curve of R 
in parallel with Rz; was combined with the 
measured capacitance curve according to equation 
(9) to give the solid curve marked “rise time”’. The 
dashed curve is a plot of the more exact expression 
for ty given by equation (8). The range of rise 
times can be divided into three major regions: 

(1) In the region where Ry > Rac, the rise time 
is independent of the load resistance, and is 
given by tr = Race (C+C’). 

(2) In the region where Rac > Ry > T0/C, the 
rise time is given approximately by equation 
(9), and is strongly dependent on the load 
resistance, 

(3) In the region where R’ > Ry < 70/C, the 
rise time is independent of the load resist- 
ance, and is limited by ro or R’C whichever 

is larger. 
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Fic. 8. Comparison of experimental and _ theoretical 
rise time dependence on load resistance where the light 
intensity is approximately 160 ft-candles. 


The agreement in regions (1) and (2) between the 
calculated solid curve and the directly measured 
data indicated by the solid dots is within the limits 
of the estimated measurement error. The large 
deviation near region (3) again is attributed to 79. 
The effect of load resistance on rise time is clearly 
shown. As the magnitude of the load resistance is 
decreased, the junction resistance during illumina- 
tion increases and R in parallel with Ry is a maxi- 
mum at approximately the point of maximum 
power transfer to the load, i.e. where the junction 
resistance and the load resistance are equal. Since 
R is increasing more rapidly than Rz is decreasing, 
the maximum is displaced slightly. The maximum 
rise time occurs at approximately the same place, 
since the capacitance is changing only slightly. 
This result is also predicted by the present analysis, 
as shown by equation (9) when the change in 
capacitance is neglected. As the magnitude of the 
load resistance is reduced even further, short- 
circuit current operation is approached and R 
tends to Ro as expected, since, from equation (1), 
Rac becomes very large as Vg¢ approaches zero. 
The rise times are dependent on the light 
intensity and are increased by decreased intensity. 
Excellent agreement is obtained between measured 
rise times and those calculated using equation (9), 
where Rac is the inverse of the slope of the 
characteristic curves for different relative in- 
tensities at the points of intersection of these 
curves with the load line shown in Fig. 3. 
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Fic. 5. Typical oscilloscope trace of the fall of photo- 
voltage where Rz is 1 MQ. (a) The whole response 
displayed with a long horizontal sweep rate. (b) The 
amplified fall response with the calibrated horizontal 
sweep rate adjusted to match the trace to a predetermined 
exponential engraved on the graticule. The response has 


been inverted by the electronics. 


Fic. 7. Typical oscilloscope trace of the rise of photo- 
voltage where Ry is 1kQ. The response has been in- 
verted by the electronics. 
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4. CONCLUSIONS 
The data presented show that the proposed 
transient equivalent circuit is valid particularly 
if the rise time of the current generator, 79, is 
taken into account. The rise time of the external 
photovoltage is dependent on the light intensity, 
while the fall time is not. Both are in excellent 
agreement with the analysis. The rise and fall 
times of the photovoltage across the load are for 
the most part simply the RC time constants of 
the equivalent circuit, except for small values of 
the load resistance where the transport properties 

of the junction become important. 
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Abstract—A new ultra-high-frequency transistor having a maximum frequency of oscillation of 
over 1 kMc/s and a gain-bandwidth product of about 800 Mc/s is described. It also has extremely 
low-leakage and usable d.c. current gain down to 1 uA and is seen to offer special advantages for 
application at extremely low current levels in logic circuitry. At the same time, owing mainly to the 
low collector capacitance of 0-6 pF (excluding the case), it is capable of operating at switching 
speeds of from 100 kc/s to 1 Me/s at collector currents of 1-10 wA, respectively. 

Diode-transistor logic, in general, and a new form using backward diodes, in particular, are seen 
to offer advantages in conservation of fan-in and fan-out at a given current level. This is especially 
important as the level is reduced. The latter form offers in addition a saving in number of com- 


ponents required. 

D.C. conditions necessary to assure operation are considered, and it is seen that the circuits are 
feasible if the proper balance between diode and transistor voltages may be achieved. If not, then 
compensated circuits, using extra diodes either in series or as clamping elements, enable operation. 
The desirable features of a device which would satisfy the requirements are illustrated by the 
characteristic curve of an experimental silicon backward diode. 

Performance is further demonstrated by a working four-stage shift register designed around a 
basic building block operating at 10 wA per transistor stage. The shift register operates satisfactorily 
at 200 kc/s from —40 to +100°C. It draws a total of about 360 uA. A computer using 10,000 such 
stages would draw a total current of about 100 mA at a power level of 300 mW. 


Résumé—Un nouveau transistor d’hyperfréquence ayant une fréquence d’oscillation maximum 
de plus de 1000 Mc/s et un produit gain-largeur de bande d’environ 800 Mc/s est décrit. 
Cet élément a aussi un courant de fuite extrémement faible et un gain de courant continu 
utilisable &4 moins d’un microampére et semble offrir certains avantages spéciaux dans les applica- 
tions de circuits logiques a des niveaux de courants extrémement bas. En méme temps, en majeure 
partie due 4a la faible capacité du collecteur (environ 0,6 pF excluant l’enveloppe), il est possible 
de le faire opérer 4 des fréquences de commutation allant de 100 kc's 4 1 Mc's a des courants de 
collecteur 410 respectivement. 

En général, la logique des diodes-transistors et en particulier, une nouvelle forme employant des 
diodes A sens inverse offrent des avantages en conservant une ventilation réguliére 4 un niveau de 
courant donné. Ceci est spécialement important si le niveau est réduit. Cette derniére forme offre 
une économie dans le nombre de piéces requises. 

Les conditions de polarisation nécessaires pour assurer l’opération sont considérées et on remarque 
que les circuits sont réalisables si on observe un juste rapport entre les tensions des transistors et celles 
des diodes. Sinon des circuits de compensation employant d’autres diodes en série ou en éléments de 
blocage permettent l’operation. Les caractéristiques intéressantes d’un élément qui satisferait ces 
demandes sont illustrées par la courbe caractéristique d’une diode expérimentale 4 sans inverse au 


silicitum. 

Le rendement est aussi démontré par un enregistreur 4 déplacement a quatre étages dimensionné 
autour d’un bloc de base opérant 4 10 »A par étage de transistor. L’enregistreur 4 déplacement opére 
d’une maniére satisfaisante 4 200 kc’s par sec entre —40 et 100°C. La charge totale est d’environ 
360 vA. Une calculatrice utilisant 10 000 étages pareils tirerait un courant total d’environ 100 mA a 
un niveau de puissance de 300 mW. 


Zusammenfassung—Ein neuer Héchstfrequenztransistor mit einer maximalen Schwingfrequenz 
von mehr als 1000 MHz und einem Produkt aus Verstaérkung und Bandbreite von etwa 800 MHz wird 
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beschrieben. Er besitzt eine ausserordentlich niedrige Verlustrate und niitzliche Gleichstromver- 
starkung bis zu 1 wA. Er eignet sich deshalb vorziiglich zur Anwendung bei ausserst niedrigen Strom- 
niveaus in logischen Schaltkreisen. Glechzeitig ist er wegen der niedrigen Kollektorkapazitat von 
0,6 pF (ausschliesslich des Gehauses) imstande, bei Kollektorstrémen von 1 bis 10 nA mit Schalt- 
geschwindigkeiten von 100 kHz bis bzw. 1 MHz zu arbeiten. 

Logische Schaltkreise von Diodentransistoren im allgemeinen und insbesondere eine neue Form, 
die Riickwiartsdioden benutzt, bieten den Vorteil der Aufrechterhaltung der Eingabe und Ausgabe 
bei gegebenem Stromniveau. Dies ist besonders bei Reduzierung des Niveaus wichtig. Bei der 
nuen Form ergibt sich ausserdem eine Einsparung an der Anzahl der Bauelemente. 

Die zur Erzielung einer zuverlissigen Arbeitsweise erforderlichen Gleichstrombedingungen 
werden erdrtert, und es ergibt sich, dass die Schaltkreise bei geeignetem Gleichgewicht zwischen 
Dioden und Transistorspannungen arbeitsfahig sind. Ist dies nicht zu erreichen, so miissen kom- 
pensierende Schaltkreise mit zusattzlichen Dioden, entweder in Reihenschaltung oder als auf- 
geklemmte Bauelemente, verwandet werden. Die erwiinschten Eigenschaften eines Gerites, das 
diesen Erfordernissen entspricht, werden durch die Kennliniex einer experimentellen Silizium- 
Riickwartsdiode dargestellt. 

Die Leistung wird weiterhin illustriert durch ein vierstufiges Register, dessen Grundlage ein mit 
10 zA pro Transistorstufe arbeitender Bauelementblock bildet. Dieses arbeitet zwischen —40 und 
+100°C in zufriedenstellender Weise bei 200 kHz. Sein Strombedarf betragt 360 »A. Eine Rechen- 
anlage mit 10 000 derartigen Stufen wiirde bei einem Kraftniveau von 300 mW einen Gesamtstrom- 
verbrauch von etwa 100 mA haben. 


INTRODUCTION By means of the planar process," whereby the 
Tuis paper will be concerned with the application junction surface is located under oxide, excellent 


of a new ultra-high-frequency silicon transistor 
to logic circuits operating at power levels in the 
microwatt region. 

The device is extremely small and has a base 
width of about $u. It has a maximum frequency 
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Fic. 1. Extended range of Arg with very low collector 
current for UHF transistor. 


of oscillation in excess of 1kMc/s, while the 
frequency of unity common-emitter-current gain 
is approximately 800 Mc/s. The collector capaci- 
tance, excluding that of the header, is about 


0-6 pF. 


control of surface effects is obtained. The range of 
usable d.c. current gain, Arg, is extended to below 
1 uA as shown for a typical unit in Fig. 1, because 
of the reduction in surface recombination. Fig. 2 
illustrates that the reduction in surface leakage 
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Fic. 2. Reverse collector current, Jczo, is plotted 
against temperature to show that it is extremely low, 
even at high temperatures. 


causes a reduction in collector leakage current 
Ico, to values which are far below any operating 
level, even for microwatt logic. 


It will be shown that high-speed switching 
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circuits are possible at these low-current levels, 
primarily because of the low collector capacity 
and the high gain-bandwidth product. These will 
be capable of operating in the 100 kc/s to 1 Mc/s 
range at collector currents of from 1 to 10 wA, 
respectively. 


NOTATION AND ABBREVIATIONS 
Symbol 
V voltage (V) 
Vee _ base-emitter voltage (V) 
Ver collector-base voltage (V) 
Ver  collector-emitter voltage (V) 
Vee collector supply voltage (V) 
current (A) 
collector current (A) 
base current (A) 
emitter current (A) 
collector-base leakage current (emitter 
open) (A) 
temperature 
power (W) 
propagation time (from 50 per cent point 
on input to 50 per cent point on output) 
(sec) 
frequency (c/s) 
d.c. current gain, or d.c. beta (dimension- 
less) 
no. parallel inputs (fan-in) (dimension- 
less) 
no. parallel outputs (fan-out) (dimension- 
less) 


Meaning 


Subscript 
(sat) 


Meaning 


in saturation 

(on) transistor in ‘‘on’’ state 
(Th) a threshold value 

t in tunnel direction 

D in diffusion direction 


Abbreviation Meaning 


TRL transistor-resistor logic 
DCTL direct-coupled transistor logic 
BDTL backward diode-transistor logic 


BACKWARD DIODE LOGIC 
The requirements of lightweight airborne or 
space equipment have been the main reason for 
the interest shown in microwatt-level circuits. 
Here the desire for low-current drain or low power 
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is augmented by the desirability of simplicity in the 
logic so as to keep the number of components, 
and therefore the weight, to a minimum. Compared 
to other forms of logic, diode—transistor"?:3) logic 
is most desirable from this point of view, because 
of what might be termed conservation of fan-in 
or fan-out at a given current level. That is to say 
that in other forms of logic, such as TRL or 
DCTL, excess drive current must be supplied to 
a given base node to make up for signal “‘leakage”’ 
away from the node. In TRL, the signal leakage is 
back to other fan-in stages which may be on, and 
in DCTL the leakage is to other bases in parallel 
which ‘“‘rob”’ the drive current available to a given 
base. Thus it may be said that for a given current 
level per stage, diode-transistor logic will give the 
highest fan-in and fan-out, since there are practic- 
ally no problems of leakage of available base drive 
current. If the term “‘efficiency”’ may be said to 
apply to this conservation of fan-in and fan-out 
at a given current level, then diode—transistor 
logic may be said to be the most efficient form of 
transistor logic presently available. 

A further simplification of diode logic is offered 
by the use of backward diodes,“ such as is shown 
in the ““NOT AND” logic circuit of Fig. 3. Here 
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Fic. 3. Backward diodes used in a “NOT AND” 


logic circuit. 


it is seen that there is no need for the voltage- 
translating or compensating devices necessary for 
turn-off in conventional diode-transistor logic. 
These usually consist of a diode, or else a resistor 
with a parallel capacitor, in series with the base 
with the addition of a negative supply to com- 
pensate for the drop through the diode. These 
components can be eliminated if backward diodes, 
which have a much lower drop, are used. 
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In Fig. 3 and henceforth, the terms V;, or voltage 
in the tunneling direction, and Vp, or voltage in 
the diffusion direction, are used to avoid confusion. 
The arrow points in the ‘easy flow’’ direction. 
The ‘‘NOR” configuration of Fig. 4 is still 
another possibility, but it may exhibit difficulties 


Fic. 4. Backward diodes used in a ““NOR”?’ logic circuit. 


of base-current robbing, as previously described 
in connection with DCTL. However, this can be 
kept to a minimum as long as the collectors are not 
tied in parallel, which constitutes the worst case 
condition for this effect in DCTL. 


DESIGN CONSIDERATIONS 
The d.c. conditions under which these micro- 
watt circuits will operate is of primary considera- 
tion. The formula for fan-out given in Fig. 3 is 
derived in Appendix A. It shows that fan-out is 
dependent upon d.c. beta and a “‘current source 
factor’. The current source factor is the ratio of 


MAIN CRITERION 
Vee (sat) + + > Vee (on) 


(a) 
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Ip 
J 


ON 
Vee (on) 
Leakage Poth 


Vee (sar) 


CRITERION FOR MINIMUM LEAKAGE 
Vee (sat) * Vo (tu) + V+ > Vee con) 


Leakage paths in BDTL (backward diode 


transistor logic) circuitry. 


available turn-on base current to collector current 
and is largely dependent on supply voltage. Very 
low supply voltages can be used when d.c. beta is 
high; however, it will be found that there is a loss 
of speed below a certain critical voltage. This 
results from the fact that as voltage is reduced 
there is a loss in turn-on drive current which causes 
a deterioration in rise time. For example, the 
circuits to be described later exhibit a loss in 
speed below 3 V, though it would be possible to 
operate them down to about 1 V while retaining a 
fan-out of 3 or 4, if we assume a minimum beta of 
of about 10. This, however, assumes no leakage 
through a path such as that of Fig. 5. The criterion 
necessary to keep this leakage to a minimum, 


MAIN CRITERIA 
Vtg > Vay 


(b) 


Fic. 6(a). Compensating circuit that increases Vcxz(sat) by adding an- 
other V+ term. (b) Compensating circuit that increases Vcz(sat) by 


clamping the collector. 
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shown in the figure, is developed in Appendix B. 
From this formula it appears that high values of 
Versaty, Vp and V; are desirable. This conflicts 
with the need to keep Vegjsat) and V; low for 
turn-off of the following stage, however. A com- 
promise must therefore be made. 

Since the changes in Vprrn, and Vggn, will 
be in the same direction with temperature, and 
since V; changes very little, the change of Vcxysat) 


type. It may be advantageous in some cases to 
increase the size of the drop in the tunneling 
direction of diode no. 2, and thus greatly increase 
the effective Vcxsat. 

The configuration of Fig. 6(b) effectively raises 
Versat) by clamping the collector and thus not 
allowing it to go into saturation. It is shown in 
Appendix C that in this case the condition of Fig. 
5 will be satisfied by the first criterion of Fig. 6(b). 
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Fic. 7. Characteristics of an experimental silicon backward diode. 


with temperature will have the greatest effect on 
this criterion. 

If the above conditions cannot be satisfied, then 
it would be possible to use two diodes in series in 
place of one. Even this expedient would offer 
advantages over ordinary diode logic, but, alterna- 
tively, a saving in diodes may be had by using 
circuits such as those of Fig. 6. 

The criterion shown in Fig. 5 then becomes that 
shown in Fig. 6(a) for this configuration. It can be 
seen that this effectively increases Vegxat) by 
adding another V; term. This formula will be 
strictly true only if the two diodes are of the same 


This puts the burden of satisfaction of this require- 
ment entirely on the diodes, and should be quite 
easy to meet. A second restriction is put on the 
diodes, however; this is necessary to assure turn- 
off of the following stage. In other words, it must 
be assured that the resulting effective Vexisat) is 
low enough to assure turn-off of the next stage. 
This is also shown in Appendix C. 

To illustrate the characteristics desired in a 
backward diode for operation at microampere 
levels, the characteristic curve of an experimental 
silicon backward diode is shown in Fig. 7. These 
diodes do not display any noticeable negative- 
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resistance region, as in a tunnel diode. This would 
actually be detrimental to proper operation of the 
circuits, since there would be a high value of 
leakage due to tunneling current in the diffusion 
direction. The diodes have been made over a wide 
range of tunnel voltages. 


RESULTS OF SWITCHING TESTS 

Fig. 8 shows average propagation time per stage 
through ten single stages vs. current for the BDTL 
(backward diode transistor logic) circuit using the 
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Fic. 8. Average propagation delay time per stage, 
through ten stages, vs. current. 


kMc/s planar transistor and experimental back- 
ward diodes, as compared with DCTL. These are 
found to be nearly identical. Above about 1 mA, 
speed is limited by storage, while below about 
1 mA, it is limited by fall time. This is due to the 
long charge-up time of the collector capacitance 
and associated capacitances to ground through the 
resistor. Low capacity is, therefore, essential for 
high-speed operation at low currents.) 

An important point to realize regarding the 
backward-diode logic, as opposed to DCTL, is 
that this curve represents the worst propagation 
time at low currents, since increased fan-out 
decreases propagation time. The reason for this is 
that the current available to charge the circuit 
capacitances is increased with fan-out. The further 
possibility that higher-level stages would give a de- 
crease in propagation time also suggests itself, and 
this has been found to be the case. In this way, a 
higher-level inverter can be used in a manner 
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similar to the way in which a emitter follower is 
used, to give increased fan-out with little loss in 
speed, or to step up the current level for going 
from low- to high-level operation. 
Simulated fan-in had very little effect on speed. 
Several flip-flops were built and gave the 
following results: 


Current Level Switching Rate 
(HA) (Mc/s) 


The decrease in switching rate with current is 
quite noticeable, as should be expected. ‘6.7? 


10 »zA SHIFT REGISTER 

In order to further demonstrate the feasibility 
of these circuits at low levels, a four-stage shift 
register of the type shown in Fig. 9 was built. 
This circuit was developed from a basic 10 vA 
backward-diode transistor logic block, from which 
most of the diodes were eliminated. The resulting 
circuit is a combination of DCTL and backward- 
diode circuitry; the two are compatible as long as 
no two bases are connected together. 

Operation is such that, if a given stage contains 
a “‘one”’ when a reset pulse arrives, it will trigger a 
one shot which will override the reset pulse on the 
next stage and thus set it to “‘one”’. 

This circuit has been found to operate satis- 
factorily, circulating all possible combinations of 
ones and ‘zeros, at 200 kc/s over a temperature 
range of from —40°C to + 100°C. 

Some difficulty was encountered with feed- 
through of fast signals, since the collector capaci- 
tance, diode capacitance, and resistor form a high- 
pass filter with increasingly lower cut-off frequency 
as the resistor is increased. However, if the rise time 
of the driving circuits is kept low, this does not 
present a problem. Also, low capacitance is bene- 
ficial in this regard. 

There was also considerable trouble with 
radiated noise pick-up, but proper shielding 
entirely eliminated this problem. The final 
enclosed circuit is practically impervious to 
external noise. 
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All Transistors - 2N9I7 


All Resistors -.33M 
(unless otherwise noted) 


Fic. 9. One stage of a low-level four-stage shift-register design. 


The four-stage shift register draws about 360 vA 
of current. A computer using 10,000 transistor 
building blocks of this type would draw a total 
current of about 100mA, at a power level of 


300 mW. 
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APPENDIX A 
From Fig. 3, considering only the collector node, 
we must require 


Ihpg > NI’ 
I 
N< hee(—-) (A.1) 
I’ 
Vee— Vex 
N< ce BE(on) (A.2) 
Vee—(V CE(sat) + 
APPENDIX B 


Tracing the leakage path of Fig. 5, we have 


Vit Viern > (B-1) 


where Vpyrn) and Vern) are defined as threshold values, 


specified at a given allowable leakage current. If we 
assume the worst case, however, Vern) might be very 
small, so that we have approximately 


Verwatyt+ Vit > (B.2) 


APPENDIX C 
In the case of Fig. 6(b), we have 


Vercat = Veron— Vi, 


Now substituting this into equation (B.2) 


V Vi,+ Vp,crny+ Vi, > Veron) 


Voyrny+ Vi, > Ve, (C.1) 
Therefore, it is adequate to specify 
Vpytn > Vi (C.2) 


For turn off, however, we must specify 
Versaty+ Vi, < 


substituting for 


Veron — Vi, < Veen 
Vi, > (C.3) 


therefore we must require at least that 


Vi, > Vi, (C.4) 
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Abstract—The theory developed in a previous paper by Hur LE, predicting the onset of constitutional 
supercooling during growth from a stirred melt, is verified experimentally for the case of the growth 
of <1105 oriented single crystals of germanium from a gallium-doped melt. Contrary to the ob- 
servations of BOLLING et al. it is found that the critical gradient of supercooling necessary to initiate 
cell formation is small or zero. The {110} cellular interface is briefly described. 

Some published work relating to certain imperfections in crystals of germanium grown from 
doped melts is reviewed and it is shown that the nature of the imperfections is both qualitatively 
and quantitatively consistent with their being due to the existence of constitutional supercooling 
during the growth of the crystals. 


Résumé—La théorie développée par HuRLE dans un précédent article qui prédisait le début de la 
surfusion de constitution durant le développement en partant de la fonte remuée est vérifiée ex- 
périmentalement pour le cas du développement de cristaux orientés simples <110> de germanium 
en partant de la fonte dopée au gallium. Contrairement aux observations de BOLLING et al., on a 
trouvé que la pente critique de la surfusion nécessaire pour initier la formation de cellule est trés faible 
ou zéro. L’interface cellulaire {110} est bri¢vement décrite. 

On revoit aussi certains travaux publiés qui sont relatifs 4 certaines imperfections dans les 
cristaux de germanium developpés des fontes dopées et on démontre que la nature de ces imperfec- 
tions est qualitativement et quantitativement consistante a ce qu’elle est due 4l’existence de surfusion 
de constitution durant de développement des cristaux. 


Zusammenfassung—Die in einem friiheren Artikel von HuRLE entwickelte Theorie, nach der 
beim Kristallwachstum aus einer geriihrten Schmelze Unterkiihlung stattfindet wurde im Fall der 
Ziichtung von lings der <1105 -Achse orientierten Germaniumeinkristallen aus einer mit Gallium 
dotierten Schmelze bestitigt. Im Gegensatz zu den Beobachtungen von BOLLING und Mitarbeitern 
ergab sich, dass der kritische Unterkiihlungsgradient, der zum Einsetzen der Keimbildung erforder- 
lich ist, klein oder Null ist. Die {110} Grenzflache der Keimkristalle wird kurz beschrieben. 
Existierende Veréffentlichungen iiber gewisse Fehlstellen in aus dotierten Schmelzen gezogenen 
Germaniumkristallen werden besprochen, und es wird gezeigt, dass die Natur der Fehlstellen ihrer 
qualitativen und quantitativen Beschaffenheit nach auf das Auftreten von Unterkiihlung wahrend des 
Kristallwachstums zuriickgefiihrt werden kann. 


1. INTRODUCTION The following expression was obtained,” for 
IN A previous paper") the theory of constitutional (dS/dx)z-9, the gradient of constitutional super- 
supercooling was applied to the case of crystal cooling in the melt at the interface between a 
growth from a stirred melt. In the present paper rotating crystal and its melt, 
the results of some experiments carried out to 
test the theory are given together with a brief mfC(1—k) K;G;—Lpf 
description of the cellular structure. dx } Dk * 


(1) 
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where 
m = slope of the liquidus line from the 
phase diagram for the binary alloy 
f = growth rate 
D = diffusion coefficient for the solute in 
the molten solvent 
k = distribution coefficient 
C; = concentration of solute in the solid at 
the interface 
K;, Kr, = thermal conductivities of the solid and 
liquid respectively at the equilibrium 
temperature 
L = latent heat of fusion of the solvent 
p = density of the solvent 
S = supercooling 


Equation (1) can be expressed in terms of Cz, 
the concentration of solute in the bulk melt, by 
the equation due to BuRTON ef al., °°) 


k 
“k+(1—R) exp(—A) 


where A = f8/D, 5 = 1-6 Dl3y1'6q-1"2, is the 
thickness of the diffusion-dominated boundary 
layer. w is the angular velocity of the crystal and v 
the kinematic viscosity of the melt. 

The first and second terms on the right-hand side 
of equation (1) represent the slope, in the melt 
at the interface, of the equilibrium liquidus tem- 
perature distribution (d7'g/dx)z-9 and the actual 
temperature distribution (Gz) respectively. 

The onset of constitutional supercooling during 
the growth of a metal single crystal from an un- 
stirred melt is known to produce a change in the 
morphology of the solid—liquid interface from a feat- 
ureless to a cellular form.®) Intermediate between 
the cellular and featureless forms, the interface be- 
comes pocked.“:5) The cells, which can be seen on 
the solid growth surface from which the melt has 
been rapidly decanted, are perpetuated through the 
crystal and hence the crystal consists of a number 
of parallel elements of prismatic form. The 
boundaries between the cells are enriched or 
depleted in solute according as RkS1 re- 
spectively.) Markings on the free surface of the 
crystal called corrugations can be seen where 
pairs of elements intersect the free surface. The 
published work relating to the effects of con- 
stitutional supercooling during growth from the 
melt has been reviewed by ELBaum. ©) 
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The effects of constitutional supercooling on the 
solid—liquid interface morphologies of the semi- 
conducting materials have not been extensively 
studied, the only work being that of BOLLING et 
al.‘?) These authors investigated qualitatively the 
effects of constitutional supercooling on the 
growth, in a horizontal boat, of single crystals of 
germanium doped with gallium. 

To the authors’ knowledge, the effects of con- 
stitutional supercooling during crystal growth 
from a stirred melt has not been investigated 
previously. The advantage of stirring is that is 
imposes an impurity distribution in the melt 
which can be calculated and which, if the stirring 
is adequate, is not affected appreciably by any 
convective mixing in the melt. 

The effects of constitutional supercooling on the 
growth of semiconducting materials obviously 
merit further study particularly in view of the 
present-day requirements for degenerately doped 
material for Esaki diodes.) Accordingly, we have 
studied cell formation in germanium single crystals 
doped with gallium which were grown, by the 
Czochralski technique, from a stirred melt. 


2. EXPERIMENTAL TECHNIQUES 

A Czochralski crystal puller, developed in this 
laboratory to produce high-quality single crystals 
for research purposes, was used to grow oriented 
single crystals having a wide range of gallium con- 
centrations. Each crystal was grown from a 100 g 
melt in an ambient atmosphere of dry argon and a 
variety of pull rates, ranging from 8x10- to 
1-75 x 10-8 in/sec with crystal rotation rates of 
10, 70 and 150 rev/min, were employed. The work 
reported here is concerned mainly with crystals 
grown on the <110) axis, but crystals have also 
been grown on other axes. A <110> growth axis 
was chosen so that the development of cellular 
structure and the resultant dislocation configura- 
tions could be traced down the crystal with the 
aid of suitable etching techniques. 

With the high concentrations of gallium used, 
it was found necessary to remove all traces of 
water vapour and/or oxygen from the working 
chamber, otherwise reaction with the hot gallium 
coated the cooler parts of the chamber with a 
brownish powder. Therefore the apparatus was 
evacuated through a liquid-oxygen trap to a 
pressure of 0-03 mm Hg for a period of at least 
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30 min to drive off moisture absorbed in the 
graphite. Argon, which had been passed through 
a liquid-oxygen trap, was then flushed through the 
system for at least 15 min before the charge was 
melted and crystal growth commenced. The total 
weight of germanium/gallium was determined 
before and after crystal growth to check that no 
significant loss of gallium had occurred. 

The germanium zone-refined material 
having an extrinsic carrier concentration of the 
order of 5x 10!2cm-* and was etched in CP-4 
etchant and carefully dried immediately before 
use. The gallium was quoted by the supplier (L. 
Light & Co.) to be 99-999 per cent pure and was 
further cleaned and purified by crystallizing it 
under dilute hydrochloric acid. 

Every effort was made to keep the crystals all 
of the same size and shape. The crystals were 
grown out smoothly from the seed crystal to a 
constant diameter and, throughout the growth, 
rapid or large-scale changes in power to the melt 


was 


were avoided. 

For each growth rate the gallium concentration 
was adjusted so that corrugations first appeared 
on the crystal surface when between ~ 40 and 
~ 60 per cent of the crystal had been grown. 
(Fig. 1 is a photograph of part of a <110> oriented 
crystal showing corrugations.) To establish that 
the corrugations were a visible manifestation of a 
cellular interface, the following experiment was 
performed. A growing crystal was rapidly with- 
drawn from the melt approximately 3 mm after 
corrugations appeared on the surface and it was 
noted that the interface was cellular. ‘The experi- 
ment was repeated under identical conditions, 
only this time the crystal was rapidly withdrawn 
from the melt at a point just before corrugations 
would appear. The interface was then found to be 
smooth with no evidence of cells. Fig. 2 is a photo- 
graph of a cellular interface. It was therefore con- 
cluded that surface corrugations marked the onset 
of cellular growth. 

All the crystals were cut perpendicular to the 
growth axis, with a diamond wheel, at the point at 
which corrugations appeared on the free surface, 
and the fraction of the total charge which had been 
crystallized when corrugations appeared was 
determined by weighing. The top halves of the 
crystals (the precellular regions) were then 
sectioned along one of the {111} planes parallel 
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to the axis of growth, etched and examined to check 
that the crystals were single. The etchant used was 
one developed by CumMMEROW and CHERRY")? 
[HF—-HNOs (1:3) at 70°C for about 2 sec] specific- 
ally for showing dislocation etch pits in degener- 
ately doped germanium. The optimum etching 
time was found to be ~ 15sec (considerably 
longer than that stated by CUMMEROW and 
Cuerry)), Alternatively, the etchant was used 
cold with an etching time of ~ 4 min. 

The concentration of gallium in the solid at 
the point at which corrugations began to form 
(Cs,) was evaluated using the normal freeze 
equation 10) 

= (3) 
where Cz, = initial concentration of gallium in the 
melt and g = fraction of melt solidified. The 


effective distribution coefficient (Rere) was cal- 
culated using the BurToN et al. formula? 


k 
-k+(1—A) exp(—A) 


The true growth rate (f) at the point at which 
corrugations first formed was computed from the 
pull rate (f!) and the rate of fall of liquid level in 
the crucible. It can easily be shown that 


(5) 


m 


(4) 


Rett 


where rm = radius of the crucible in the plane of 
the solid—liquid interface and r, = radius of the 
crystal. 

The radius of the crystal was measured directly 
and the radius of the melt surface at the point at 
which corrugations formed was calculated from a 
knowledge of the profile of the crucible. 


3. RESULTS 

The relevant experimental data for the crystals 
grown is shown in Table 1. 

Referring to equation (1) and making the 
assumption that a fixed critical value of (dS/dx)z=0 
is necessary to initiate cell formation, it can be seen 
that a graph of In Cs, vs. In f should be linear at 
slow growth rates with a slope of —1 but that Cs, 
should fall off more rapidly at fast rates of growth 
when the term Lpf becomes significant compared 
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Fic. 1. Bottom half of a <110>5 oriented gallium-doped germanium 
crystal grown under conditions of constitutional supercooling showing 
corrugations. Magnification x 


Fic. 2. Growth surface of <110> oriented gallium-doped germanium 
crystal just after corrugations had appeared, showing cellular interface. 
Arrows indicate positions of small {111} facets. Magnification x2°8. 
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CONSTITUTIONAL SUPERCOOLING 
Table 1* 


| Cone. in Cone. in | 
Growth | Rotation | Initial conc. | Fraction liquid when | solid when | p!Cs | piCef 
Crystal rate f rate w of Gain solidified | cells formed | cells formed (°C) +(10-8°C cm 
no (10-3cm | (rev/min) | melt, Cr, | when cells Cy City | sec") 
sec~!) (at. percent)| formed g | (at. per cent) | (at. per cent) | 
HC 92 1-96 70 0-5970 0-593 1-34 0-130 5-19 10-17 
HC 95 1-09 70 1-198 0-601 2-78 0-234 10-08 10-99 
HC 96 5+19 70 0-1065 0-519 0-200 0-0274 | 1-04 5-41 
HC 97 0:529 70 | 2-590 0-605 6°15 0-424 22-03 | 11-65 
HC 99 4-48 70 0-1473 | 0-542 0-291 0-0375 | 1-43 6-40 
HC 100 3°54 10 0:2040 | 0:437 0-324 00632 | 2-42 | 8-56 
HC 106 355 | 1580 0-2720 | 0-519 0-523 0-0559 2°15 7°65 
HC 123 0-452 | 150 2-880 0-568 6°31 0-410 22:16 10-02 
HC 130 Ki 70 0-2430 | 0-393 0-378 0-0442 1-70 5-99 
HC 137 0-251 | 70 5-050 0-620 12-61 0-681 45-63 11-45 
HC 152 5:79 | 70 0-0811 0-585 0-172 0-0249 0-95 5-48 
| ‘ ‘ 1-59 2 
| | 0-374 


to K;Gs and, therefore, Gz becomes smaller. 
The above pre-supposes that the other parameters 
in the equation are independent of the growth 
conditions. However both k and m are functions 
of concentration. 

TRUMBORE ef al.“1l) have determined experi- 
mentally the dependence of k on temperature for 
the binary system Ga-Ge and their results are 


* All crystals were grown on a <110) axis with the exception of HC 151 which was grown on a <321) axis. 


replotted as k vs. melt concentration (Cz) in Fig. 3 
and a smooth curve has been drawn through the 
points. THURMOND and Kowatcnik"®?) have re- 
determined the liquidus curve of the Ga-—Ge 
system and have found that its behaviour is near 
ideal. Employing the assumption that the heat 
capacities of solid and liquid germanium are equal, 
then the slope of the liquidus line is given by") 


0-10 T T T T 


0-09F 


0-08 


0:07 


0-06 


Distribution coefficient, 


*°° {L—T°R In y}2y 


where y = (100—C,)/100, T° = melting tem- 
perature of pure germanium and R = gas con- 
stant. Using equation (6) and values of k from 
Fig. 3 the parameter p! = —m(1—h)/k has been 
calculated and is plotted against Cz, in Fig. 4. 

In Fig. 5 the experimental data have been plotted 


(6) 


+ in the form In p!C; vs. In f, the appropriate values 


of p! being obtained from Fig. 4. The graph has 
the form predicted by equation (1) (compare Fig. 3 
in Ref. 1). In calculating Cs = ketpCy, the appro- 
priate value of k (that corresponding to the value 


0:04 
at.% 


2 a 6 
Concentration in melt C,, 


concentration: gallium in germanium. (Data of TRuM- 
BoRE et al.(1) replotted.) 


Fic. 3. Dependence of distribution coefficient on melt 


izof Cy) was obtained from Fig. 3 and substituted 
in the equation (4). 
The crystal rotation rate was 70 rev/min for all 
but four crystals; two crystals (HC 106 and 
HC 123) were grown at 150rev/min and two 
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70 T T T T 


2 4 6 8 10 
Concentration in melt C,, at% 


Fic. 4. Dependence of p! = [—m(1—)]/k on melt con- 
centration: gallium in germanium. 


(HC 100 and HC 155) at 10 rev/min. The experi- 
mental points for all the crystals, irrespective of 
rotation rate, lie fairly close to the smooth curve in 
Fig. 5. The radial uniformity of the gallium in 
crystals rotated at only 10 rev/min is poor: the 
gallium concentration is highest in the centre of 
the growing crystal and therefore cell structure 
forms first in the centre. In crystals grown at the 
fastest rates (crystals HC 96 and HC 152), cell 
formation could be distinguished at the periphery 
at an earlier stage than that at which the crystal 
was wholly cellular. For the above crystals, the 
criterion that corrugations indicated the onset of 
cellular growth was not adequate and therefore 
the crystals were first sectioned longitudinally and 
etched to delineate the position at which cell forma- 
tion occurred in the bulk of the crystal. 

The theory of Burton et al.‘*) does not account 
for the radial non-uniformity of solute concentra- 
tion which is observed in the slowly rotated 
crystals. The probable reason is that the BuRTON 
et al.) theory is derived for the case of a planar 
disk rotating in an infinite melt, whereas, in 
practice, the melt is contained in a crucible of 
linear dimensions of the order of twice the radius 
of the crystal. We have found that the radial 
uniformity is adequate provided that the rotation 
rate is greater than 50 rev/min. In our experiments, 


the crystal radius was 0-9-1-0 cm; the radius of 
the melt at the commencement of growth was 
2:25cm and ~ 20cm at the point at which 
cellular growth commenced. The profile of the 
crucible approximates to a paraboloid of re- 
volution, and the solid—liquid interface was 
approximately planar. 

Fig. 5 shows that, provided the rotation rate is 
sufficiently large to give a radially uniform con- 
centration of gallium, the rotation rate has no 
significant effect upon the onset of cellular growth 
for rotation rates up to 150 rev/min (boundary 
layer thickness down to 0-007 cm). If the results 
are expressed in terms of Cy, instead of Cs, then 
the rotation rate does influence the onset of 
cellular growth because it produces a change in 
Retr. 

Calculated concentrations (Table 1, col. 7), 
were checked by Hall and resistivity measurements 
on specimens cut immediately above the cellular 
region from eight of the crystals, and the values 
were found to agree, in all cases, to within + 15 per 
cent. Limits of + 15 per cent have therefore been 
drawn on all experimental points in Figs. 5 and 6. 

If we now accept the validity of the theory 
together with the assumption that a fixed critical 
value of (dS/dx)z-9 is required to initiate cell 
formation, then one would like to calculate this 
value of (dS/dx). The calculation involves 
a knowledge of G,. Gz is the temperature gradient 
in the melt at the interface and, in a stirred melt, 
the temperature gradient falls with distance (x) 
from the interface for distances x > 8. Since 
0 <x <6 is too small a region in which to 
measure the temperature gradient directly, Gz 
must be determined indirectly. 

Rewriting equation (1), 


Ki Ki 
(7) 
we see that a graph of p!C sf vs. f should be linear 
with a slope of DLp/Ky,. The experimental data 
are plotted in this form in Fig. 6. The two lines 
drawn are the probable limits for the slope. Using 
a value of L = 8100 cal/g atom (GREINER"®)) and 
p = 5-4 g/cm? we obtain K,/D = 3-7-8-1 x 102 cal 
deg~!. BURTON and SLICHTER"4) and BuRTON 
et al.) give two values for D for gallium in 
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germanium—namely 10-44) and 7-5 x 10-55) cm? 
sec! respectively. Our Hall measurements on 
crystals grown at fast rates indicate that the value 
D = 10-*cm?sec-! is the more appropriate. 
Accordingly we have adopted this value. Hence 
the range of Ky, values is 0-037—0-081 cal cm—! 
sec! deg-1. Since the electrical conductivity of 
molten germanium at the melting point is known, 


Fig. 6 and using ABeLEs’"?) value for Ks and the 
Ky, value obtained from the slope of Fig. 6, it is 
found that 


aS \(cn 
= 142—1-62G,(°C/cm) 
dx} 


or 102—0-74G,(°C/cm) (8) 


100 


No cells 


0:5 


20 


Growth rate f, sec"! 


Fic. 5. Graph of p1 Cs for which cellular growth commenced 
as a function of growth rate f. (Crystal rotation rates: 2 10 
rev/min; X 70 rev/min; O 150 rev/min.) 


1:56 x 104 Q-1cm-! (DomentcaLi™®), a rough 
estimate for Kz, can be obtained using the Lorentz 
number. This gives a value of Ky = 0-112 cal 
sec~! deg“!, which is somewhat greater than 
that obtained here. No experimentally determined 
value for Kz, could be found in the literature. The 
value of Ks for degenerately doped germanium 
has been determined experimentally by ABELEs"?) 
to be 0-06 cal (This value is 
obtained by extrapolating data from ~ 800°C to 
the melting point.) 

From the two intercepts on the ordinate of 


The temperature gradient in the solid (Gs) was 
determined experimentally by inserting three 
thermocouples into a crystal and melting back the 
crystal almost to the lowest of the three thermo- 
couples, then regrowing the crystal at a known 
rate and simultaneously recording temperature and 
time. Since the gallium concentration was always 
adjusted so that cellular growth commenced when 
between 34-9 per cent and 60-5 per cent of the 
crystal had grown (see Table 1, col. 5), and since 
it would be expected that the value of Gs would 
depend upon the amount of crystal grown, we 
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determined the value of Gs when approximately 
50 per cent of the crystal had been grown. The 
value of Gs, obtained by extrapolating the tem- 


perature-time curve to the interface, was 
14 4 
| 
12+] | 
T | 
e | 
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Growth rate f, sec’ 


Fic. 6. Graph of p!Cs f for which cellular growth com- 
menced as a function of growth rate f. (Crystal rotation 


rates: 10 rev/min; X70 rev/min; © 150 rev/min.) 


95 + 15°C/cm. The pull rate used in this experi- 
ment was 10-%in/sec with no crystal rotation: 
the value of Gs is unlikely to depend, to a first 
order, on either pull rate or rotation rate within the 
range employed in these experiments. Therefore 
the values of (dS/dx)), from equations (8) 
are —12 +32°C/cm The 
accuracy of these values is poor since the value of 
(dS/dx)S> is obtained as the difference of two 
large numbers one of which is uncertain owing to 


and respectively. 


the uncertainty in the values of the thermal con- 
One only conclude _ that 
must be small (<70°C/cm) or 


ductivities. can 


(dS/dx) 


zero, 


4. METALLOGRAPHIC EXAMINATION OF THE 

CRYSTALS 

A. The {110} cellular interface 
Several crystals were rapidly withdrawn from 
the melt soon after corrugations had formed. A 
magnified portion of a cellular interface is shown in 
Fig. 7. The cells are very elongated, the long axis 
being the <110) direction in the plane of the 
interface. The usual droplet of melt adhered to 
the centre of the interface as the crystal was with- 
drawn from the melt, and it can be seen in Fig. 2, 
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that the cellular structure persists into this region. 
However, only the periphery of the interface was 
examined where it could be assumed that the 
macro-structure was characteristic of the interface 
during steady growth. The highly doped german- 
ium is wetted by its melt more readily than is 
lightly or undoped germanium. For this reason 
it has not been possible to examine the cellular 
interface on the very heavily doped crystals. 

The geometrical configurations of the cells were 
examined using an optical goniometer. Two small 
{111} facets (arrowed) can be seen at the periphery 
of the interface in Fig. 2. The {111} facets form one 
face of the cell at the edge, but the faces of all other 
cells are less steeply inclined to the (110) surface; 
the inclination is variable and lies between 5° and 
10°. The cell faces frequently exhibit a platelet 
structure and may be vicinal, i.e. made up of {111} 
steps. The cell widths are of the order of 
0-1-0-2 mm. In the vicinity of the {111} facets, 
the elongated cells are somewhat broken up. The 
faces which make up the ends of the elongated 
cells are inclined at steeper angles to the plane of 
the interface (~ 24)°, but cannot be identified 
conclusively with any low-index planes in the 
germanium lattice. 


B. Delineation of cell boundaries by etching 

The boundaries between the cells have been 
delineated in the bulk of the crystals by cutting 
the crystals on {110} and {111} planes and etching. 
In examining the crystals, three types of surface 
were used: 

(1) The (110) surface parallel to the plane of 
the interface [(110) para.]. Here the etchant shows 
the cell boundaries but no dislocations. 

(2) The two vertical {111} planes, normal to 
the plane of the interface ({111} vert.). Here the 
etchant shows the cell boundaries and dislocation 
etch pits. 

(3) The two {111} planes which are obliquely 
inclined (at 35° 16’) to the plane of the interface 
({111} obl.). Again the etchant shows both cell 
walls and dislocation etch pits. 

The etchant (CUMMEROW and CHERRY), used 
either hot or cold, was found to show up the cell 
walls, where they intersect the surface, as dark 
lines on the polished face. Fig. 8 is a photomicro- 
graph of a (110) para. surface and shows the cell 
walls with their long axis in the <110) direction. 
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Fic. 7. Portion of a {110} cellular interface. Magnification 
x 34. 


Fic. 8. Regular cell walls on a (110) surface parallel to the plane of 
the interface delineated by etching. Magnification x80. 
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Fic. 9. Regular cell walls on a {111} surface perpendicular to the 
plane of the interface delineated by etching. Dark circular areas are 
dislocation pits which are slightly out of focus. Magnification x 62. 


Fic. 10. Irregular cell walls on (110) surface parallel to the plane of 
the interface. Magnification xX9-6. 
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The visibility of the cell walls is improved by using 
the technique of narrow-pencil high-intensity 
illumination and moving the surface slightly out of 
focus. The branching at the ends of each cell is 
also visible. Fig. 9 is a photomicrograph of a {111} 
vert. face of a crystal taken under similar conditions 
and shows how the boundaries between the cells 
are propagated down the crystal. The boundaries 
can be traced across the common edge of these two 
faces. Fig. 9 shows that the cells are not in fact 
macro-steps which sweep laterally across the inter- 
face but that the cells grow more or less inde- 
pendently of each other, straight down the crystal. 
The bounding surfaces between the cells are 
therefore approximately {100} planes. 

The regular cell structures described above are 
characteristic of the early stages of cellular de- 
velopment. At a more advanced stage, but still 
with the crystal essentially single, the boundaries 
between the cells are delineated by irregular 
closed loops as shown by the photomicrograph 
of a (110) para. surface (Fig. 10). 

Examination of a {111} obl. surface, cut in the 
irregular cell region, showed clusters of dislocations 
associated with the enclosed irregular areas. We 
have found no evidence of any dislocation arrays 
associated with the early stages of cell develop- 
ment. 

The commencement of regular cells correlates 
with the commencement of corrugations and a 
cellular interface, and this is the criterion adopted 
in connexion with the quantitative experiments 
described in this paper. 

It is proposed to describe the features of the 
cellular structure in more detail in a subsequent 


paper. 


C. Lamellar twinning 

Within the limits of resolution of the optical 
microscope, no lamellar twinning in the pre- 
cellular region of carefully grown crystals could be 
detected. ‘This is in contradiction to the observa- 
tions of BoLLinec et al., that lamellar twinning 
preceded cell formation. Only in crystals containing 
lineage have we observed lamellar twinning prior 
to cell formation. 


D. Distribution of gallium 
It is to be expected that the cell walls contain 
an excess concentration of gallium and indeed, in 
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crystals grown under extreme conditions of con- 
stitutional supercooling, occlusions of free gallium 
are present. 
5. DISCUSSION 

A. The quantitative results 

The conclusion reached, in Section 3, that the 
critical gradient of constitutional supercooling 
(dS/dx), necessary to initiate cell formation 
was small or zero is not in agreement with the 
findings of BoLLING et al.) These authors state 
that a concentration of gallium in the germanium 
twenty times that expected was required to produce 
cells. In their experiment they obtained a cellular 
structure when the gallium concentration reached 
approximately 0-2 at. per cent, whereas, on the 
basis of the theory of TILLER ef al.28) (see below), 
cellular structure would have been expected with 
only 0-01 at. per cent gallium. Therefore, 


dS \ (cn 
= and (=) 
dx / 2-0 dx 
They do not state the value of Gz which they em- 
ployed but it can be seen that even modest values 
of Gz, (say 20°C/cm) imply large values of 
(dS/dx)“, (380°C/cm). 
The equation of TILLER et al."18) for the onset of 
constitutional supercooling in an unstirred melt is 
Gr m(1—k) 


0) 


= 19G, 


z=0 


Equations (1) and (9) are equivalent if 


‘dS aS \ (Cnr 
dx z=0 ax z=-0 
(b) Cn 


Equation (9) has been verified experimentally for 
a number of metal alloys (TILLER and Rutter, ©) 
Wa ton et al.) and PLaskeTT and WINEGARD"9?), 
The supposition, that kere = 1, is valid provided 
that natural convection does not perturb the 
impurity distribution ahead of the solid—liquid 
interface which is set up by diffusion. WAGNER 9) 
has shown that, for a solid—liquid interface lying 
in a vertical plane, this condition holds provided 
that f is large and & is near unity. 

Possible reasons for the discrepancy in 
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(dS/dx) between the present values and 
those of BoLLtNG et al.) are firstly a difference in 
the value of D employed (BOLLING et al.,) do 
not state the value which they used) and secondly 
that, in the experiment of BoLLING et al.,”) Reger 
may not have been equal to unity because of some 
convective mixing. The use of stirring by crystal 
rotation in the present experiments reduced the 
effects of convection and enabled us to calculate 
accurately the value of Reg. 

However, there is a further point: BOLLING 
et al.) grew their crystals on a (321 > axis whereas, 
in the experiments described in this paper, the 
crystals were grown on a <110> axis. To verify 
that the discrepancy was not due to the difference 
in orientation, a crystal (HC 151: see Table 1) 
was grown on a <321) axis in the usual way. It 
can be seen, comparing HC 151 with its equivalent 
<110 crystal, HC 130, in Table 1, that the condi- 
tions under which cellular growth commences 
are not different, within the experimental error, 
from the <110> orientation. 


B. Review 
Several workers have reported gross sub- 
structures and impurity inhomogeneities, including 


the presence of a second phase, in their crystals 
which are consistent, as is shown below, with their 
being due to constitutional supercooling (although 
this has not been consistently appreciated). 


MortiMer®@!) and also ALEKSEEVA and 
E.tseEv?) noted substructures in pulled crystals 
of bismuth-doped germanium. Mortimer?!) 
found that noticeable flaws appeared in the crystal 
at about 40 per cent from the top where the melt 
concentration was ~ 1-3 per cent bismuth, and the 
ingot became a random polycrystal at about 
75 per cent from the top where the bismuth 
concentration was ~ 3-2 per cent. In Ref. 21 there 
is a photograph of a transverse section of a crystal, 
etched in a silver nitrate etchant, on which are 
deep grooves where excess bismuth had been 
etched out. The orientation of the crystals is not 
stated but the grooves are undoubtedly cell walls. 
ALEKSEEVA and ELIseev?) grew <110> and <111) 
oriented crystals and examined cut longitudinal 
and transverse {111} faces respectively which had 
been etched in a Ks[F(CN)g]+KOH etchant to 
reveal dislocation etch pits. These authors found 
that when a concentration of bismuth of 2 x 1016 
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cm in the solid was reached, a sudden increase, 
by a few orders of magnitude, in dislocation 
density occurred. Simultaneously with the increase 
in dislocation density, wavy convex bands appeared 
on the external surface of the crystals and extended 
to the bottom of the crystals. It would seem 
highly probable that these bands were the corruga- 
tions of our terminology, and that the increase in 
dislocation density was associated with the later 
stages of cell formation. ALEKSEEVA and ELIsEEv®?) 
found that the same concentration of antimony 
in the solid did not produce these effects. This 
result is consistent with equation (1) since the 
distribution coefficient for antimony is greater 
than that for bismuth (Asp = 0-003, Api = 4-5 x 
10-5); the value of (d7'z/dx)z~0 is therefore smaller 
for antimony. ALEKSEEVA and ELIsEEV?) suggested 
that the sudden increase in dislocation density 
was connected with reaching the solubility limit 
of bismuth in germanium, leading to the incorpora- 
tion of a second phase. However, they found that, 
by lowering the growth rate, the concentration of 
bismuth corresponding to the increase in dis- 
location density was increased somewhat. 

Similar results were obtained by 'TRUMBORE®?) 
for germanium crystals pulled from tin-doped 
melts. TRuMBoRE 3) found that, with a pull rate 
of 3 cm/hr and an unspecified tin concentration, 
the crystals contained numerous patches of 
occluded tin about 0-05 mm in diameter. With a 
pull rate of 0-5 cm/hr, little or no evidence of 
occlusions was obtained. 

TYLER and Woopsury, 24) TyLer et al.'5) and 
Woopsury and Ty er®®) report the abrupt onset 
of a‘‘lineage’’ structure on the free surface of ¢100 > 
oriented germanium monocrystals doped with iron, 
manganese or cobalt. TYLER and Woopsury 4) 
demonstrated, using radioactive iron, that the 
onset of lineage is accompanied by the incorpora- 
tion of relatively large amounts of iron in pockets 
in the growing crystals. It was found 5.26) that 
under the same growth conditions approximately 
the same concentrations in the liquid of manganese 
or cobalt were required to produce the “‘lineage”’ 
structure, which is consistent with equation (1). 
The ‘“‘lineage’’ obviously corresponds to our 
corrugations. However these authors report that, 
by reducing the growth rate from 6cm/hr to 
1-5 cm/hr (a factor of 4), they were able to increase 
the manganese content in the solid by roughly 
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ten times. This result is not consistent with 
equation (1) unless the change in growth rate was 
accompanied by a large change in temperature 
gradient in the melt. 

E.uis®?) shows a photograph of an etched 
section of a (100 oriented melt-grown germanium 
~(15 per cent) silicon crystal which shows rumpled 
growth striae. Another figure shows regular cell 
walls (analogous to our Fig. 8). ELiis‘°’) describes 
this form of growth as equilibrium growth, stating 
that the interface is composed of pyramidal 
equilibrium projections. ELLtis®?) also indicates 
that some of the dislocations lie in the boundaries 
between the projections, though the photograph 
is one of regular cell walls with no well-developed 
dislocation structure. 

Ros1'?8) describes a hexagonal lineage structure 
which developed on pure germanium crystals 
grown at fast rates and also on nickel-doped 
germanium at ordinary growth rates, and compares 
the structure with the equilibrium structure 
described by 

TRUMBORE®9) has reported finding small pre- 
cipitates of germanium arsenide in heavily arsenic- 
doped germanium crystals. It seems probable 
that these precipitates form in the cell walls during 
cooling of the crystal owing to the retrograde 
solid solubility exhibited by arsenic in germanium. 
This suggestion is supported by our own observa- 
tions on cell formation in arsenic-doped yer- 
manium. 

In Table 2, the relevant experimental growth 
data, where given, are listed from the literature 
cited above, and the gradient of the equilibrium 
liquidus line at the interface corresponding to the 
point at which the described substructure formed 
is calculated from the equation”) 


The appropriate values of m and k are obtained 
from the reviews of THURMOND and Kowa.cuik 2) 
and TRuMBORE, °°) respectively. A value of 10-4 
cm? sec~! is used for the diffusion coefficient in all 
cases. Typically, for liquid metals D lies in the 
range 10-4-10-5 cm? sec"! (FRENKEL®!)), If the 
smaller value of 10-5 cm? sec~! was appropriate, 
the values of (d7Tz/dx)z-9 in Table 2 would be 
multiplied by a factor of 10. 


It will be noted that the values of (d7'z/dx)z-0 
are all of the same order and are smaller by approxi- 
mately a factor of 2-5 from those determined 
experimentally by the present authors. It may be 
that the diffusion coefficients are slightly smaller 
than the value of 10-4 cm? sec-! employed here. 
A further point is that the pull rate (f1) rather 
than the true growth rate (f) has been used in 
the calculations. (With our crystal pulling equip- 
ment is typically 1-3-1-5.) 

Since the onset of constitutional supercooling 
leads to the incorporation of the impurity in higher 
concentrations than predicted by the normal 
freeze equation, it is important to know whether or 
not the data of ‘TRUMBORE ef al.“1) for the de- 
pendence of k on concentration, which has been 
used in Section 3, was obtained from crystals 
grown under conditions which avoided the 
occurrence of constitutional supercooling. ‘TRUM- 
BORE et al.) produced their crystals both by 
pulling and by the thermal-gradient technique. 
The data for the range of concentrations in which 
we are interested (0-12-6 at. per cent) was obtained 
from pulled crystals. The crystals were grown in 
a <111) direction at a pull rate of 0-5 cm/hr with a 
rotation rate of 144 rev/min. The seed crystals 
used were of the same diameter as the final crystal. 
At the slow growth rate and with the high rotation 
rate, kere > k and hence the slope of the equili- 
brium liquidus line is given approximately by 


mfCy(1—k) 
( dx D 

and is not sensitive to the actual value of k, pro- 
vided k < 1. The maximum concentration in the 
melt which TRuMBoRE et al.21) employed was 
10-32 at. per cent. Taking m = 3-75°C/ per cent, 
D = 10-4 cm? sec“! and (1—) = 1, then 


aTz 
= 54°C/cm 
d z=0 


x 


which is probably slightly less than Gz and there- 
fore constitutional supercooling was probably 
not present. The possibility of anisotropic segrega- 
tion cannot be ignored (HULME and MULLIN®?)), 
and the dependence of k on Cz may be different 
for growth in the <110) direction and in the 
<111) direction. found no orientation 
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dependence for gallium in germanium but 
DikuHorF*) reports that gallium exhibits a small 
“facet effect” in germanium, the ratio k (on the 
facet) to k (off the facet) being 0-85. Thus the data 
of ‘TRUMBORE et al.) may be slightly, but should 
not be seriously, in error. 


6. CONCLUSIONS 

Making the assumption that the regular cellular 
structure forms at a fixed critical gradient of super- 
cooling (dS/dx)), the theory predicting the 
onset of constitutional supercooling in a stirred 
melt has been verified for a wide range of concen- 
trations and growth rates for the case of the growth 
of <110> oriented germanium crystals from 
gallium-doped melts. Further, it is concluded 
that the value of (dS/dx), is probably zero and 
anyway not greater than 70°C/cm. We have been 
unable to specify the limits of (dS/dx)“°, more 
precisely because of the uncertainty in the value 
of K;/Ky used in the calculation of G,. The 
conclusions that (d.S/dx)"), ~ 0 was substantiated, 
within the experimental limits, for a crystal grown 
on a <321> axis. The latter result is not in agree- 
ment with the findings of BoLLING et al.) who 
studied the growth of the same alloy system from 
an unstirred melt. The reason for the discrepancy 
cannot be firmly deduced because BOLLING et 
al.) do not give sufficient quantitative data. 

The advantage gained by the use of a stirred 
melt in a study of the effects of constitutional 
supercooling is that stirring imposes a solute 
distribution in the melt which can be accurately 
calculated and which is not seriously affected by 
convective mixing even at the slowest growth 
rates. By contrast, with unstirred melts, the 
solute distribution in the melt at slow growth 
rates may be dominated by convection effects and 
the solute distribution cannot be readily cal- 
culated. 

Evidence of cellular structure has been obtained 
in three ways: (a) by the corrugations on the free 
surface of the crystal, (b) by rapidly withdrawing 
the crystal from the melt during growth to reveal 
the cellular growth surface and (c) by etching 
on (110) and {111} surfaces of the crystal to reveal 
the boundaries between the cells. Two types of 
cell wall, designated regular and irregular, have 
been identified by etching, and it has been noted 
that a large increase in dislocation density is 
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associated with the irregular cell walls. As might 
be expected, the cells show a much more pro- 
nounced crystallographic character than do the 
cells on the growth surface of a metal single 
crystal,‘ 

The results of some other workers who have 
reported various substructures in germanium 
crystals grown from doped melts have been 
analysed and it is concluded that the results 
indicate, both qualitatively and quantitatively, 
that the substructures were produced as a result 
of the existence of constitutional supercooling 
in the melt during growth. The results relate to a 
variety of solute elements in germanium (namely, 
bismuth, tin, iron, manganese and cobalt) and 
the analysis suggests that the efficacy of a dopant 
in producing constitutional supercooling is speci- 
fied by the magnitude of p = [—m(1—k)]/Dk. 
The theory shows that the production of german- 
ium uniformly doped with solutes which have 
very small distribution coefficients is difficult, 
because these solutes readily produce a zone of 
constitutional supercooling ahead of the growing 
crystal. 

One may conclude that the concept of con- 
stitutional supercooling is of general applicability 
to the growth of germanium, and probably other 
semiconductors, from heavily doped melts. The 
theory derived in Ref. 1 enables the upper limit 
to the growth rate, whilst avoiding constitutional 
supercooling, to be predicted. 

The concept of constitutional supercooling is 
also applicable to the growth of compound semi- 
conductors from non-stoichiometric melts. A 
cellular structure can be produced on the interface 
of an indium antimonide crystal by growing it 
either from an indium-rich or an antimony-rich 
melt (MuLLIN®)), The concept should be of 
value when considering the maximum rate of 
growth which can be achieved when growing 
semiconductor compounds where the equilibrium 
vapour pressure of one of the constituents at the 
melting point is too high for it to be convenient 
to grow crystals from stoichiometric melts (e.g. 
gallium phosphide, indium phosphide). 

The deliberate use of constitutional super- 
cooling during growth may prove a useful tech- 
nique for fundamental studies of the growth of 
semiconductors from the melt and from solution 
and should supplement the information which 
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has been obtained on the characteristics of growth 
under conditions of thermal  supercooling 


(dendritic and polyhedral growth 
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Secondary multiplication in silicon* 
(Received 13 March 1961) 


IN A recent paper by SHocKLEY") a simple model 
was used to calculate the secondary multiplication 
coefficient « in silicon and germanium. The 
theory was shown to be in good agreement with 
experimental results for electric fields ranging 
from 2 x 105 to 5x 105 V/cm. Only two scattering 
processes for carriers are considered in SHOCKLEY’s 
paper: (a) generation of Raman phonons of energy 
er and mean-free-path /, and (5) ionization or 
electron-hole pair production with threshold 
carrier energy «; and mean-free-path /;. Of these 
four characteristic constants, ¢«, is determined 
independently from neutron-scattering data while 
the other three constants are adjusted to fit a 
number of different experimental data. It is 
shown in SHOCKLEY’s paper that the three adjust- 
able constants permit fitting six pieces of experi- 
mental data in four independent experiments: (1) 
quantum yield for photons with 1 < hv < 5 eV, 
(2) ionization coefficient « as a function of the 
electric field E, (3) energy per pair for ionization 
by high energy particles and (4) spectra of hole— 
electron recombination in microplasmas. 

It is the purpose of this note to show that a 
refinement of SHOCKLEY’s calculation of « leads, 
for some of the adjustable constants, to values 
which are quite different from those quoted by 
SHOCKLEY. This is especially so for the ratio, 
r = /,/l,, between the two mean-free-paths. 

Most of the experimental results available®~*) 
cover the so-called low-field region in SHOCKLEY’s 
notation, i.e. such fields which give rise to a mean 
energy < «) of the hot electrons which is small 
compared to ¢. For this case SHOCKLEY derives 
the expression 


* This work was sponsored by Signal Corps Contract 
DA36(039) SC-85339. 


gE 
= —— (1) 
Y€r 
when r > 1.7 
The derivation of this expression is based on 
the following model. Consider a carrier scattered 
to an energy less than e;. It will reach the energy 
« if it travels a distance «;/gE without scattering. 
The probability of its doing this is exp(— «;/qEI;). 
Having reached « the probability of ionizing in 
the first scattering is (1/r) = /,/l;. The total pro- 
bability of ionizing per try in this single-stage 
process is then 


P, = (1/r) exp(—«i/gElr) (2) 


In the stationary state, the energy gE gained from 
the field when drifting 1 cm must equal the sum 
of the energies lost to phonons and, in ionizing 


collisions, 
gE = (3) 


where «, is the number of phonon collisions taking 
place when the electron travels 1 cm in the field 
direction. 

The total number of collisions per centimeter 
(= total number of “‘tries” per centimeter) times 
the probability of ionizing gives the ionizing co- 


efficient 
a = (a+a)Pi (4) 


Inserting (2) and (3) into (4) yields 


gE 
a = 
Y€r 


€r 


{The expressions in Ref. (1) as well as in this 
note require this approximation. Only trivial changes 
have to be made when this approximation is not used. 
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In the low-field case, (5) approximates into the 
expression (1). 

The above treatment considers only the 1oniza- 
tions arising from electrons scattered to an energy 
less than e,, then gaining the necessary energy from 
the field without any scatterings and subsequently 
ionizing in the first attempt. Ionization, due to 
carriers which reach, for example, 0-5 « and then 
are scattered by a phonon and subsequently gain 
the necessary energy, is neglected. These two- 
stage processes are claimed to be of negligible 
importance because a carrier which has been 
scattered into a random direction with energy 
0-5 «; must on the average travel farther to reach 
«; than a carrier starting at rest. Another process, 
which is not considered, is the one where an 
electron reaches an energy larger than «& without 
scattering, then has a Raman scattering and sub- 
sequently ionizes. It will be shown in the following 
that taking into account these multi-stage processes 
gives rise to important corrections to the expression 
(1). 

Let us consider an electron starting at x = 0 
with the velocity v = 0. The probability that this 
electron goes a distance x; without scattering and 
then has a phonon scattering within dx, (at €< «;) 


1S (6) 


The phonon scattering mechanism gives rise to 
an isotropic velocity distribution so that the pro- 
bability of the electron being scattered an angle 
@ from the direction of the field is (sin 6 d@)/2. If 
the electron energy after the phonon scattering is 
€1, the electron must gain e;—e, from the field 
before it can ionize. Having gained this energy, 
the probability of ionizing in the first scattering 
is 1/r. The total probability of this two-stage 
process is thus 


exp 


€ii€r 


ax 
exp (—.1//;) 


lr 


1 sin@éd 


where s(8, x1) is the distance an electron which is 


NOTE 


scattered at x = x, into an angle @ with the field 
must travel in order to gain the energy @— 1: 


x1) = - — ) 
gE \ €1 
—-— sin 
Veiler 


1+ cos 6 


— cos @+ sin2@In 


Fig. 1 is a plot of the total distance of travel 
x1 +5(0, x1) normalized by the distance s9 = 
(corresponding to no collisions) as a function of 
€1/¢;. It may be noted that the deviation from so 
is less than 20 per cent for all values of €1/«; when 
6 < 45°. 

The two-stage process with e; > « can be 
treated analogously. In this case some of the 
electrons which scatter in angles between 7/2 and 7 
may be decelerated by the field to energies less 
than ¢; and thus have the probability zero instead 
of 1/r of ionizing in their second scattering. A 
conservative estimate of the correction to (1) is 
obtained by discounting all electrons decelerated 
to energies less than «&, thereby neglecting the 
contribution from those which are later brought up 
asfain by the field to « > «&. We thus obtain 


1\1 
P(e, > = exp(—s)(1- -)- 
r/r 
(e;+-e,)/QE 
rain 
x| | sin | 
0 Amin 
dx, 
— exp [—s(0, x1)/1,] sin (9) 
r 


where s(@, x) is again the distance an electron must 
travel in order to gain the energy 
being a negative number in this case), while @min 
is the minimum scattering angle (>7/2) from 
which the electron can reach energies less than «. 
The fraction of electrons scattered at x = x1 
which can reach energies less than «& is rapidly 
decreasing when x; increases from (¢+€r)/qE. 
Using expressions (7-9) one finds that the nt mber 
of electrons with e; > « which are decelerated 


. . 
0 O 
a 


Fic. 1. Total travel distances x1-+s(6, x1) corresponding 

to an energy gain of «& with one phonon scattering 

normalized by the distance so = «/gE as a function of 
€1/ &. 


below « is more than compensated for by the 
number of electrons with e;—e, < < which 
are accelerated to energies larger than «. A con- 
servative estimate of the total probability 
[Po(e1 < «)+P2(e1 > «&;)] of the two-stage process 
can therefore be found by lowering the upper 
limit of the first integral in (7) to the value «&, 
while at the same time changing P2(e; > «;) to 


rs r—1 
Pia > exp (+) 
r 


(Ee, +e,)/qE 


1 
exp E exp (— «laBt) (10) 


A three-stage process starting with two phonon 
scatterings can be treated analogously. In order 
that the energy e2 of the electron immediately 
after the second phonon scattering is still larger 
than «; we must have x; > (¢+2e,)/gE. The ex- 
pression for > is then 


[ 


> €i) = 


x exp (—x;//,) 


r 
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1 
x exp (—2¢,/qEl;) - exp(— 


(11) 
In order to find the contributions from the two- 
stage processes with «1 < e;—e,, one has to solve 
(7) with the corrected upper limit of the first in- 
tegral and with s(9, x1) given by (8). This expression 
is not directly integrable but a rather crude cal- 
culation suffices to establish the following lower 
limit 


< > 0-5 


1 
x exp (—e,/qEl,) E exp(— (12) 


It follows from the above that a conservative 
correction of SHOCKLEY’s theory can be found by 


/ volt 


Fic. 2. Theoretical curve as calculated from expression 
(14) for the ionization coefficient « as a function of 
electric field. O = experimental points. (®) 
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replacing P; given in (2) by Ptot; where 
Prot = Pit Polar < 


+ > (13) 


n=2 


When (13) is inserted instead of P; in the ex- 
pression for «, one gets 


+0-5 exp(—e,/gEl;)). (14) 


Using the values for r, /; and e, for silicon given 

in SHocKLey’s paper"? 
r=18; =50A; «= 0-063eV (15) 

the value of the correction factor in (14) is 

2:3 at E = 2x 10° V/cm and 


4-1 at E = 5x10° V/cm 


NOTE 


The expression (14) for « can be fitted to the ex- 
perimental data) for electrons in silicon using the 
same values for e; and e; if a value of r ~ 200 is 
used instead of r = 18 and a value of /, = 64 
instead of /, = 50 (see Fig. 2). With this higher 
value of r it is, however, no longer possible to fit 
SHOCKLEY’s theory to the experimental results for 
the photon quantum yield and the energy per pair 
for ionization by high-energy particles. It therefore 
seems necessary to reconsider the theoretical and 
experimental basis of some of the data treated in 
SHOCKLEY’s paper. 
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INDIUM ANTIMONIDE TRANSISTORS*t 


H. L. HENNEKE 
Central Research Laboratories, Texas Instruments Inc., Dallas 22, Texas 


(Received 1 March 1961; in revised form 1 June 1961) 


Abstract—The design, fabrication, and electrical characteristics of an n—p-n indium antimonide 
transistor which operates at 77°K are discussed. An analysis of the expected high-frequency 
performance is presented and a comparison made to a p-n-—p germanium transistor. Because of its 
high electron mobility, the indium antimonide transistor should have a base transit time 1/26 that of a 
similar germanium transistor. Although these ultimate capabilities have not been approached, 
transistors with f; as high as 300 Mc/s and f’s of 500 have been observed. Switching speeds approach- 
ing those of the best state-of-the-art germanium transistors have been measured. 


Résumé—Le dimensionnement, la fabrication, et les caractéristiques d’un transistor n—p-n a 
l’antimoniure d’indium opérant 4 77°K sont discutes dans cet article. Une analyse du rendement 4 
haute fréquence attendu est présenté et une comparaison faite avec un transistor au germanium. 
Grace a4 sa forte mobilité d’électrons, le transistor 4 l’antimoniure d’indium devrait avoir un par- 
cours électronique 26 fois plus rapide que celui d’un transistor similaire au germanium. Malgré que 
ces capacités extrémes n’ont pas été atteintes, des transistors ayant des f; aussi élevées que 300 Mc/s 
et des Bs de 500 ont été observés. Des vitesses de commutation approchant les meilleurs transistors 
au germanium ont été mesurées. 


Zusammenfassung—Struktur, Herstellung und die elektrischen Charakteristiken eines n-—p-n- 
Indiumantimonid-Transistors, der bei 77°K arbeitet, werden diskutiert. Der zu erwartende Hoch- 
frequenzbereich wird analysiert und mit dem eines p-n—p-Germanium-Transistors verglichen. 
Wegen seiner betrichtlichen Elektronenbeweglichkeit sollte die Laufzeit in der Basis bei diesem 
Transistor nur 1/26 von der eines 4ahnlichen Germanium-Transistors sein. Obwohl man die dusser- 
sten Leistungen noch nicht erreicht hat, liessen sich Frequenzen ft bis zu 300 MHz und £-Werte 
bis 500 beobachten. Die gemessenen Schaltgeschwindigkeiten naherten sich denen der besten 
existierenden Germanium—Transistoren. 


1, INTRODUCTION in short carrier diffusion lengths and requires 


BECAUSE indium antimonide has the highest 
electron mobility of all ITI-IV semiconducting 
compounds, it is a most promising starting material 
for either a microwave or a high-speed switching 
transistor. 

The primary difficulty in attempting to construct 
bipolar transistors from compound semiconductors 
like indium antimonide arises from the low 
carrier-lifetime values. This short lifetime results 


* The research reported in this paper has been sup- 
ported in part by the Bureau of Naval Weapons and has 
been performed under the technical direction of the 
Naval Ordnance Laboratory, White Oak. 

+ A limited account of this work was presented at the 
Solid State Device Research Conference in Pittsburgh, 
Pennsylvania, June, 1960. 
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relatively narrow base regions to obtain sufficient 
current gain. In fact, the base regions required are 
comparable in width to those achieved on the 
most recent high-frequency germanium and silicon 
transistors. 

To investigate the high-frequency performance 
expected for an indium antimonide transistor, a 
theoretical analysis was made to relate the physical 
parameters of such a transistor to its high- 
frequency response. An m-p-n structure was 
chosen for the model. 


2. NOTATION 
Ce Collector transition capacity. 
Ce Emitter transition capacity. 
Da Diffusion constant for electrons. 
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Dy Diffusion constant for holes. 

| x cut-off frequency. 

fmax osc Maximum frequency of oscillation. 

tt Frequency at which |/ ze! is unity. 

hye High-frequency common-emitter current 
gain. 

Je Emitter current density. 

R Boltzmann’s constant. 

n A constant between 1 and 6, depending on 


the base-layer impurity distribution. 


Ne Donor impurity concentration in the 
collector. 

Ne Donor impurity concentration in the 
emitter. 

Po Acceptor concentration in the base region. 

Pe Acceptor concentration in the collector 
region. 

Pe Acceptor concentration in the emitter 
region. 

q Electron charge. 

rp Base spreading resistance. 

th Base transit time. 

te Collector depletion layer transit time. 

te Emitter charging time. 

Son Emitter-to-collector transit time for 
carriers, 

T Temperature in °K. 


Use lim Lattice-scattering-limited maximum drift 
velocity for carriers in the collector 
barrier region. 

W Base width. 

xX Collector depletion-layer width. 

Bo Large signal f. 


Ln Electron mobility. 
Lp Hole mobility. 
Ts Storage time constant. 


3. ANALYSIS OF THE CAPABILITIES OF THE 
INDIUM ANTIMONIDE TRANSISTOR 

The frequency performance of a junction tran- 
sistor may be characterized fully by the parameters 
fx, the frequency at which the common-base 
current gain has fallen off 3 dB, r;, the base series 
resistance, and C,, the collector junction capacity. 
These are related by the expression") 


(power gain)!/2(bandwidth) = fmax ose = 
\ 1/2 


1 | 1 a) 


HENNEKE 


where fee is the emitter-to-collector transit time 
for carriers and is equal to the sum of the emitter 
charging time ¢,, the base transit time ¢», and the 
collector depletion layer drift time fe. 

The complete expression for tec( f, = 1/27tec) 
is (2) 
Ww, X 
(2) 


2Use lim 


kT 
tee = —C,.+ 
qJe nDn 


To obtain a value for tee, we must reduce each 
term of this equation to measurable physical 
quantities. If this is done for a drift-transistor 
structure with graded base-impurity distribution, 
a comparison may be made between the theoretical 
limits and capabilities of an indium antimonide 
and a germanium transistor. 

Assume a germanium p-n-p transistor with 
P. = 4x104%cm"3, P,=10!%cm-? and an 
average N», = 10!?cm-%. Compare this to an 
indium antimonide m-p-n transistor with 
= 4x 1014 cm-3, N, = 1018 cm-3 and an aver- 
age P, = 10!16cm-%, Further, assume the same 
physical structure, base width and impurity 
variation for the two transistors. A reasonable 
value for the drift mobility of minority carriers 
in the base of the germanium transistor is 
1000 cm2/V-sec for T = 300°K, so that Dp = 
bepkT/q = 26 cm2/sec. For the indium antimonide 
transistor, a value of 100,000 cm?/V-sec is reason- 
able for x» at T = 78°K; so that Dn = pnkT/¢q = 
670 cm2/sec. The lattice-scattering-limited maxi- 
mum drift velocity is approximately 8 x 106 cm/sec 
for germanium) and may be greater than 2 x 107 
cm/sec for indium antimonide.“ 

From equation (2) the following comparisons 
may be made for the two transistors: 


ie—InSb less than Ge by a factor of 6 
t»—InSb less than Ge by a factor of 26 
t-—InSb less than Ge by a factor of 5 


Since the average resistivity of the base layer 
is the same for the two transistors, 7; will be 
approximately the same. If the lower operating 
voltage of the indium antimonide transistor is 
considered, C, is also about the same for the two 


cases. 

At this point it is important to note that if the 
emitter changing time ¢, and the collector transit 
time fe are negligible so that base transit time fp 
dominates, the «-cut-off frequency will actually 
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be higher than the value 1/2zt, for either the 
germanium or the indium antimonide transistor. 
KROEMER®) has shown that other factors must be 
considered in relating base transit time to a cut-off 
frequency resulting from this transit time. His 
result, a more accurate expression for f, of a drift 
transistor, is 


fa 


W 1 
(2ty)3/2 


(3) 


Substituting for the value of fg, 


D In Po/P,(W) " 


4 
21/3 


fa 


The conclusion from these calculations is that 
the indium antimonide transistor may be expected 
to have an «-cut-off frequency of from 5 to greater 
than 26 times that of a geometrically similar 
germanium transistor. The actual value will 
depend on which transit time dominates. 


4. METHOD OF FABRICATION 

To utilize properly the high electron mobility 
of indium antimonide, our effort has been con- 
centrated on developing an n-p-m transistor. 
Because of the proved usefulness of solid-state 
vapor diffusion for forming narrow base regions, 
this technique was used to form the p-type base 
layer. The emitter region could best be formed by 
alloying because: (1) A transistor capable of high- 
frequency operation must have a small emitter 
area to reduce junction capacity. Techniques 
employed in silicon technology, which allow im- 
purity-diffusion selective masking to reduce 
emitter area, are not yet developed for indium 
antimonide. (2) For the highest emitter injection 
efficiency, an abrupt emitter-base junction (such as 
those obtained by alloying) is preferable to the 
graded junction produced by diffusion. (3) Pre- 
liminary diffusion studies of normal group VI 
donors indicate difficulty in obtaining the high 
concentrations necessary for good _ emitter 
efficiency. 

The starting material is single crystal n-type 
indium antimonide grown by the Teal—Little 
technique at the Central Research Laboratories 
of Texas Instruments. The impurity concentration 
is about 4x 10!4cm~-3, The electron mobility is 
greater than 400,000 cm?/V-sec, as determined by 
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Hall measurements at 77°K. This material is cut in 
slices 0-040 in. thick on the <111) plane and is 
lapped to a thickness of about 0-020 in. with a 
fine abrasive. The slices are then optically polished. 
Thorough washings in triple-deionized water 
follow each step. The p-type base region is formed 
by vacuum diffusion in a sealed quartz ampule. 

Although a number of impurity-diffusion 
sources were investigated in elemental and dilute 
alloy form, none was completely satisfactory. 
Zinc,®) which was investigated most thoroughly, 
was found to be unsatisfactory for several reasons. 
(1) The surface concentration from an elemental 
source is too high, approaching the limit of zinc 
solubility in indium antimonide, 2 x 102 
(2) The diffusion coefficient is extremely concen- 
tration-dependent. Lowering the surface concen- 
tration by reducing zinc vapor pressure (“‘diluting”’ 
the zinc in indium) reduces the diffusion coefficient 
to an impractically small value. (3) The diffusing 
zinc does not follow a complementary error- 
function distribution. The diffusion profile con- 
tains a break where concentration falls off rapidly 
with distance. Such a profile makes accurate 
control of the base width under the alloyed emitter 
contact difficult. 

Other acceptor impurities—cadmium, mag- 
nesium, manganese and mercury—were also 
investigated. Magnesium shows promise, but no 
completely satisfactory diffusant has yet been 
found. 

After a p-type diffused layer about 10, thick is 
obtained, one side of the slice is lapped down to 
remove this layer and to expose the original n-type 
crystal. The slices are then diced into smaller 
wafers about 0-040 by 0-040 in., and mesas are 
masked and etched on each wafer. The mesas are 
about 0-010 in. in diameter. The collector con- 
nection is formed by soldering the lapped side of 
each wafer with pure tin to a’TO-18 header. The 
ohmic base connection is made by alloying a 
0-002 in. pellet of 98 per cent indium/2 per cent 
cadmium alloy onto the diffused layer in a strip- 
heater micro-furnace under helium atmosphere. 
The emitter contact is formed by similarly alloying 
a 0-002 in. pellet of an indium—gallium-tellurium 
alloy onto the p-type layer. This contact is not 
allowed to penetrate the base layer and forms the 
emitter junction of the n-p-n structure. Gold 
wires 0-0007 in. in diameter connect the header 
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to these contacts. The transistors are then given a base-emitter diode characteristics of this tran- 
short clean-up etch to reduce surface leakage  sistor. These diodes have less reverse current and 
currents. Fig. 1 is a sketch of the completed more nearly diffusion-limited forward current 


diffused base-alloyed emitter structure. than any indium antimonide diodes previously 
reported in the literature. 
5. EXPERIMENTAL RESULTS Figs. 6 and 7 are photographs of this same tran- 


Fig. 2 is a photograph of the curve-tracer  sistor operating common emitter at both high and 
presentation of an indium antimonide transistor low current levels. Beta is about 40 at an emitter 
operating common base at 77°K. The « of the current of 7 mA. 


In-Ga-Te EMITTER | 98% In —2%Cd. 
CONTACT a BASE CONTACT 
DIFFUSED p-TYPE LAYER 

PURE TIN 


COLLECTOR CONTACT 


n-TYPE InSb 


Fic. 1. Structural view of indium antimonide 
mesa transistor. 
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Fic. 2. Indium antimonide transistor characteristics at Fic. 3. Indium antimonide transistor characteristics at 
high current level, common base. Emitter current is low current level, common base. Emitter current is 
2 mA/step, « = 0-975. 20 wA/step, « = 0-75. 


unit is about 0-975 at a collector current of 10 mA. Although most of the transistors had f’s between 
Fig. 3 shows the characteristics of this transistor, 10 and 40, a few exhibited much greater current 
illustrating the ability to operate at very low levels. gains. Fig. 8 is a photograph of the characteristics 
The « is still about 0-75 at 50 wA collector current. of one of these higher gain transistors. The « of 
Figs. 4 and 5 illustrate the base—collector and this unit is about 0-994 at 5 mA collector current. 
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The low breakdown voltage is apparent in all The common-emitter high-frequency current 
these photographs. At present, the breakdown is gain hye was measured by conventional means. 
thought to be due to avalanche breakdown. Fig. 9 shows the variation of Aye with frequency 


10 /AMP/DIV —> 


| mA /DIV 


VOLT 
—oO.! VOLT/DIV —» 


Fic. 4. Indium antimonide transistor, base-collector 
diode characteristics, emitter open circuited. Jcso=14A; yg. 6, Indium antimonide transistor characteristics at 
BV cro = 3V at 10 pA. high current level, common emitter. Base current is 
50 wA/step, = 40. 


10 MAMP/DIV —> 


—— 10,4AMP/DIV 


—0.1 VOLT/DIV —> 


Fic. 5. Indium antimonide transistor, base-emitter diode Fic. 7. Indium antimonide transistor characteristics at 


characteristics, collector open circuited. Izgo0 = 2 4A; low current level, common emitter. Base current is 


BVezpo = 1 V at 10 pA. 10 wA/step, B = 2. 
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for one of the better indium antimonide transistors. 
At the frequency where /yze is unity, f; is about 
160 Mc/s for this transistor. 


<a 
} 
i= — 4 
a LJ 
— 0.2 VOLT/DIV —» 
Fic. 8. Indium antimonide transistor characteristics, 


common base. Emitter current is 1 mA/step, « = 0-994, 


Typical parameters and the best parameters 
observed during this period of research are tabu- 
lated in Table 1. 
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Table 1. Indium antimonide transistor parameters 
at 77°K 


Para- | Conditions Typical Best 
meter | observed 
3 | Ie=5mA 20 500 
Iczo | Ve=05V 20 pA <1 pA 
Izzo Ve =0:3V 20 <1 pA 
BV cso Ie =1mA 3V 20 V 
BV eso Jz =1mA 0-5V 2V 
Res | Ice=10mA| 150 
hiv Iz =5mA 20 Q 7Q2 
hoo | Ie=5mA 500 umho 10 pmho 
fi | Ie =3mA | 80 Mejs 300 Mc/s 


Since electron and hole lifetimes in indium 
antimonide are very low, indium antimonide 
transistors are advantageous in saturating circuitry. 
Accordingly, these transistors were compared 
with commercial transistors designed for fast- 
switching circuits. 

There are two ways to study storage effects: 
(1) compare storage times for the same amount of 
overdrive on the base (common-emitter con- 
nection), or (2) compare a time constant associated 
with collector-current decay in the storage mode. 
The first is widely used. The second may require 


I,g=5mA 
f,=!160Mc/s 
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Fic. 9. Common emitter current gain vs. frequency. 
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some explanation (see Fig. 10). It is assumed"? 
that the collector current rises to a level = Bol», 
where £o is large-signal 8, and [> is base current. 
Actually, the collector current is limited to 
Ios Vee/R1t, where Ry is the load resistor; 
therefore, storage time is time required for the 
collector current to fall from J¢jz to 0-9 Ics. The 
storage time constant 7; governs this fall. 


COLLECTOR CURRENT,i, 


Fic. 10. Collector current wave form. 


In Fig. 10, the base current is switched off at ¢, 
and the storage time is fs. 
For > 4, 


(5) 


Applying end-point values from storage time 
definitions, 


= exp(—t/7s) 


0-9Ics = Icm exp(—ts/7s) (6) 


0-9 Veo 


= Bolo exp(—ts/7s) (7) 


The storage time constant is then 
ts 
In [BolpRz,/0-9 


(8) 


OSCILLOSCOPE 


RL 


Fic. 11. Storage-time test circuit. 
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Using the circuit shown in Fig. 11, it is possible 
to determine J», Rz, Vee and ts. From the Tek- 
tronix 575 curve tracer, fo is found; thus, 7; is 
calculated from (8). This figure of merit has the 
advantage of relative independence from the 
degree of saturation and will be used for comparing 
various transistors. Storage time results for a 
number of transistors are tabulated in Table 2. 


Table 2. Storage-time measurements 


| 
Tes ts Io Ts 
Transistor | fo (mA) | (musec)| (mA) | (musec) 


Indium antimonide (77°K)—Vece = 1 V; Rt = 390 Q; 


190 
70 

50 

90 

| 180 


Germanium (300°K)—Vee = 
Ve = 10V 


2N501-1 
2N501-2 
2N501-3 
2N240-1 
2N240-2 


160 
260 
170 
230 
270 


6. CONCLUSIONS 

The work reported in this paper has demon- 
strated the feasibility of fabricating transistors 
from the semiconductor compound indium anti- 
monide. These transistors exhibit low input 
impedances and operate at very low power levels. 
In conventional switching circuits, these transistors 
have switched in times comparable to the best 
state-of-the-art germanium transistors. The 
reasons for the relatively low frequency cut-off 
compared to the theoretical capabilities are not 
clearly understood. As the limitations on per- 
formance of this new transistor are understood, the 
research will be reported. 


Acknouledgements—The author is grateful to his 
colleagues in the Device Research Department of Texas 
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Abstract—The small-signal conversion properties of an Esaki (tunnel) diode are represented by a 
simple two-port conductance matrix whose elements are certain coefficients of the periodic time- 
dependent diode conductance produced by the local oscillator (pump). Because of the negative slope 
in the diode J-V characteristic, arbitrarily high conversion gain is possible when certain conditions 
are satisfied by these coefficients. 

In terms of these coefficients and other diode parameters, expressions are derived for such useful 
converter properties as the load conditions necessary for circuit stability, the minimum noise figure, 
the maximum gain-bandwidth product, the necessary conditions for a positive mixer conductance 
at the radio frequency (r.f.) and intermediate frequency (i.f.) ports, and the pump loading necessary 
for self-excitation. It is shown that under proper conditions partial noise cancellation can occur 
because of correlation effects arising from the nonstationarity of the shot-noise process in the pumped 
diode. 

Most of the theoretical results are illustrated by the data obtained from a detailed numerical 
Fourier analysis applied to an actual high-frequency Esaki diode characteristic. These calculations 
show that the lowest noise figure and the highest gain-bandwidth product are obtained when the 
diode is biased in its negative conductance region. 


Résumé—Les propriétés de la conversion de faibles signaux d’une diode Esaki (tunnel) sont repré- 
sentées par une matrice de conductance a 2 termes dont les éléments sont certains coefficients d’une 
conductance de diode en fonction de temps produite par un oscillateur (pompe). Dd 4 la pente 
negative de la caractéristique J-V de la diode, une amplification arbitraire de conversion fort 
élevée est possible quand certaines conditions sont satisfaites par ces coefficients. 

En fonction de ces coefficients et d’autres paramétres de la diode des expressions sont derivées 
pour d’utiles propriétés de conversion telles que les conditions de charge nécessaires a la stabilité 
du circuit, le facteur minimum de bruit, le produit maximum gain-largeur de bande, les conditions 
nécessaires pour une conductance positive de mélangeur aux jointes r.f. et i.f. et la charge ‘pompe’ 
nécessaire 4 l’auto-excitation. Il est démontré que sous certaines conditions appropriées, on peut 
arriver 4 une élimination partielle. du bruit grace aux effets de correlation produits par la mobilité 
du procédé de bruit dans la diode pompée. 

La plupart des résultats théoriques sont illustrés par les données obtenues 4 l’aide d’une analyse 
numérique détaillée de Fourier appliquée 4 une caracteristique actuelle de diode Esaki de haute fré- 
quence. Ces calculs démontrent que le facteur de bruit minimum et le produit gain-largeur de bande 
maximum sont obtenus quand la diode est polarisée dans sa region de conductance négative. 


Zusammenfassung—Die Verstirkereigenschaften einer Esaki-(Tunnel)Diode fiir schwache 
Signale werden durch eine einfache Leitwert-Matrize mit zwei Zuleitungen dargestellt, deren 
Elemente gewisse Koeffizienten des von der Periode abhangigen Leitwerts der Diode sind, der 
durch den lokalen Oszillator (Pumpe) erzeugt wird. Wegen der fallenden J-V-Kennlinie der Diode, 
ist eine heliebig hohe Verstirkung méglich, wenn diese Koeffizienten gewisse Bedingungen erfiillen. 

Mittels dieser Koeffizienten und anderer Diodenparameter werden Ausdriicke fiir niitzliche 
Verstiirkereigenschaften abgeleitet: Belastungsbedingungen fiir Schaltkreisstabilitit, minimale 
Rauschzahl das maximale Produkt aus Verstarkung und Bandbreite, die erforderlichen Bedingungen 
fiir einen positiven Mischungsleitwert an den r.f.- und i.f.-Zuleitungen und die zur Selbsterregung 
nétige Pumpenbelastung. Es ergibt sich, dass bei geeigneten Bedingungen eine teilweise Beseitigung 
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in der aufgepumpten Diode entstehen. 
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des Rauschens eintritt, wegen der Korrelationseffekte, die durch den nicht-stationiren Schroteffekt 


Die theoretischen Ergebnisse werden illustriert, indem eine detaillierte numerische Fourieranalyse 
an der Kennlinie einer Hochfrequenz—Esaki—-Diode ausgefiihrt wird. Die Berechnungen zeigen, 
dass die neidrigste Rauschzahl und das héchste Produkt aus Verstirkung und Bandbreite dann 


INTRODUCTION 
NONLINEAR elements which are used for mixing 
or frequency conversion fall into two broad 
categories : (a) vacuum tubes and (b) semiconductor 
diodes. If we exclude variable capacitance semi- 
conductor diodes (varactors), these two categories 
have one feature in common: namely, that the 
incremental device conductance (diode) or trans- 
conductance (triode and multigride tube) pre- 
sented to an incoming small signal varies 
periodically in time in accordance with a larger, 
locally applied pump signal. As we shall see later, 
this is the basic mechanism underlying the 
frequency-conversion process. 

The vacuum tube mixer, being frequency 
limited by transit-time effects, is relegated to 
applications below 500 to 1 000 Mc/s.) On the 
other hand, the conventional (positive conductance) 
crystal mixer, because of its negligible transit- 
time effects, has found widespread use at the higher 
microwave frequencies. However, being a passive 
device, it must necessarily exhibit a conversion 
power loss between the incoming signal and its 
outgoing, frequency-translated counterpart. 
Depending on the frequency of the incoming 
microwave signal, the lowest conversion losses 
obtained with conventional crystal mixers ter- 
minated in a low-noise i.f. stage are in the neighbor- 
hood of 4:5 dB and higher. The corresponding 
noise figures fall in the range from 5-5 to 8 dB.@) 
The lack of gain is objectionable, particularly since 
it is not accompanied by a very low noise figure. 

As is well known, many microwave systems 
employ frequency converters, particularly down- 
converters (input frequency greater than output 
frequency). It has not been possible in the past 
to incorporate high-gain, low-noise down-con- 
verters into such systems. Although the introduc- 
tion of varactor diodes has made possible the 
realization of such converters under certain con- 
ditions,®) recently reported results indicate that 
these objectives can also be realized with Esaki 
diodes, and possibly with less difficulty. 


erzielt wird, wenn die Diode in dem Gebiet des negativen Leitwerts vorgespannt wird. 


The Esaki diode, unlike the varactor diode, 
is of the nonlinear conductance type, but is distin- 
guished from the conventional crystal diode by the 
presence of a region of negative slope in its highly 
nonlinear current-voltage (I-V) characteristic. @) 
Because of this negative conductance region, the 
Esaki mixer is an active device and hence can 
exhibit power gain. This possibility was first 
demonstrated by CHANG et al.®), who reported 
a down-converter with power gain in excess of 
20 dB in the VHF range. Down-converters with 
gain operating in the microwave range were 
reported later by others."-7) Equally as important 
is the fact that noise figures as low as 4 dB were 
obtained in some cases. 5.7) 

Unlike other diode mixers, the Esaki mixer 
can be self-excited since the negative conductance 
region allows one to operate the diode as its own 
pump. The only power supply necessary is the 
bias source. 

To date, the theory of Esaki mixers has not 
been considered in sufficient detail in the literature 
to indicate the conditions for optimum mixer 
performance. It was with this need in mind that 
the theoretical investigation summarized in this 
paper was made. Applying the theoretical results 
of our investigation to a numerical example based 
on an actual high-frequency Esaki diode charac- 
teristic, we demonstrate the degree of optimum 
performance that one can reasonably expect of 
present-day Esaki diodes, and probably of those 


in the near future. 


NOTATION 
I diode tunnel current 
In diode equivalent noise current 


oppositely directed components of 
tunnel current 

V diode junction voltage 

sum of tunnel current and displace- 
ment current of diode 

junction capacitance of diode 
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wi 
Vi, V2, V3 
(1h, Io, Is) 


Vo 
2V (2Lp1) 


(t—tx) 
p(t) 


1, N2, Ng 
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series inductance of diode package 

series resistance of diode 

pump component of diode junction 
voltage 

small-signal component of junction 
voltage 

pump component of total diode 
current 

signal component of total diode 
current 

incremental diode conductance 

kth harmonic amplitude of g[V(t)] 

fundamental pump frequency (Mc/s) 

signal input frequency (Mc/s) 

signal output frequency (Mc/s) 

image frequency (Mc/s) 

complex sinusoidal amplitude of 
signal input, output and image 
voltages (currents), respectively 

jkth admittance element of con- 
version matrix 

equivalent noise conductance 

ratio of load to source temperature, 
T;/Ts 

bias component of pump voltage 

peak amplitude of fundamental 
component of pump _ voltage 
(current) 

large-signal diode conductance pre- 
sented to pump (mmhos) 

pump power (u7W) 

complex amplitude of signal input 
current source 

resonance frequency of input, out- 
put and image ports, respectively 

midband transducer gain of mixer 

bandwidth of mixer (Mc/s) 

output-input capacitance ratio 

modulation coefficient 

elementary tunnel-current pulse 

tunnel emission rate (no./sec) 

equivalent shot-noise generators at 
input, output and image ports 

correlation coefficient of m; and no 

correlation coefficient of m; and ng 

kth harmonic amplitude of Jn(t) 

total noise figure 

shot-noise figure 

absolute temperature (°K) 

standard source temperature (300°K) 
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1. DERIVATION OF THE SMALL-SIGNAL 
CONVERSION MATRIX; CONSIDERATION 
OF MIXER ACTIVITY AND STABILITY 

A typical J-V characteristic of an Esaki diode 
is sketched in Fig. 1(a). For mixer applications, 
the segment of the ‘‘forward”’ bias range labeled 
O-A on the voltage axis, containing the region of 
negative slope, is of prime interest.* For this range, 
the diode plus its holder can be represented by the 
circuit model shown in Fig. 1(b). The variable 


Fic. 1. (a) J-V characteristic, and (b) equivalent circuit 
of an Esaki diode. 


conductance represents the nonlinear J-V charac- 
teristic. Since this conductance arises from the 
quantum-mechanical tunnel effect, it can be 
considered frequency independent.) The 
capacitor represents the usual junction barrier 
capacitance. For Esaki diodes this capacitance 
exhibits only a mild voltage dependence in the 
region of interest.) The series resistor denotes 
the bulk resistance of the semiconductor material 
external to the p-m junction and the resistance 
of the contacts made to the semiconductor. 


* The reason for excluding the remainder of the 
negative-slope region and the valley region will be made 
later. 
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The series inductor represents the inductance 
of the diode leads and of the holder. 

For the present we shall asume that the series 
impedance of Z and Ry can be neglected in the 
frequency range of interest since its inclusion 
complicates the analysis unnecessarily. We do not 
wish to imply that this assumption is always 
justifiable in practice. In a later Section we shall 
indicate how our analysis can be generalized 
to include this impedance. Little error is made in 
assuming C to be voltage independent in the region 
of interest, though the analysis can be readily 


extended to include any voltage dependence if 


desired. 


Fic. 2. Simplified equivalent circuit of an Esaki diode. 


1.1 Small-signal conversion matrix 
The time-dependent continuity equation for the 
simplified diode model (Fig. 2) is 


J(t) = T[V(t)] + 


(1.1) 
The total instantaneous diode current J(t) con- 
sists of a sum of two components: an in-phase 
conductive part /[V(t)] attributable to the diode 
tunnel current [Fig. 1(a)] and a quadrature part 
equal to the displacement current of the barrier 
capacitance. We suppose that the total impressed 
voltage is composed of a large pump or local oscil- 
lator component V(t) and a much smaller signal 
component v(t), so that we may write 


V(t) = Vp(t) + o(t) (1.2) 


Because of this “‘small-signal’’ assumption, we 
may expand the nonlinear tunnel component in 
a Taylor series about the instantaneous pump 
operating point J[Vp(t)] and retain only the first 


two terms. Hence, 


I[V(t)] = ...  (1.3a) 
where 
ol(V) | 
a(t) = = (1.3b) 


| V = 
may be interpreted as the instantaneous incremen- 
tal conductance. With this approximation, it 
follows that the total diode current also may be 
decomposed into a large pump component J>(t) 
and a small signal component i(¢), that is, 


J(t) = Ip(t)+i(t) 
Thus equation (1.1) separates into two equations, 
one applicable to the large-signal pump com- 
ponents, 


(1.4) 


[,(t) = I[Vp(t)]+ 


(1.5) 


and the other to the small signal components, 


dv(t) 
i(t) = (1.6) 
Unlike the pump equation, the latter is linear 
with voltage. This implies that the resulting 
converter will also be linear. The linearity stems 
from our small-signal assumption since only terms 
to first order in v(t) were retained in the Taylor 
expansion. Observe that although the signal current 
is coupled to the pump voltage via the time- 
varying conductance, the pump current is not 
coupled to the signal voltage. This too is a con- 
sequence of the small-signal approximation. 

It may be evident by now that frequency con- 
version occurs via the time-varying conductance. 
This conductance, which obviously is a periodic 
function having the period 7 of the pump, can 
be expanded in a Fourier series as follows: 


g(t)= > 


k= 
= go+gi exp(jwpt)+ gj exp(—jept) 
+ ge exp(2jwpt)+g5 exp(—2jwyt)+ ... 
= £o+2|g1| cos(wpt+ 41) 
+ cos(2wpt+¢2)+ ... 


exp(jkwyt) (1.7a) 


. 
| 
fi 
I 
|| 
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where 


Sk = g(t) exp(—jkwpt)dt = g,) (1.7b) 
0 


Here wy represents the fundamental pump 
frequency (wy7 = 27). The asterisk denotes the 
complex conjugate. 

In general, every gz is complex except go, the 
time-averaged conductance. However, since the 
time origin is arbitrary, at least one additional g; 
can always be assumed real (actually real and 
positive) for any general pump voltage. For con- 
venience, from here on we shall choose this to be 
gi. Furthermore, if it is possible to express the 
pump voltage as an even function of time by a 
suitable choice of the time origin, then every gx 
can be assumed real. The most general periodic 
pump voltage satisfying this requirement is of the 
form 

= > Vpn (1.8) 
n=0 
where ¢ is a constant. Obviously, a sinusoidal 
pump voltage consisting of a constant (bias) term 
plus a fundamental component fulfills this con- 
dition. If equation (1.8) holds, then g(t) can be 
written as 


g(t) = got2> gx coskwyt (1.9) 
k=1 


For definiteness let w; denote the frequency 
of the incoming signal voltage applied to the diode. 
Because of the periodicity of g(t), components 
of current are generated at the frequencies 
| Rwy + w;|, where k = 0, 1,2, ... These currents, 
in passing through the external circuitry and the 
junction capacitor in turn develop voltages across 
the diode at these same frequencies. Suppose that 
we wish to maintain only two signal voltages 
across the diode, one at the input frequency w, 
and one at the desired output frequency wo, 
which is related to w; by some specified multiple 
of the fundamental pump frequency. To realize 
this condition we postulate that all undesired 
voltage components, or ‘‘sidebands’’ as they are 
often called, are ‘shorted out” by ideal filters 
shunting the diode. These filters are assumed to 
have negligible effect on the desired signal voltages 
and on the pump voltage. In a later Section we shall 
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discuss this assumption in detail and the con- 
sequences when it is not fulfilled. 

One possible circuit with which the above 
conditions can be achieved is shown in Fig. 3. 


+ 


Vp 
+o Cc + : 
Esaki diode 
Filter F ilt 
(t) wer 
| F, Fe Vo (t) 
Iptiatir Ip ti, tir 
Filter 
\' ij Fp lo 2 
Ip 
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Fic. 3. Model pertinent to derivation of the small-signal 
conversion matrix. 


The signal input and output ports are represented 
by the terminal pairs 1-1’ and 2-2’, respectively, 
and the pump port by p-p’. The ideal filter F, 
across the signal input port is assumed to have 
an infinite or very ‘‘large’’ impedance at w, and 
zero or a very “‘small”’ impedance at all other fre- 
quencies, including that of the pump. The filter 
F2 across the output port satisfies similar require- 
ments at we. Similarly, the pump filter Fp presents 
a negligible impedance at the signal and side- 
band frequencies and a large impedance at the 
pump freqeuncy w ,. In practice, these filter 
requirements can be approximated by simple 
high-Q parallel resonant circuits. Even tuned 
circuits may be dispensed with in some cases. 
For example, if one of the signal frequencies 
is very low, the corresponding filter can be simu- 
lated by a simple capacitor. Furthermore, it is 
not absolutely essential that the impedance of the 
pump filter be high at wy if sufficient pump voltage 
is available. However, if this filter zs highly selective 
at wp, it will suppress undesired harmonics of 
the pump voltage that may be generated in the 
process of pumping the nonlinear diode. 
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Let the desired input voltage and current be 
sinusoids having the representation 

v(t) = Vi exp(jort)+ exp(—jwif) ) (1.10) 
1;(t) = J; exp(jait)+J]* exp( —jwyt) 


The corresponding expressions for the output 
voltage and current are 


= 
io(t) = exp(jwet)+I5 exp(—jart) 


V2 exp(jwet)+V 5 exp(—jwet) (1.11) 


The total signal voltage v(t) across the diode is 
the sum of v;(¢) and v2(t). The total signal current 
i(t) is composed of the desired signal components 
ii(t) and ig(t) and a remainder consisting of all 
the sideband currents [indicated by i;(t) in Fig. 3]. 

To be specific we shall assume that the input 
frequency is above the pump frequency and the 
output frequency below it, and that mixing occurs 
via the fundamental or first harmonic of the pump 
frequency, that is, w2 = wp. In other words, 
the mixer is non-inverting. This will not affect 
the generality of the analysis since our final 
results will apply to all forms of up- and down- 
conversion. 

Inserting equations (1.10) and (1.11) into 
(1.6), and equating terms of like frequency, 
we obtain the pair of equilibrium equations 


= 
Ig = g1Vi+(gotjwoC)V2 


(1.12) 


relating the sinusoidal amplitudes. These equa- 
tions represent the signal conversion properties 
of the mixer. They can be expressed in matrix 


form as 
Ip Yai 22 V2 


where the admittance matrix is given by 


» £1 
yor £1 Zot ja2C 

This matrix, which also applies to the non- 
inverting up-converter, represents the two-port 
network shown in Fig. 4. The junction capacitance, 
by the mixing action, shows its effect at both 
signal frequencies. Notice that the conversion 
matrix obeys reciprocity, i.e. vig = yo1. This 


(1.13) 


(1.14) 
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would not necessarily be the case if a sideband 
voltage were present, since the conductance 
coefficients in the resultant 3x3 matrix can not 
always be made real by a shift in the time axis. 


Fic. 4. Small-signal equivalent circuit of a non-inverting 
mixer. 


The conversion matrix for the two types of 
inverting mixer is 


tjanC 


(wi + we = wp) 
£1 


where w} > wo for the down-converter and 
w1 < we for the up-converter. The only difference 
from the preceding matrix is in the sign preceding 
we. The applicable circuit variables in this case 
are V1, 4, and 

Before proceeding with the derivation of explicit 
mixer properties, we shall consider two general 
properties of a two-port network which are per- 
tinent to our analysis. The first concerns the 
activity of the two-port, that is, its ability to exhibit 
power gain; the second relates to its stability 
under prescribed loading conditions at its signal 
ports. 


1.2 Mixer activity 


It can be shown") that a two-port having the 


admittance matrix 
| 
yo. 22 


can exhibit power gain between its two ports if, 
and only if, at least one of the following three 
conditions is fulfilled: 


Reyu = £11 < 0 (1.15a) 
Re y22 = £22 < 0 (1.15b) 
ViotVo, 
(1.15) 


where “‘Re”’ denotes the real part. 
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Applying these criteria to the mixer we obtain 
go < |gi| #0 (1.16) 
as the necessary condition for gain. Thus, gain 
is always possible if the average value of the time- 
varying conductance is negative and also if it is 
positive but less than the magnitude of g;. These 
conclusions are sketched in Fig. 5. Using the 


+—Active mixer-> 
1 1 
Ig! 


Fic. 5. Pertinent to activity of an Esaki mixer. 


integral formula for the Fourier coefficients and 
the definition of g(t), one can show that the activity 
condition can only be fulfilled if the slope é1/eV 
changes sign or is always negative in the region 
of operation, i.e. in the region of pump voltage 
excursion. 

Fig. 6 illustrates three possible sinusoidal 
pumping conditions that lead to a mixer with 
gain. In the first diagram, Fig. 6(a), the diode is 
biased in the positive slope region (positive con- 
ductance region) so that go > 0. If the bias point 
is moved into the region of negative slope near 
the point of minimum negative conductance, 
then go < 0, as illustrated in Fig. 6(b). Notice 
the radical change in the waveform of g(t). In 
Fig. 6(c) the diode is biased at the boundary 
between the positive and negative slope regions, 
i.e. at the point where J is a maximum, or 
él/eV = 0. For small pump excursions about 
this point go = 0. 

For later reference, notice that since the slope 
of @1/éV is negative over most of the operational 
region in the three cases cited, the fundamental 
component of g(?), i.e. the component at the pump 
frequency, is 180° out of phase with the pump 
voltage. in other woras g} is negative. 

lf the diode were pumped about its minimum 
conductance point with a sufficiently small 
amplitude so that a parabolic approximation of 
é1/éV would hold, the lowest frequency component 
in g(t) would be 2wp, not wy, since g; = 0. In 
this case one could use “‘subharmonic”’ pumping. 
More will be said of this in Section 5.2. 


1.3 Mixer stability 
An active two-port, in the general case (i.e. 
gu, g22, S 90, y12, yer #9), can also oscillate 


(have infinite gain) unless it is appropriately 
loaded by passive terminations at its ports. 
Since only a stable mixer is of significance, we 
must establish the bounds of allowable termina- 
tions. To do this we first define what we mean by 
a stable (linear) network. A network, including 
its external passive loading, is stable if, and only if, 
it will produce a response which does not increase 
with time when energized by an arbitrary, finite 
excitation such as internal noise. The borderline 
between stability and instability corresponds to 
a response which just fails to grow with time. 
Alternately, if stated in terms of the frequency 
domain, a network is stable if the response to a 
sinusoid of arbitrary frequency and finite amplitude 
is also finite; or equivalently, the response to a 
vanishingly small excitation is zero. 

It can be shown")? that in order for a two-port 
plus its terminations (Fig. 7) to be stable, it is 
necessary that the following three conditions 
be satisfied: 

Gi+gu > 0 (1.17a) 


G2+ g22 > 0 (1.17b) 
| + Re(yi2¥e1) 


(Gi+giu)(Ge+g22) > 
(1.17c) 


where conductances G) and G¢ are the real (dissipa- 
tive) parts of the external loads at ports 1 and 2, 
respectively. These conditions define the allowable 
range of external loading, i.e. of G; and Ge, for 
stability in the sense defined above; in other words, 
they insure that the real parts of the total node 
admittances at either signal port will be positive, 
i.e. Re(Yin+ Yi), Re(Yout+ Y2)>0. No restric- 
tions are imposed on the imaginary parts of the 
loads.* 

Applying the stability criteria to the mixer we 
obtain the conditions 


Gi+go > 0 (1.18a) 


* Actually, these stability conditions are not “sharp’’. 
A precise criterion of stability must be based on the 
location of the singularities of the total node admittances 
in the complex frequency plane. However, this latter 
test is impractical for most non-trivial two-ports. This 
is particularly true for mixers, where two linearly 
dependent frequencies are involved. The conditions 
derived above, however, should be adequate in most 
practical cases. 
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G2+g0 > 0 
(Gi+go)(G2+go) > g? 


If any one of these is violated, the mixer will be 
unstable and will oscillate in the signal circuits. 


(1.18b) 
(1.18c) 


% | | 4 
Yo | Ye=GatjBe 


Yoo 


[ Fic. 7. Relevant to the discussion of circuit stability. 


Notice, incidentally, that the active mixer is open- 
circuit unstable (Gj = Gz = 0), but short-circuit 
stable (Gi, G20). 


2. DERIVATION OF GAIN, GAIN-BANDWIDTH 
PRODUCT, AND OTHER MIXER PROPERTIES 

For concreteness we shall consider a non- 
inverting down-converter = though 


where 
Gu = gst+g'+80 
= git+g" +80 
Cu = 
Cog = C+Co2 


2.1 Stability 


The mixer will be stable provided that the source 
and load conductances gs and g; satisfy the con- 
ditions 


&stg't+go > 9 (2.2a) 


(2.2b) 
(2.2c) 


ate’ +g0 > 0 
+80) > 


The domain of stability is indicated in the gs—gy 
plane in Fig. 9 for the two cases go< 0 and the 
low-loss situation g’, g’’~0. As is evident from 
Fig. 9(a), the source and load conductances must 
exceed |go| for the case go < 0, to insure stability. 


_ Esaki diode 
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Fic. 8. A tuned non-inverting mixer. 


our final results are independent of this assump- 
tion. We postulate that the mixer is terminated 
in a simple resonant circuit at either port as 
indicated in Fig. 8. The inductors Lj; and Leg 
are chosen to resonate the port capacitors C}+C 
and C2+C at the center frequencies w; = Q) 
and wz = Qs, respectively, where Q) = Q2+p. 
The capacitors C; and C2 represent any externally 
applied and stray capacitances. The signal source, 
assumed to be sinusoidal, is represented by the 
current source J; and the conductor gs. The 
conductors g;, and g’ and g” correspond to the 
load and circuit losses, respectively. 

If we denote the total node admittance at either 
port by the symbols Yj; and Yo, then 


Yu = 
= 


(2.1a) 
(2.1b) 


Stable Stable 


domain 


Ko=00 


down 


(a) (b) gg>O 


The permissible domain of source and load 
conductances for stable operation. 


In either case, the boundary line separating the 
stable and unstable domains corresponds to an 
infinite conversion gain. This boundary is defined 
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by equation (2.2c) when the inequality sign is 
replaced by an equality sign. 


2.2 Gain 
Of the many possible ways to specify the gain 
of a two-port, we choose for convenience ‘‘trans- 
ducer gain”. The transducer gain K is defined 
as the average power actually delivered to the load 
g1, divided by the maximum average power that 
can be absorbed from the source. This latter 
power, called the available power of the source, 
is given by |Js|2/4gs where |J,| is the r.m.s. value 
of the sinusoidal current source. Letting |Vo| 
denote the r.m.s. value of the signal voltage 
developed across the load conductance, we obtain 
for the conversion gain the expression 
| Ve? 
= = 


(2.3) 


The ratio | V2/Zs| can be obtained from the solution 
of the equilibrium equations (1.12), and the 
terminating conditions 


I; 


2.4 
Iz = —Y2V2 J 
(See Fig. 8.) Thus, 
(2.5) 
| Yur Yoo—g3/? 


This expression permits us to evaluate the con- 
version gain as a function of frequency. 

If we denote the frequency deviation from 
resonance by Aw, that is 


Aw = = (2.6) 


we may express Yj;, Yee and K as functions of 
Aw. The resultant expressions are quite unwieldy 
but may be simplified if the fractional deviations, 
Aw/Q; and Aw/Q2 over the operating bandwidth 
of the mixer are small in magnitude compared to 
unity. Since Q; > Qe, these conditions will 
be satisfied if the fractional operating bandwidth* 
at the output port is much less than unity. This 
is usually true for practical down-converters. 


*'The operating bandwidth will usually be less than 
the “‘cold’’ bandwidth of the tuned circuit because of the 
negative output conductance of the mixer. 
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Assuming this to be the case, then Yy; and Yo 
can be represented adequately by the simplified 
formulas 


Yu = Gu +j2AwCy 


(2.7) 
Yo2 = Gog+j2AwC22 


The expression for conversion gain takes the 
form 

9 

425818) 


2.8 
a2+bx2+ x4 


K(x) = 


where x is a frequency variable given by 


x = 2Awy/(Ci1C22) 


and where 


2 = +80)—8; 


C. 2 
C22 Cu 


The gain at midband, x = 0, is given by 


| 
) 

Q 
bo 

| 


4 2 
K(0) = Ko = (2.9) 
a2 

It is evident that in order for the gain to be 
high, the denominator must be very small, i.e. 
a~0. If losses are low enough, this can be 
achieved by a proper choice of g; and gs since 
go < |gi|. In the limit a = 0, the gain becomes 
infinite and the converter will oscillate simul- 
taneously at Q; and Qs. This limit corresponds 
to the boundary of the stable domain in Fig. 9. 


2.3 Gain-bandwidth product 

The expression for the bandwidth B, the fre- 
quency interval about resonance within which 
the conversion gain is equal to or greater than half 
its midband value, is derived by solving for the 
two real values of x for which the denominator 
in equation (2.8) is twice its midband value. 
The two solutions are equal and opposite in sign. 
Using these solutions and the definition of x, we 
obtain the formula 


1 a 
B= 
+47] + b/2}1/2 


Notice that the bandwidth vanishes in the limit 
of high gain a->0. This is to be expected since the 
converter is a negative conductance device. 


(2.10) 


oe 
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Since the bandwidth is gain dependent, it is 
desirable to express it explicitly in terms of the 
midband gain. This can be done (after considerable 
computational effort), but the resulting expression 
is very cumbersome. However, in the limit of 
high gain a ~ 0 one obtains a rather simple and 
useful expression. To derive it we must expand 
equation (2. 10) in a power series in a, bearing in 
mind that b is also a function of a. — out 
this expansion, we obtain 


a 
= + 
27(Gi1C22+ G22Cj1) 


Thus, the bandwidth at high gain decreases in- 
versely as the square root of the midband gain. 
It follows that the gain-bandwidth product at 
high gain 


V(Ko)B = 


(2.11) 


V(gsg1)|g1| 
C22 + GoeCi1) 


(go < |gi| # 9) 


is independent of either gain or bandwidth and 
hence is a useful figure of merit of the converter. 
The higher this product, the better the converter. 

When losses are negligible, this expression 
simplifies to 


V(Ko)B = 


(2.12) 


Since this is a function of the external loading, gs 
and g;, it is useful to know what distribution of this 
loading will yield the maximum product. To answer 
this question we first remind ourselves that the 
gain-bandwidth product was derived under the 
high-gain restriction (gs+go)(gitgo) ~ g?; there- 
fore, we must also maximize it under this con- 
straint. Maximizing equation (2.13) with respect 
to either gs or g; leads to a fourth-degree polynomic 
equation for the optimum source conductance. 
This necessitates a numerical solution. It is evident 
from equation (2.13) that the resultant optimum 
value of gs and g;, when normalized to the modula- 
tion conductance |gi|/, and the corresponding 
maximum gain-bandwidth product, when nor- 
malized to the bandwidth |g;|/(27Cj3), can only 
be functions of the output-input capacitance 
ratio ¢, 


(2.13) 


and the modulation coefficient z defined by 


|g1| 
We have performed the optimization for a large 
number of p-values covering the active range 
<1 and for c= 1, 10, 100. The results are 
summarized in Fig. 10. The curves also apply 
to the case when Cy; > C22 if the changes Cy;==Co2 
and gsz2gi are made. Notice from Fig. 10(a) that 
for a given input capacitance Cj;, the highest 
maximum gain-bandwidth product will occur 
when the input and output capacitances are 
equal. In this case the optimum source and load 
conductances are also equal. For this ‘“‘symmetric 
loading”’ situation, the optimal conditions can 
also be stated analytically. Thus, with Cj; = C29, 


|g1|—go 


[V(Ko)B]max = (2.14) 


and 


= Slop. = |g1|—8o (2.14b) 


Of course, gi is restricted to the active range 
go<|gi| #0. Naturally if Cj; and C22 have their 
least possible value, namely the capacitance of 
the diode alone, then the maximum gain-band- 
width product given above will have its highest 
possible value, 


Ssopt 


[V(Ko)B]max = 


2.15 
(2.15) 


Since this quantity is a function only of the diode 
properties, it is a useful design parameter. Com- 
paring this expression with the corresponding 
one for the Esaki amplifier,2® |9(V)|/27C, we 
observe that a diode with a high conductance-to- 
capacitance ratio is desirable in either application. 

As a practical note it is worth mentioning that 
for the range <0, the numerically computed 
curves can be represented by the empirical 
expressions 


[V/(Ko)B ]max 
V 
1+¢-02 
= 


|g1| 


(2.16a) 


(2.16b) 
(2.16c) 
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Note: If Co2<Cy, interchange 
Cy, and Coo everywhere 


| Note if Coo<Cy interchange 
and Cozand gs and gy 
everywhere 


Fic. 10. (a) Maximum gain-bandwidth product at high gain, and (b) optimum 
source and load conductance as a function of the modulation coefficient and 
capacitance ratio. 


These formulae are known to be accurate to within we observe that when g is fixed, the gain-band- 
about +10 per cent for the range —10<p<0, width product increases as the average conductance 


0-01 <c< 100. becomes large and negative. As we shall demon- 
Returning to Fig. 10 and to equation (2.14), strate in Section 4 with a numerical example 


178 
| | | : 
| _ Ce2., 
Cy 
| 
Q } + = — + 4 
-4 -3 -2 -| 
Go 
( Q ) lanl 
Coo 
| 
-10 
olan =. 
= 
7 
3) ~ 
/ \\ 
5 -4 -4 -2 -| 
fh) 70 
ia 
19) | 


4 


THEORY OF THE ESAKI DIODE FREQUENCY CONVERTER 179 


based on an actual diode characteristic, this 
means that the highest maximum gain-bandwidth 
product will be obtained when the Esaki diode 
is biased in its negative conductance region. 

Several important facts should be kept in mind 
concerning Fig. 10 and the preceding expressions. 
First, since mixing at the fundamental pump 
frequency ceases when g; = 0, the gain-bandwidth 
product must vanish for this condition. Second, 
because negligible circuit losses were assumed, 
the curves and expressions will be in error when 
losses are present. However, this error should be 
small, if the losses are small, except possibly 
near the passive |g;| ~ go or near the mixing limit 
£1 ~ 0. When losses are present the high-gain 
assumption can still be satisfied near the passive 
limit, but now only to values of |gi| somewhat 
in excess of go, the exact amount depending on 
the degree of losses. For example, for the unlikely 
case of equal port losses, g’ = g”’, the preceding 
expressions may again be used provided that the 
change go>go+g’ is made and the restriction 
got+g’ <|gi| 4 0 imposed. 

The remaining question centers about the be- 
havior of the maximum gain-bandwidth product 
when the high-gain assumption is not fulfilled. 
As implied earlier, it is a very tedious numerical 
calculation to analyze the general case of finite gain 
and arbitrary go. An exception is the special case 
go = 0 for which an exact analytic solution can be 
obtained rather simply when losses are negligible. 
The results of this calculation show that the 
maximum gain-bandwidth product increases as 
the gain decreases to unity. However, when the 
gain exceeds 10 dB this product is within ap- 
proximately 12 per cent of its high-gain asymp- 
tote. Since it is probably safe to assume the same 
trend when go # 0, we may consider the term 
“thigh gain”, as applied to our present discussion, 
to mean gain in excess of 10 dB. 


2.4 Input and output admittance at resonance 

For various practical reasons it is useful to know 
over what range of values the input and output 
admittances presented by the mixer at resonance 
may vary as the gain assumes any possible value. 
These admittances are purely real at resonance 
and are given by the expressions 


(2.17b) 


In order to study the behavior of these conduc- 
tances as functions of the loading gs and g;, we 
first note that since the denominators in the second 
terms must never become negative for reasons 
of stability, the maximum value which the input 
and output conductance may attain is simply 
Zo, the average value of the time-varying conduc- 
tance. This means that when go>0, Gin and Gout 
can be positive if g; and gs are large enough; 
however, when go<0, Gin and Gout can never 
be positive. On the other hand, provided that the 
losses are not too large, the lowest value of Gin 
and Gout is negative irrespective of the sign of 
go, provided that go<|gi|, the condition for an 
active mixer. The lower bound is a finite negative 
number when go>0, but is infinite when go<0 
if losses are small enough. 

It is more instructive to study the behavior 
of Gin and Goyt not as functions of gs and gi, 
but as functions of each other and of the midband 
gain Ko. To do this one needs merely to solve 
equation (2.17) for gs and g; and to insert the 
resulting expressions into the midband gain 
formula, equation (2.9). We have done this for 
the low-loss case g’~g’’ = 0, and have computed 
a series of constant-gain contours in the Gin — Gout 
plane. Before presenting these results it is instruc- 
tive to note that the range of allowable values of 
Gin and Gout in the Gin—Gout plane is prescribed 
by the stability conditions and is as indicated by 
the cross-hatched regions in Fig. 11. The boundary 
of the region is defined by a segment of the hyper- 
bola (Gin—go)(Gout—go) = g?, Which is the 
condition for infinite gain, and by a series of 
straight-line segments which correspond to zero 
gain. As we explained earlier, and as is evident 
in Fig. 11, Gin and Gou; can be positive if go>0, 
but must be negative if g9<0. Notice the finite 
lower bound on Gin and Goy; in the former case. 

For purposes of illustration, a series of constant- 
gain contours have been computed for several 
positive and negative values of yu (or go) and the 
results are illustrated in Fig. 12. Since losses were 
neglected, all contours exhibit symmetry about 
the 45°-line, ice. about the line Gin = Gout. 
Observe that for »>0, Gout exhibits a maximum 
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positive value when Gin is negative. This positive 
value is given by 


max 


| 2 Ko 2 


(2.18) 
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Fic. 11. 


Range of input and output conductance at 
resonance. 


This cannot exceed 0-5 go, if Ko> 1. 1t is a curious 
fact that the corresponding value of g; is also given 
by this equation. This suggests that the mixer 
is “‘matched”’ at the output, but, of course, this 
conclusion is meaningless here, since matching 
has no significance for a negative conductance 
device. The above expression also holds for the 
maximum positive input conductance. 

The conditions along the symmetry line are 
easily obtained. They are 


Gin Gout 
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where 
&s 
lel 
1 1 : 


(2.19b) 


Clearly Gin, Gout, gs and g; are all decreasing 
functions of gain. With the help of this equation 
it is easily proven that when go<0-5/gi|, the 
mixer cannot simultaneously present a positive 
input and a positive output conductance at 
resonance and at the same time exhibit gain. More 
precisely, the midband gain must be less than 
4u2 when the input and output conductances 
are positive, simultaneously. Thus, since p<1 
for an active mixer, the maximum obtainable 
midband gain for this condition is less than 6 db. 
These conclusions are altered somewhat if losses 
are present. 


3. MIXER NOISE THEORY 

The ultimate sensitivity of a microwave receiving 
system is to a large extent determined by the 
amount of noise generated within the mixing 
element and its associated circuitry. Consequently, 
on practical grounds a study of mixer noise per- 
formance is of prime importance. 

The noise associated with the mixer circuitry 
is usually generated within ohmic elements and 
therefore is thermal in nature and consequently 
simple to evaluate. Often the noise attributed to 
the vacuum tube which may follow the mixing 
element is also included as part of the mixer noise. 
Though non-thermal in origin, this contribution 
is easily calculated. The noise generated within 
the mixer element, in this case the Esaki diode, 
is of three forms: thermal, 1/f and shot. The 
thermal noise is produced within the diode 
series resistance R, and can be minimized by 
proper diode design and by operating the diode 
sufficiently below its resistive cutoff frequency. 
The 1/f noise is believed to be associated with 
tunneling via intermediate states in the band 
gap and hence is of bulk origin. According to the 
meager experimental results reported to date, 
this noise is most predominant at the lower end 
of the negative conductance region and in the 
broad valley region beyond,“!) and thus can be 
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minimized by restricting the pump voltage 
excursions from entering this region. The shot 
noise is by far the most important source of noise 
in a well-designed and properly operated Esaki 
mixer diode. The level of this noise, which 
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3.1 Theory of internal mixer noise 

The shot noise generated in an Esaki diode 
consists of small random fluctuations superimposed 
on the macroscopically observed diode tunnel 
current. By macroscopic current we mean the 


Fic. 12. Constant-gain contours in the Gin—Gout plane 
for various values of the modulation coefficient. 


originates in the random tunneling of electrons 
across the p-n junction, is determined by the 
magnitude of the tunnel currents composing 
the net diode current. Under pumped conditions, 
certain correlation effects arise in the mixer 
which may lead to partial shot-noise cancellation. 
To explain these effects properly, and to assess 
correctly the dominant role played by the shot 
noise, it is necessary to discuss its origin in some 
detail. 


current registered on some averaging device, 
such as an ammeter. The usual formula obtained 
for the mean-square value of this noise is predicated 
on the assumption that the statistics governing 
the noise fluctuations are independent of time or 
nearly so; that is, the random process is considered 
stationary. This would be the case, for example, 
if the tunnel current were constant with time, 
or only weakly varying with time as under small- 
signal amplifier conditions. However, this is not 
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true under mixing conditions since the tunnel 
current varies strongly about some average 
value. In this case, we have a nonstationary 
random process and we cannot extend the 
stationary results to it by simply letting the noise 
spectrum become time-dependent, since this is 
meaningless from both the theoretical and physical 
standpoint. 

The observed tunnel current in an Esaki diode, 
in actuality, consists of two oppositely directed 
components as indicated in Fig. 13(a). One 
component J, is caused by electrons which tunnel 
across the junction from the n- to the p-side. 


Fic. 13. Definitions and sketches of the tunnel currents 
of an idealized Esaki diode. 


This component, which is responsible for the 
negative conductance, is illustrated in Fig. 13(b) 
for an idealized Esaki diode. The oppositely 
directed component J;, also illustrated in this 
figure, is responsible for the well-known Zener 
“breakdown”. The net diode current J(V) is 
equal to the difference of these components 


I= 1,—-I, (3.1) 


The quantity of interest in noise computations, 
we shall see, is not the difference of the tunnel 


ROBERT A. PUCEL 


components, but rather the sum. In anticipation 
of its importance in noise considerations we shall 
denote this sum current by the subscript 2. 
Hence 

= (3.2) 


This current is sketched in Fig. 13(c) along with 
the diode current. By its definition J, is necessarily 
non-negative. It can be shown"?) that for an 
idealized Esaki diode, J, and J are simply related 
by the expression 

qV 

2kT 


where q is the electronic charge (¢ = 1-6 x 10-19), 
V the applied diode voltage, T the absolute 
temperature of the diode and k Boltzmann’s 
constant (k = 1-38 x 10-°3 J/deg). This expression 
is believed to be valid for practical diodes, also. 

Either tunnel component consists of the com- 
bined contribution of all electrons which cross the 
junction in one of the two directions. Whenever an 
electron crosses the junction, it produces an 
elementary current pulse whose duration is deter- 
mined by the time taken to cross the junction and 
whose algebraic sign is governed by the direction of 
crossing. The only difference between elementary 
pulses, aside from their algebraic sign, is their 
time of occurrence, which is a “‘pure’”’ random 
variable.* In other words, either tunnel current 
is a sum of identical elementary pulses distributed 
in time in a purely random fashion. A typical 
elementary pulse, j(t—t;), is zero before its 
respective emission time ¢ = ¢;, and corresponds 
to one electronic charge; that is, it satisfies the 
conditions 


In = I coth (3.3) 


(t-t)>O0 
te) (3.4a) 
=@Q t<& 
[ i(t—ta)dt = g (3.4b) 


Formally, we may decompose each tunnel 
component into a noise-free or “‘macroscopically 


* By “‘pure’’ random variable we mean that the proba- 
bility of an electron tunneling at a given time is not 
a function of the number which have tunneled previously 
or the times at which they have tunneled. This excludes 
any type of noise 
13 for details. 


“‘smoothing’’ mechanism. See Ref. 
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smooth” part, J,(t) or J,(t), plus a “noisy” or 
fluctuating part. Our objective is to show that 
certain mean-square values of the ‘“‘noisy” com- 
ponents are expressible entirely in terms of the 
noise-free parts. The approach we use, though 
similar in some respects to the development 
presented by UHLIR"), differs considerably from 
the methods employed by others5.16), 

Suppose we consider the waveform of one of the 
tunnel components during a small but arbitrary 
time interval d@ extending from = @tot = 0+d0. 
This interval is assumed to be small compared 
to the duration of a single elementary pulse but 
large enough to contain many emission times. 
Imagine that one observes, for the same time 
interval, waveforms of a large group or ensemble 
of “‘identical’’ diodes, which in the limit are 
infinite in number. Though one would find that 
the number of emissions during the given interval 
would differ from waveform to waveform, never- 
theless, this set of numbers would cluster about 
an average value. This average value, known as 
the statistical or ensemble average, is in general 
a function of the particular time of observation 6. 
We shall therefore denote it as dN(6@). If the 
observation interval is short enough, the average 
number of emissions during that interval will be 
proportional to the length of the interval because 
of the statistical laws (Poisson statistics) obeyed 
by the shot process.?) Since the factor of propor- 
tionality is a function of time, we shall designate 
it as p(@). Thus 


dN(0) = p(0)d0 


It is quite evident that p(@) is simply the statistically 
averaged rate of emission at the time ¢ = 6. With 
this interpretation in mind, it follows that the 
statistically averaged tunnel component, that is, 
the fluctuation-free part, can be represented at 
time ¢ by a superposition integral of the form 7-18) 


t 


where the upper limit can be made infinite because 
of equation (3.4a). 

Physically interpreted, this integral states that 
electrons that tunnel during the interval 0, 0+ 8, 
at the rate p(@) per second, and number p(4)d@, 
produce a current [p(6)d6] j(t—@) at the later 
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time ¢. Integration over @ simply sums the effects 
of all electrons that have tunneled prior to the 
time ¢. Using this result and denoting the emission 
rates of the two tunnel components by p¢(t) and 
p(t), we may express the sum current, equation 
(3.2), by the integral 


= | (3.5) 


where p,(@) is the sum of the two emission rates. 

Since the time taken for tunneling (if one may 
even speak of a tunneling time) is negligible 
compared to the period of any relevant signal or 
pump variation, we may represent each elementary 
pulse by a unit delta function 8(t—t,)* scaled 
by the electronic charge, that is 


j(t—te) = q0(t— tr) 


Therefore, px and J, are simply related as 


= 


Turning attention to the mixer noise associated 
with the current fluctuations, we first note that 
each elementary pulse necessarily contains fre- 
quency components over the entire frequency 
band. The frequency spectrum of j(t—tx) is 
given by the Fourier transform, 


(3.6) 


= j(t—t,) exp(—jot) dt = q exp(—jut,) 
(3.7) 


This flat or “white” noise frequency distribution 
is sketched in Fig. 14(a) for the positive frequency 
range. Only certain portions of this spectrum 
are of importance in the mixer as will be shown 
below. 

Imagine that we decompose the above elemen- 
tary pulse into a sum of three sub-elementary 


* The unit delta function is defined by its properties , 
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pulses ji, jg and jr, in such a manner that j; 
corresponds to all of the frequency components 
contained in a band centered about the input 
resonance frequency ,, i.e. in the input pass band. 
This spectral band is indicated by the cross- 
hatched segment labeled si(w, in Fig. 14(a). 
Similarly, jg corresponds to the band s2(, t) 
centered about the output resonance frequency 
Qe. Thus jy represents the remaining portions 
of the spectrum. Because of the filtering, j; and 
jz have a zero average value, that is, they “carry” 
no net charge. 


S(w,t,) 
q 
Phase — 
(a) 


r 5 2 
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Fic. 14. (a) Frequency spectrum of an elementary 

current pulse, (b) model used for computation of 

equivalent noise generators, and (c) circuit representation 
of equivalent noise generators. 


As these three pulses pass through the diode 
circuitry [Fig. 14(b)], je and jy will be bypassed 
through the shorting filter F, at the input terminals. 
On the other hand, j; is blocked by this filter and 
must pass through the input terminals 1-1’. 
In doing this, it will develop a voltage pulse across 
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the external input circuitry. The spectrum of this 
voltage pulse will also be centered about Q). 
Similarly, 7, and j; are bypassed by the output 
filter F2, and only j2 will pass through the output 
terminals 2-2’ to develop a voltage pulse having 
a spectrum centered at Q2. These two voltage 
pulses then interact with the time-varying con- 
ductance as if they were externally applied signals. 

What is true for a single elementary pulse 
is evidently true for a random distribution of 
such pulses. Thus one may formally decompose 
the total diode noise current into three parts 
ni, mg and my which obey the same spectral con- 
ditions as the corresponding j’s. Therefore, as 
far as the mixing action is concerned, the effect 
of the diode shot noise is precisely the same as 
that produced by two noise current generators 
n, and ng applied to the input and output terminals 
as indicated in Fig. 14(c). The correctness of this 
representation can be verified by noting that it 
leads to the same short-circuit noise currents at 
the two signal ports as are obtained from the model, 
Fig. 14(b). 

The input-noise generator m, through the mixing 
action, will produce a current in the output band 
which is proportional to m but translated in 
frequency. We denote this frequency-translated 
counterpart by the symbol m2. The latter will 
produce a load noise power proportional to its 
square value m,*, and a cross-power or ‘‘beat” 
term proportional to the product mame. This 
latter quantity is a correlation term. In addition, 
the output generator will contribute a term 
proportional to m2. For noise-power computations, 
we shall actually want the mean values of these 
quantities suitably averaged over the statistics 
and over time. 

If we assume that the noise fluctuations of the 
two oppositely directed tunnel currents are statis- 
tically independent, then the mean-square value 
of the output generator, for example, is simply 
the sum of the squared values of the individual 
elementary output pulses jo(t—¢,), appropriately 
weighted by the time-dependent emission rate 
pn. Since this sum, a statistical average, is a function 
of time one must integrate over the latter to obtain 
the mean-square value of me. 

If we denote the statistical average by a horizon- 
tal bar, and the time average by the symbol < >, 
then we obtain for the mean-square values, the 
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expressions 17,18) 


2) = lim — | dt (3.8 
Analogously, 
= lim or dt J (3.8b) 
<mon2> = lim — | dt | pn(4)jr2(t,0)jo(t — 0)d0 
T20 2T 
(3.8c) 


Here jio(t, @) represents the elementary input 
pulse ji(t—@), translated down in frequency by 
the amount w, to the output pass band. That is, 
ji2(t, @) corresponds to the spectral distribution 


51(w+ = 51(w,0) exp(—jwp8) (3.9) 


(for the positive frequency range). This is obtained 
from the spectrum of the input pulse /;(t-@) 
by the transformation w>w+ wp. 

Under operating conditions J,(¢) will vary 
periodically in accordance with the pump voltage 
and hence can be expanded in the Fourier series 


Il 


ao 
Ink exp( jkwyt) (3.10a) 


where 
Ing = - I,(t) exp(—jkwpt)dt (3.10b) 
T ¢ 
0 


Using these expressions and the relation between 
pn and Ip, equation (3.6), one can show, by a 
straightforward (but lengthy) calculation, that the 
mean noise ‘‘powers’’, equation (3.8), are equal 
to 


= = 2gTno of 
<n = 2qRelni 
Here Sf is a small frequency interval about the 


input and output resonance frequencies Q; and Qe. 
The self-power terms are proportional to the 


(3.11)* 


* These results can be generalized to the case when 
the pulse spectrum is not flat. 
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average sum current—a result identical to that 
obtained for the stationary case. The correlation 
term, on the other hand, is proportional to the 
amplitude of the first harmonic of J,. This result 
is characteristic of the nonstationarity of the 
random process. Its origin can be traced to the 
additional phase factor exp(—jwp) in the translat- 
ed frequency spectrum, equation (3.9). If mixing 
had occurred via the Nth pump harmonic, the 
correlation term would be proportional to the 
Nth harmonic current amplitude Jny. 

The degree of correlation is often expressed 
in terms of the correlation coefficient y defined by 


_ 
V(<n2,><n2>) (3.12a) 
(3.12b) 
Ino 
COS Wyt dt 
= (3.12c) 


In(t)at 
0 


Since J,(t) is non-negative, y is restricted to the 
range —1<y<1. The closer |y| is to unity, the 
stronger the correlation. A unity correlation 
coefficient is approached only when the sum 
current consists of a sequence of periodic pulses 
which are short in duration compared to the pump 
period and which coincide with either the peaks 
of the fundamental pump wave, cos wyt~ +1, 
(y>+1) or the troughs, —1, (y>—1). 

One may approach a unity coefficient in several 
ways. One way is to drive the diode “‘hard”’ with 
a large sinusoidal voltage in order that the pump 
excursion will reach into the highly conducting 
Zener “‘breakdown”’ region. Pronounced conduc- 
tion must occur only during a small time interval 
about the negative peaks of the drive. Another 
way is to drive the diode with a pulse-like pump 
voltage, that is, a drive rich in pump harmonics. 
The resultant current sum will be pulse-like also, 
because J, is, to a rough approximation, linearly 
dependent on bias voltage. (See Fig. 13.) In this 
case the bias should be at the lower end of the 
negative conductance region and the pump 
amplitude should be modest-to-large. 
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Because of the approximate linear dependence 
of In on bias, J In(t) will be nearly sinusoidal if the 
pump voltage is sinusoidal. If In(t) were truly 
sinusoidal, |y| could not exceed 0-5. In practice, 
as we shall demonstrate in Section 4, | \y| is some- 
what less than this for sinusoidal voltage pumping. 


3.2. Mixer noise figure 
The noise performance of a two-port, such as 
the mixer, is often characterized by the noise 
figure. Noise figure is a measure of the noise 
introduced into the input signal by the noisy 
two-port and its associated circuitry. The lower 
the noise figure, the better the two-port. Quan- 
titatively the noise figure, denoted by the symbol 
F, is equal to the total noise power delivered to 
the load g; by all noise sources, divided by that 
portion of this noise which is attributable to the 
source itself. By convention, the latter is taken 
as the (unavoidable) thermal noise generated 
in the source conductance gs, assumed to be at 
room temperature T = Ts (T's = 300°K). Thus 
T T T 
F = oe = 1+ = (3.13) 
Ns Ng 


Here N; is the (amplified) thermal noise of the 
source conductance and Ng the noise of all 
additional sources. The noise figure is usually 
computed for a narrow frequency band 6f over 
which all circuit parameters can be assumed 
constant. For tuned two-ports, such as the mixer 
under consideration, this band is taken at midband, 
in which case all admittances are real. 

Though the noise contributed by the load is 
usually considered part of the second-stage noise in 
conventional mixer circuits, it is often included as 
part of the mixer noise when the mixer is active, 
case, because of the amplification that 
this noise receives from mixer. We shall 
adopt the latter practice since the calculated load- 
can always be removed later, if 


as in our 
the 


contributed noise 
desired. 

If we consider the mixer load to be simply an 
ohmic conductance g;, then all the relevant 
external noise sources in the mixer are thermal 
in nature and can be represented as current 
sources in shunt with the respective conductances 
as shown in Fig. 15. Keeping in mind that all 
thermal sources are uncorrelated, we obtain as 
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the resonance noise figure for the circuit shown in 
Fig. 15 the expression 


2 
pn 
£1 
(3.14) 
1 
Here 
3.15 
= ( ) 


is an equivalent noise conductance. This conduc- 
tance is a measure of the self-power shot terms. 
The lower gy, the lower the shot-noise contribu- 
tion. Equation (3.14) has been derived by others, 
also, ‘7-19) 


ig =4kT, gy Sf 


Sf 


15. Circuit used for the calculation of the noise 
figure at resonance. 


Fic. 


The set of terms following unity are the shot- 
noise contributions. Since |y| <1, this set is never 
negative. The remaining terms are thermal 
contributions. The first is produced by the input 
loss conductance g’ assumed to be at a temperature 
T’. The next two terms correspond to the output 
loss conductance g’’ at temperature JT” and the 
load conductance g; at temperature 7). If the 
latter contribution is to be excluded, one may 
do so by setting 7; to zero. 

It is quite evident that partial cancellation of the 
shot noise can occur if the correlation coefficient 
has the same sign as g;. This will usually be true 
in practice for sinusoidal pumping because gj 
and y will be negative, since both J,(V) and g(V) 
are decreasing functions of V over a large fraction 
of the usable mixer range. Only when the diode 
is based near the minimum conductance point 
will g; change sign. In this case some anticompen- 
sation will occur. 
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It is easily shown that when |y| = 1, the shot- 
noise contribution may vanish, depending on the 
relative sign of y and gi. However, in practice, 
in attempting to approach this ideal condition 
by the several techniques discussed earlier, one 
may actually increase the shot-noise contribution 
since the equivalent noise conductance gy and the 
other mixer parameters may be affected adversely. 
That this can occur will be illustrated in a later 
Section. 

It is not always sufficient to represent the load- 
contributed noise by a single current generator 
as we have done. In practice a mixer is usually 
followed by a vacuum-tube stage (assuming 
down-conversion). To account properly for all 
of the tube noise, it is necessary to use two noise 
generators. One representation, which is particular- 
ly convenient for our purposes, consists of a voltage 
and a current noise generator followed by a noise- 
less tube as indicated in Fig. 16.(°9) The loading 
effect of the tube at high frequencies caused by 
transit-time effects is represented by the electronic 
conductance g, in shunt with the current generator. 
This conductance increases with the square of the 
frequency. 


k 


e Noiseless 
tube 
To mixer = 
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Fic. 16. Circuit representation of the noise properties 
of a vacuum tube. 


The generators represent the shot and partition 
(of a pentode) noise of the plate circuit and the 
induced noise of the grid circuit. For computational 
purposes, it is customary to express these 
generators in terms of equivalent thermal noise 
sources. Thus 


= 4kT 3.16) 
2 = 4kT,¢,5f | 


The fictitious resistance Reg is defined, by con- 
vention, to be at room temperature. The electronic 
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conductance, on the other hand, is assumed to be 
at a temperature 7, sufficiently above room tem- 
perature to account for the induced grid noise. 
In practice T,,~ 57s. (20) 

To include the tube noise in the noise figure 
expression, we must compute the additional 
component of mean-square voltage appearing at 
the grid-cathode terminals g’—k’ of the fictitious 
noiseless tube, and then divide this result by the 
corresponding mean-square voltage produced 
by the source conductance. Since the input 
admittance of the noiseless tube is zero, we obtain 
the correction 


_ 
&sTs £1 


at resonance. The correlation term between the 
tube noise generators vanishes near resonance. ‘29) 

If the actual mixer load is assumed, as before, 
to be a physical (ohmic) conductance g; external 
to the tube, then the transit-time conductance 
simply represents an additional parasitic loss. 
Therefore, the first correction term can be incor- 
porated with the previous output loss term by 
letting g’T’’—>g'"'T"+g,T, in equation (3.14). 
Thus only the second contribution represents a 
distinctly new term. This term will be negligible 
at very high gain, but may not be at moderate 
gain (i.e. of the order of 10 dB or less), depending 
on the value of g; and Reg. On the other hand, if 
the transit-time conductance constitutes the 
actual mixer load, a common condition, then the 
first term is dropped, and instead the change 
giT,->g,T, is made in equation (3.14). Thus, 
again, only the second contribution represents 
a true correction term. However, this term now is 
equal to 


AF 


(3.17) 


0 


Ko 
since g; = g,;. For the commonly used low noise 


6AKS5 tube, Reg and g, have the following values 
at 30 Mc/s°): 


Req = 385 Q (triode) 
= 1880 Q (pentode) 
g, = 12 pmhos 


Since the product Regg, is of the order of 10-, 
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the above term is negligible, even for moderate 
values of gain. This conclusion also holds if a 
transformer is used between the mixer and tube 
to “‘step up” g, to a value more suitable for the 
diode, since the transformed value of Regg, does not 
change. Thus, whether or not the mixer load is 
considered to be a physical ohmic conductance 
or the transit-time conductance of the tube, 
only the second term in equation (3.17) represents 
a distinctly new contribution to the noise figure 
expression. This term can always be neglected if 
the transit-time conductance constitutes the mixer 
load and if the mixer exhibits gain. 


3.3 Optimization of the noise figure 

In this subsection we shall compute the con- 
ditions that must be satisfied by the source and 
load conductances in order that the noise figure be 
a minimum. We shall assume that the load is a 
physical conductance represented by g; and that 
all losses are negligible. Under these assumptions 


&n [ &s+80 
1+— ~y) +1- 
| (3.18) 


9 


& &st+8o 


5s \ 5 / 


where » = T;/Ts. That F does exhibit a minimum 
with respect to gs follows from the fact that it 


can be put in the form 


F = A+Bg,+ — 

&s 
where B and C are positive. Since the quantities 
A, B and C are functions of g; the resulting 
minimum will also be a function of g;; therefore, 
a further minimization with respect to g; is neces- 
sary. However, one is not free to accept the resul- 
tant optimum values of gs and g; so obtained 
unless they correspond to a point in the stable 
domain. (See Fig. 9.) If this point falls in the 
unstable domain, we shall define the minimum of 
F to be the lowest value consistent with stability, 
even though this value does not correspond to 

an extremum of equation (3.18). 

In practice, since g; is negative over most of the 
operating range (at least when sinusoidal pumping 


is used), we shall let gi = —|g;|. However, because 
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of the identity 
F(—g1, —y) = Flu 7) 


our results will also apply to positive values of 
gi provided that the change y>—y is made. 

Of the three groups of terms in equation (3.18), 
the middle set, representing the internal noise 
of the diode, is the most interesting from the 
theoretical viewpoint and the most important 
from the practical standpoint. A study of the 
minimal properties of the shot-noise contribution 
will prove fruitful for several reasons. Firstly, 
since the lower bound of the total noise figure 
cannot be less than the lower bound of the shot- 
noise contribution, the latter bound, when applied 
to a practical situation, will specify the best noise 
figure achievable with a given diode operated under 
a particular set of pumping conditions. Secondly, 
since the shot-noise contribution is expected to 
be the dominant one, a knowledge of its properties 
will provide useful information concerning the 
properties of the total noise figure. Thirdly, 
should the output frequency be high enough to 
permit use of a circulator, such as in double- 
superheterodyne operation or in up-conversion, 
the shot noise will represent the entire excess 
noise of the mixer (aside from incidental noise 
contributions). Finally, if the load contribution is 
not to be considered as part of the mixer noise, 
the shot terms will represent the total excess 
noise of the mixer. 


3.4 Minimization of the shot-noise figure 


Excluding the load term in equation (3.18), 
we obtain 


= ) +2y 
£1 |g1| 


The subscript s denotes that this expression 
represents the shot terms only. It is clear that 
F; is an increasing function of y. Since the load 
conductance does not appear in this expression, 
the minimization procedure is particularly simple. 
The only stability condition that might be re- 
strictive is the first one in equation (2.2), namely, 


+1] (3.19) 


8s 


&st+g0>0 


Because we are free to choose the value of the 
load conductance, the remaining two stability 
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conditions, 
gitgo>9 
(gs+0)(gi +0) > 8} 


can always be satisfied by selecting g; large enough. 
Furthermore, when go> 0, even the first condition 
is not restrictive, since F's (and F) always exhibits 
a minimum for a positive value of gs. 

The minimum of F’; occurs for 


\" £0 
= ail, /|(=) +1] 
g1 


Obviously, this solution is always valid when 
go>0. When go<0, it is only applicable if it is 
greater than —go. This will be the case if the 
correlation coefficient does not exceed a critical 
value yo, given by 


insite 
/ 


region 


Fic. 17. Excess shot-noise figure as a function of the 
source conductance and the correlation coefficient for the 
case go <0. 


Thus, when go>0 or when go<0 and y<yp,, 
the minimum value of F's is calculated by using 
the optimum value of gs given above. For the 
remaining region g9<9,y>vyp,, the minimum 
occurs in the unstable range. This situation is 
illustrated in Fig. 17. In this case, the lowest 
value of F's consistent with stability is realized 
when gs exceeds —go by an infinitesimal amount. 
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The load conductance necessary for stability 
becomes arbitrarily large in this limit. 

All of the preceding results may be summarized 
in convenient form in terms of the modulation 
coefficient 


£0 
|g1| 


introduced earlier. Denoting the optimum source 
conductance by @s,,, and the corresponding 
minimum shot-noise figure by F’s_,., we obtain: 


for go>9; 
Ssope = |gilV 1) 


(3.20b) 


= (1+ 


(3.20c) 
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1 Ln 
v=—;} 
2p 
If g;>0, let y>—y everywhere. 
With these formulae it is easy to compute the 


upper and lower bounds of Fs, ,,. Thus, when 
g0>9, 


where 
£0 


Yoo = 


Femin < 14+4=-(1 +1) (3.21) 


This is always less than 1+8gn/go. On the other 
hand, when go <0, 


(3.22) 
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This latter bound, which corresponds to the 
limiting value gs... = —Zo, is illustrated in Fig. 
17. Jumping ahead, notice that since the load 
contribution in equation (3.18) vanishes for this 
value of source conductance, the upper bound 
expressed by (3.22) is also applicable to the 
total noise figure. 

We have plotted the minimum excess shot-noise 
figure (Fs—1)min in normalized form in Fig. 18 
(solid lines) as a function of y for a range of modula- 
tion coefficients met in practice. From these 
graphs, it is quite obvious that for a fixed noise 
conductance and modulation conductance, the 
best noise figures are obtained when go is negative. 
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Fic. 18. Minimum excess shot-noise figure as a function 
of the correlation coefficient and the modulation 
coefficient. 


Arbitrarily high gain is always possible under 
minimum shot-noise conditions except when the 
set of conditions, gy>0 and y>y,,, is fulfilled, 
where 


For this situation, the maximum possible gain is 


2 
6158 


Komax — (3.24) 


(gs+go0)[go(gs —g?] 
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where gs has its optimum noise value. This ex- 
pression is plotted in Fig. 19 as a function of pu 
for a range of y-values. 

If the mixer gain exceeds the value given above, 
the lowest shot-noise figure obtainable will exceed 
the minimum possible value computed earlier. 


Koray (db) 
@ 
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Fic. 19. Maximum midband gain obtainable when the 
shot-noise figure is minimized. 


It is useful to compute the amount of degradation 
of the minimum when the gain is arbitrarily high. 
For this case the source conductance must satisfy 
the high-gain condition 


(gst+go)(gitgo) g? (3.25) 


This condition restricts the source conductance 
to the range 


= (3.26) 


0< §s < &smax 


[See Fig. 9(b).] 

We have indicated this situation in Fig. 20. 
It is evident from this sketch that the lowest 
shot-noise figure, consistent with high gain, 
occurs when gs equals gs. The corresponding 
load conductance approaches zero for this case. 

In Fig. 18 we have indicated the resulting 
increase in the minimum shot-noise figure. As 
is evident, no degradation occurs until p is 
sufficiently high to satisfy the inequality y>y,,. 
For the range of y-values plotted, 4 must exceed 
0-54 for this to be true. Notice that the amount 
of degradation increases as the passive limit 
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#2 = 1 is approached. However, the degraded 


noise figure cannot exceed the value 


o\l—p 


Is 
j>High-gan ranges) 

Fic. 20. Excess shot-noise figure as a function of the 

source conductance and correlation coefficient for the 
case go> 0. 


3.5 Minimization of the total noise figure 
If losses are excluded, the total noise figure is 
given by 
&n [ 
+ +1] 
£1 / 


&st80 
(3.27) 

6 

Considered as a function of the two independent 
variables gs and g;, F represents a surface, To 
find the lowest point on this surface, it is necessary 
to minimize F with respect to gs and g;, subject 
to the condition that these variables never enter 
the unstable domain indicated in Fig. 9. This 
two-dimensional minimization coupled with the 
two-dimensional stability constraints complicates 
the problem somewhat. However, if the minimiza- 
tion is performed along some judiciously specified 
path in the gs—g, plane, the problem is simplified 
considerably since it is reduced to essentially a 
one-dimensional minimization as before. A path 
having practical importance is the one separating 
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the stable and unstable domains, i.e. the one corres- 
ponding to high gain, equation (3.25). Using this 
relation, we may eliminate g; in equation (3.27). 
The resulting extremum of F obtained with 
respect to gs represents the minimum total 
noise figure at high gain. 

Keeping in mind the stability condition gs > — go 
when go <0, and the high-gain threshold condition 
[equation (3.26)] when go>0, we obtain the 
following solutions: 


for go>9; 
Vit? 


(3.28a) 
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If gi>0, let y—y everywhere. The corres- 
ponding load conductance is obtained from the 
high-gain condition. The above formulae also 
apply to the minimum shot-noise figure at high 
gain if » = 0. 

We have computed Fmin as a function of y 
for a series of p-values and a range of gn/|g1| 
ratios. The load was assumed to be at room 
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minimum obtained at any lower gain, except when 
go>0, y>y,,, Where y,, is given by equation 
(3.23). For this case, the lowest total noise figure 
is equal to the minimum shot-noise figure. 
Unfortunately, since the corresponding optimum 
load conductance vanishes, so does the gain. 

In summary, we emphasize that the preceding 
noise calculations were based on the assumption 


(db) 


Fic. 21. Minimum total noise figure as a function of the correlation and modulation 
coefficients and for various values of the equivalent noise conductance. Load 


temperature 


temperature, 7 = 1. The results of this calculation 
are plotted in Fig. 21. The noise figure is not 


normalized, since g, no longer appears as a 
multiplicative factor in Fmin. As expected, Fmin 
increases with the noise conductance and also 
with y. If g; were positive, the opposite dependence 
on y would result. 

It can be shown that the minimum total noise 
figure obtained at high gain is always less than the 


= 300°K. 


that all losses were zero and that the mixer 
load noise could be represented by a simple 
current generator in shunt with the load. The first 
assumption is probably not too serious for a well- 
designed mixer except at frequencies near the 
resistive cut-off, where thermal noise of the series 
resistance becomes important. The second may 
or may not be, depending on the value of the gain, 
as discussed in Subsection 3.2. 
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4. NUMERICAL ANALYSIS OF AN ACTUAL 
DIODE CHARACTERISTIC 

In this Section we shall discuss the results of 
a numerical Fourier analysis applied to a high 
frequency germanium Esaki diode. The results 
are presented graphically as functions of the pump- 
operating conditions, i.e. the bias voltage and pump 
amplitude. The pump voltage was assumed to be 
sinusoidal, 


V,(t) => Vo + 2 Vo cos Wt (4. 1) 


For this pump voltage, the bias current J(V), 
the sum current J,(V), and the incremental 
conductance g(V) are all periodic functions of 
time and can be expanded in a cosine series. 
The Fourier coefficients of these series are 
functions of the bias voltage Vo and pump 
amplitude 2V 

The J[-V characteristic was obtained with an 
X-Y recorder. The voltage range was divided 
into sections, so that the resulting expanded 
voltage scales would permit reading of current 
values at 5-mV intervals. This expansion was 
necessary since the incremental conductance 
g(V) was computed from the J-V characteristic 
by graphical differentiation. The sum current J, 
was obtained from J/(V) with the help of equation 
(3.3). Room-temperature operation was assumed. 

The Fourier coefficients were calculated 
numerically by the well-known JN-ordinate 
scheme. @!) In our computations, the fundamental 
period was divided into 15°-intervals, that is, 
N = 24, which was more than adequate for an 
accurate determination of the first two or three 
Fourier coefficients. 

The germanium diode analyzed was an early 
version of the D4115A (Sylvania)."°?) This is a 
high-frequency unit encapsulated in a low- 
inductance “‘pill-box”’ package suitable for micro- 
wave applications. The manufacturer specified 
a maximum (measured) oscillation frequency of 
4kMc/s. The additional information listed below 
was obtained at our laboratory, except where 
noted: 

Peak voltage = 62 mV 

Valley voltage = 360 mV 

Peak current = 1-37 mA 

Peak-to-valley ratio = 7-6 

Junction capacitance C = 3 pyF 
(Sylvania) 
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Series resistance Ry = 1-3 Q (Sylvania) 

Series inductance L~0-3 
(estimated) 

Minimum incremental conductance 
£min = — 11-2 mmhos 


The results of our measurements and numerical 
calculations are summarized in Figs. 22 and 23. 


4.1 Mixer parameters 
In Fig. 22(a) we show the portion of the J-V 


characteristic which was used in the analysis. 
This extends from the reverse-bias region to 
the beginning of the valley region. The calculated 
sum current curve, also included in this figure, 
shows a slight downward trend at about V = 40mV 
and decreases nearly linearly with bias until it 
coalesces with the J(V) characteristic at approxi- 
mately 100 mV. [In contrast, the curve obtained 
for a low-frequency gallium-arsenide diode (not 
shown) displays a very pronounced dip below the 
peak voltage, more like that sketched in Fig. 
13.] The incremental conductance curve attains 
its minimum value gmin = —11:2mmhos at 
115 mV. 

The various mixer parameters were computed 
for three pump amplitudes, 2Vp; = 20mV, 
50 mV, 80 mV, and for bias voltages Vo extending 
from 50 mV, which is somewhat to the left of the 
peak voltage, to 120 mV, which is slightly beyond 
the gmin point. For the largest pump amplitude 
the diode is actually driven into its highly con- 
ducting reverse-bias region when biased at the 
lower end of the range. On the other hand, 
at the upper end it is pumped far into the valley 
region. The go-curves displayed in the next 
graph, Fig. 22(b), all exhibit the general shape of 
the g(V) curve even though they are obtained as 
averages of g(V) over a pump cycle. Notice that 
for any specified bias, go decreases with decreasing 
pump amplitude and approaches, though never 
becomes less than, the incremental conductance 
in the limit of vanishing pump drive. Obviously, 
go can never be less than gmin. The bias voltages 
at which go = 0 are all to the right of the point 
where the incremental conductance vanishes, 
and move farther away with increasing pump 
drive. 

The modulation conductance g; plotted in 
Fig. 22(c) is negative for nearly all pump conditions. 
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It vanishes for the lowest pump amplitude when 
the diode is biased near the gmin point. Both of 
are in accord with our 
(See Subsection 1.2.) 


observations 
predictions. 


these 
theoretical 
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to this point, are still considerably to the left of it. 
The comparable size of |g;| and go suggests that 
subharmonic pumping might prove feasible 
when this diode is biased near the gmin point. 


2. Numerically calculated mixer parameters of a high-frequency germanium 


Esaki diode for the pump voltage Vp = 


That g; should decrease in magnitude with de- 
creasing pump amplitude and be negative in 
sign is to be expected since it is, roughly speaking, 
proportional to the product of the pump amplitude 
and the derivative of g(V). 

The second harmonic coefficient go, also plotted 
in Fig. 22(c), is a positive, increasing function 
of pump drive and is comparable in magnitude 
to gi near the gmin point. For a vanishingly small 
pump drive, go should exhibit a maximum at this 


point. The maxima of the go-curves, though tending 


Vot2V p1 cos Wpt. 


However, for the same reason, suppression of the 
nearest undesired sideband frequency might be- 
come difficult. More will be said of this in the 
next section. 

The large-signal conductance presented to the 
pump source is plotted in Fig. 22(d). This con- 
ductance, which we denote by G, is defined as 


(4.2) 


where Jp; is the Fourier amplitude of the 
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fundamental component of the pump tunnel 
current, 


I,(t) = Ip+2Ipi cos wpt+2Ip2 cos2wyt... (4.3) 
The pump conductance is positive for all bias 
voltages to the left of the peak voltage, though 
it becomes negative for bias voltages sufficiently 
to the right of this peak. 

When G is negative, the loading in the pump 
circuit must exceed |G|, otherwise oscillations 
will occur in this circuit. On the other hand, 
if oscillations are desired, such as in self-excited 
operation, the maximum external conductance 
“seen” by the diode at the pump frequency must 
equal |G|. Thus curves of G(Vo, Vp1) may be 
used in the design of a self-excited mixer. For 
example, suppose that a self-excited mixer using 
the diode under discussion is to be designed, and 
suppose that a pump amplitude of 50mV is 
desired when the diode is biased at 110 mV. The 
appropriate curve indicates that the total con- 
ductive load seen by the diode at the pump 
frequency should be approximately 9 mmhos. 
If the conductance is less than this, the diode will 
oscillate with a larger amplitude until stable 
oscillations ensue. The converse is true if the 
loading is too large. 

The pump conductance curves resemble the 
small-signal conductance curves both in shape 
and in their relative dependence on pump amp- 
litude. This is not coincidental, since the pump 
conductance can be expressed solely in terms of 
the (small-signal) conductances go and ge for 
sinusoidal pumping conditions, as we show in the 
Appendix. The relation is 

G = go—82 (4.4) 
Since ge is positive, G is always more negative 
than go, though it cannot be less than gmin. 

Curves of the diode pump power P = 2GV 
are illustrated in the next graph, Fig. 22(e). 
The positive values represent the power absorbed 
from the pump source when the diode is externally 
excited, the negative values correspond to the 
pump power fed back to the pump load when the 
diode is self-excited. In either case, the power 
levels are in the low microwatt range. 

The average pump current or bias current Jo 
is also plotted in Fig. 22(e). It is evident that 
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under pumped conditions, the bias current 
generally decreases from its quiescent (unpumped) 
value I(V), the decrease being greater the larger 
the pump amplitude. 

The curves of the modulation coefficient j, 
plotted in Fig. 22(f), show the same general shape 
for all pump amplitudes. The bias voltage where 
#/ increases to unity corresponds to the passive 
limit, below which the mixer cannot exhibit gain. 
The correlation coefficient, also plotted in this 
figure, is negative over the entire range of pumping 
conditions and shows only a mild dependence on 
bias voltage. The values are all below 0-5 and in- 
crease in magnitude, approximately, as linear 
functions of the pump drive. This is to be ex- 
pected since J, is nearly a linear function of bias. 
Because y is considerably less than unity, one may 
conclude that J,(t) is more nearly sinusoidal 
than pulsive, even though the diode is driven 
into the highly conducting reverse-bias region in 
one case. Although noise compensation occurs 
for practically the entire range of operating 
conditions considered (since gj is negative nearly 
everywhere), the degree of compensation is only 
moderate because of the smallness of |y|. 

The over-all mixer characteristics computed 
from the mixer parameters are illustrated in the 
next series of graphs, Fig. 23. 


4.2 Mixer characteristics 


The maximum gain-bandwidth product, Fig. 
23(a), was calculated for the high-gain condition 
and under the assumption that only the diode 
capacitance was present in the signal circuits. 
The maximum gain-bandwidth product of the 
corresponding amplifier is also included for com- 
parison. 

As is clearly evident, the maximum gain- 
bandwidth product increases rapidly as the bias 
voltage enters the negative conductance region, 
that is, the region beyond the peak voltage. 
In this region, the product actually increases 
as the pump drive decreases, and, theoretically, 
approaches the gain-bandwidth product of the 
Esaki amplifier 
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in the limit of vanishing pump drive. That this 
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should be the case is evident, since in this limit gain-bandwidth product, 
gi->0, and go—g(Vo), the incremental conduc- 
tance. Of course, right at the limit, gi; = 0 and 
mixing ceases; hence the gain-bandwidth is zero, 
by definition. Actually, one cannot let the pump This equals 595 Mc/s. 
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Fic. 23. Numerically calculated mixer characteristics of a high-frequency 
germanium Esaki diode for the pump voltage Vp = Vo+2V p1 cos wot. 


drive become too small, since the small-signal It is not known whether the slight dip in the curve 
assumption would be violated. At any rate, the corresponding to the lowest drive is real or simply 
curves imply that the mixer gain-bandwidth a result of cumulative errors in the numerical 
product at small pump drives cannot exceed analysis. Indications are that it is real, since a 
the upper bound of the maximum amplifier similar dip was obtained for a gallium-arsenide 
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diode. Notice that since g; vanishes for one point 
on this curve, namely, that corresponding to 
Vo~115 mV, the curve should actually go to zero 
at this bias. However, this cannot be shown 
graphically. In practice, with losses present one 
should expect an easily discernible valley near 
this point. 

In the calculation of the gain-bandwidth product 
it was assumed that Cj; = Coo = C, the diode 
capacitance. The optimum source and load 
conductances are equal for this case, whereas they 
are not so, in general, when the total noise figure 
is optimized (except when go = 0). Therefore, 
it is of practical interest to know how the gain- 
bandwidth product is degraded from its optimum 
value when the total noise figure is minimized 
instead. The curves in Fig. 23(b) show that the 
product still attains a maximum in the negative 
conductance region. The degradation is most 
pronounced at the lowest pump drive, so much so 
that the peak gain-bandwidth product is no longer 
obtained for this drive. 

The next graph, Fig. 23(c), shows how the 
minimum shot-noise figure varies with pumping 
conditions. For a given pump excitation, this 
quantity exhibits a generally decreasing behavior 
as the diode is biased further into the negative 
conductance region. This is attributable to the 
reduction of the equivalent noise conductance 
2n. Detailed examination of the calculations 
shows that gy decreases almost linearly with bias 
and is practically independent of pump amplitude. 
The increase of the noise figure with pump drive 
is caused by the rapid increase of yu. [See equation 
(3.20c) and Fig. 18.] 

Since the correlation coefficient is relatively 
independent of bias, noise compensation apparent- 
ly does not play a major role in determining the 
shape of the noise figure curves, at least where the 
dependence on bias is concerned. It is evident, 
though, that compensation becomes more and 
more important as the pump drive increases. 
It is interesting to note that for the lowest noise 
figure calculated, namely 4-5 dB, at Vo = 120 mV 
and 2Vy1 = 20 mV, correlation is actually detri- 
mental since y and g; differ in sign. However, 
since this effect is small in this case, it does not 
affect the noise figure measurably. 

As another basis for comparison between the 
Esaki mixer and the Esaki amplifier we have 
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included a curve of the latter’s noise figure ob- 
tained at high gain, which is given by the 
expression 


+e 
2kTs\g| 


Famin =1 


Here, as before, Jp is the sum current and g the 
negative incremental conductance. Observe that, 
as in the case of the gain-bandwidth product, 
the minimum amplifier noise figure is the asymp- 
totic value of the mixer figure in the limit of vanish- 
ing pump drive. That this is reasonable (at 
least for the negative conductance region) is 
evident from equation (3.20c), since as this limit 
is approached, both |g;| and yj, vanish; con- 
sequently, 


gno 


———— 
2kTs|g0} 


Although Jno and | go| are averages over an oscillator 
cycle, they obviously converge to the correspond- 
ing amplifier quantities in this limit. 

Note that we have not proved that the mixer 
noise figure in the negative conductance region 
must always exceed the amplifier noise figure, 
although our graphical computations strongly 
suggest this. Actually, we have only demonstrated 
that the amplifier noise figure is approached in the 
limit of vanishing pump drive. To prove the 
first statement one would need to compute the 
detailed analytic behavior of the various mixer 
parameters in the limit of vanishing pump drive, 
a difficult task since no reliable analytic expression 
exists for the diode characteristic. Furthermore, 
one could not justifiably restrict oneself to 
sinusoidal excitations in such an analysis. The 
computed results, nevertheless, seem to indicate 
that the mixer noise-figure curves, if extended 
further into the negative conductance region 
would not go below the value 4-13 dB. This is 
the lower bound of the minimum amplifier noise 
figure and is realized at Vo = 140 mV. 

Fig. 23(d) illustrates what happens to the noise 
figure when the load contribution is included. 
The lowest noise figures again occur in the negative 
conductance region and at the lowest pump drive. 
At the lower bias voltages there is less ordering 
of the curves with respect to pump drive than 
before. Notice that the minimum in the curve 
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corresponding to 2Vy; = 80mV_ occurs at 
Vo~80 mV, the bias value for which the pump 
just fails to drive the diode into the reverse 
direction. Similar results have been obtained with 
another diode. The noise figures corresponding to 
the two largest pump drives are probably optimistic 
at the extreme end of the negative conductance 
region since the pump excursions extend well into 
the valley region where the neglected 1/f noise 
might be important. This statement also applies 
to the corresponding shot-noise curves in the 
preceding graph and to the respective curves in 
the following graph. 

The next graph, Fig. 23(e), 
minimum noise figure discussed above is degraded 


shows how the 


when the source and load conductances are chosen 
to optimize the gain-bandwidth product rather 
than the total noise figure. Though the lowest 
noise figures are still exhibited in the negative 
conductance region, they are considerably higher 
than the optimum values—except where go = 0, 
at which point they coincide. The low pump-drive 
curves are affected most at the high end of the 
bias range, but the converse is true at the low end. 
Observe that at the upper end the noise figure 
does not necessarily decrease with a decrease in 
pump amplitude. 

As we have intimated throughout the discussion 
of this example, results similar in all respects 
to those presented here were also obtained with 
a low-frequency gallium-arsenide diode. Because 
of this we feel that our results should be represen- 
tative of all Esaki diodes having J/—-V characteris- 
tics similar to that of the diode considered here. 
We remind the reader, however, that the effect 
of the series diode impedance has been neglected, 
and that all sidebands have been assumed “‘short- 
circuited”. When these assumptions are not 
fulfilled, the results can be seriously affected. 


4.3 Conclusions 

The most important conclusion to be drawn 
from the preceding numerical analysis is that at 
high gain the lowest noise figure and the highest 
gain-bandwidth product are realized when the 
diode is operated in the negative conductance 
region. We must emphasize, however, that the 
terminating conductances necessary for realizing 
these optimum situations differ in general. 
Consequently, in practice one must optimize 
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one of these mixer properties at the expense of the 
other. Which course is adopted depends on the 
system requirements. 


5. MISCELLANEOUS TOPICS 

In Section 1, for reasons of analytic simplicity 
we neglected the diode series impedance and 
assumed that the undesired sideband signals 
were terminated in short circuits. We now con- 
sider the changes in the analysis that are necessary 
when these assumptions are not valid. We shall 
also touch upon other topics such as the sensitivity 
of the mixer gain to small variations in the mixer 
parameters and terminating conductances and the 
effect of incomplete isolation of the signal and 
pump circuits. 


5.1 Series diode impedance 

It is a simple matter to correct the small-signal 
circuit to include the effect of the series impedance. 
Since each sideband current must pass through 
this impedance, one need merely add this im- 
pedance in series with each signal and sideband 
port, regardless of the number of sideband 
components considered. Thus, if all possible 
components are included, the small-signal re- 
presentation of the mixer, including series im- 
pedance effects, takes the form shown in Fig. 24. 
If Ry» is frequency sensitive, the appropriate 
frequency-dependent value must be used at each 
port. 
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L 
= 
= : =| 
Outpu 
pu nfinite ductance network 


Fic. 24. Small-signal equivalent circuit of a mixer which 
includes the effects of the diode series impedance and 
all sidebands. 


In order to proceed with the mixer analysis, 
one must specify how the various sideband 
ports are terminated. At this stage we arrive at an 
impasse. Because of the series impedance one 
cannot assume short-circuited sidebands. On the 
other hand, because of the junction capacitance 
one cannot assume open-circuited sidebands, 


: 


either. However, unless one or the other of these 
assumptions is made in order to dispose of the 
infinite number of sidebands, the solution to the 
mixer problem is unattainable. At best, we are 
forced to strike a compromise which will at least 
indicate how the solutions obtained for the ideal- 
ized model change when the series impedance is 
included. The compromise we shall adopt, and the 
one that is usually made in conventional crystal 
mixer theory, 24) assumes that all but a finite 
number of sidebands are shorted, as in the ideal 
case. Actually, this assumption may have more 
justification in our present analysis, since the 
junction capacitance of an Esaki diode is generally 
higher than that of a comparable conventional 
mixer diode; therefore, the higher sidebands are 
more likely to see a termination approaching a 
short circuit. Nevertheless, there are incon- 
sistencies in this compromise and any conclusions 
based on it will be semi-quantitative in nature, par- 
ticularly if the series impedance level is compar- 
able to the impedance level of the idealized diode. 

In practice it is often permissible to neglect 
the inductance at the lower of the two signal 
frequencies. For example, at 30 Mc/s, a commonly 
used output (i.f.) frequency, the inductive re- 
actance of a typical high-frequency Esaki diode 
package (L~0-5 is approximately 0-1 Q. 
The series resistance is much higher. On the other 
hand, the reactance at the higher (r.f.) signal 
frequency, say 1 kMc/s, is 3 Q, a value comparable 
to the series resistance which may range typically, 
from 0-5 to 2 Q. If we include the series impedance 
in the signal circuits, but assume that all undesired 
sideband voltages are short-circuited, we may 
compute the various mixer characteristics such 
as gain, gain-bandwidth, etc., as before. Although 
the calculations are straightforward, the resulting 
expressions are quite unwieldy and not very 
illuminating."°3) Unless one carries out extensive 
numerical computations, it is difficult to draw any 
significant quantitative conclusions from them. 
These facts, coupled with the approximate nature 
of the results, make it impractical to perform 
these calculations at the present time unless 
experiments show that series impedance effects 
are very important (and they may very well be 
with present-day Esaki diodes). 

In this paper we shall concern ourselves only 
with some qualitative predictions. Since the diode 
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inductance appears in series with the external 
tuning inductance rather than in shunt, the power- 
gain versus frequency characteristic may not 
exhibit a single-peaked response as_ before. 
The principal effect of the series resistance, aside 
from the loading of the tuned circuits, is its 
degradation of the noise performance because of the 
thermal noise contributions arising from it. This 
thermal noise is contributed not only by the noise 
in the frequency bands centered about the desired 
signal frequencies, but also by the noise bands cen- 
tered about the frequencies of the assumed shorted 
sidebands. This is also true for the shot noise. 

A practical consideration is the effect of the 
series resistance on the upper frequency limit of 
active mixer operation. It is well known that the 
series resistance imposes an upper frequency limit 
on the Esaki diode amplifier. This upper limit, 
called the resistive cut-off frequency, is the fre- 
quency above which the diode no longer exhibits 
an incremental negative conductance.2° Un- 
fortunately, one cannot extrapolate this result 
in a concise manner to the mixer case. This is 
because the mixer conductances cannot be related 
in a simple manner to the minimum incremental 
conductance used in the computation of the cut-off 
frequency. A further complication is that at least 
two signal frequencies (one usually very low) 
are involved in a mixer, rather than one as in the 
amplifier. About all that can be said is that the 
higher the resistive cut-off frequency, the higher 
the upper frequency limit of the corresponding 
mixer is likely to be, though even this cannot be 
stated with absolute certainty nor proven simply. 
It is quite probable, however, that the mixer will 
have low gain and a very high noise figure when 
one of the signal frequencies is near the cut-off 
frequency. 

If the series impedance is included in the signal 
circuits, consistency demands that it also be 
included in the pump circuit. In this case, because 
of the harmonic voltage drops across the series 
impedance, it is no longer permissible to assume 
that the diode conductance is pumped sinusoidally 
even though the pump voltage impressed across 
the packaged diode is sinusoidal. 


5.2 Image terminations 
Experience with conventional crystal mixers 
has demonstrated that the assumption that all 
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undesired sideband components can be terminated 
in short circuits or near short circuits is often 
satisfactory (if the series impedance is not too high). 
The possible exception is the sideband nearest 
the higher of the two signal frequencies. This 
sideband, which is usually called the “‘image”’, 
is separated from the higher signal frequency by 
twice the lower frequency. For example, in a non- 
inverting down-converter, w1> wpy> we, the image 
frequency w3 is equal to wy— w2 = w1—2we. Mixer 
operation with an image is often referred to as 
double-sideband operation to distinguish it from 
the single-sideband operation considered earlier. 
The image will be particularly important when its 
frequency is so near the signal frequency that 
circuit termination of these two components 
cannot proceed independently. For example, this 
is the case if the operating input bandwidth} (of 
a down-converter) is larger than four times the 
output frequency. 

To study the effects of incomplete image 
suppression we postulate at the outset that the 
image port is termina ed in an arbitrary admittance 
which we later shall specialize. Though for 
simplicity we assume that the series impedance 
is negligible, the analysis may be corrected in the 
manner described in the previous Subsection if this 
is not true. For concreteness we shall consider 
the non-inverting down-converter. If Vg and J3 
represent the complex voltage and current 
amplitude of the image and if the time origin 
is chosen to make g; real, we obtain the set of 
equilibrium equations 


= (got jonC)VitgiVet+geV 
Tz = 


(5.1) 
I* = 


The complex conjugates of J3 and V3 and the 
minus sign preceding w3 appear because the image 
is a lower sideband (i.e. w3 = wy— we). 

The equilibrium equations can be represented 
by the equivalent circuit shown in Fig. 25(a). 
If the conductance is an even function of time, 
gi and go are real and the simpler circuit of Fig. 


+ The operating bandwidth will be less than the 
“cold’’ circuit bandwidth because of the negative 
input conductance of the mixer. 
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25(b) results. These circuits reduce to the single- 
sideband circuit when the image terminals are 
shorted. 


Fic. 25. Small-signal equivalent circuit of a (a) non- 
reciprocal and (b) reciprocal, non-inverting down- 
converter which includes the image sideband. 


These equations show that the image interacts 
with the input signal via the second harmonic 
of the time-varying conductance, i.e. through 
ge, and with the output signal via the first harmonic. 
When ge is comparable in magnitude to gi, such 
as when the diode is biased very near the minimum 
conductance point (see Subsection 1.2) the image 
component might prove particularly troublesome 
if not adequately suppressed. Difficulties of this 
nature have been reported in the literature. If 
g2 dominates gi, it might be wiser to achieve 
mixing by using the second harmonic of g(t) 
rather than the fundamental. This can be done 
by simply halving the initial pump frequency. 
Though the image-signal frequency separation 
remains unchanged in this operation, the corres- 
ponding interaction is probably small because it is 
proportional to the fourth harmonic coefficient 
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ga. However, interaction between the image and 
output signal may not be negligible since it is 
proportional to go. 

If the image port is terminated in an admittance 
Y3, the three equilibrium equations can be reduced 
to two which pertain to the desired input and out- 
put signals alone. The elements of the resultant 
2x2 conversion matrix are given by 


20 —jw3C+ 


yu = gotjoiC— 
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y22 = Zotjw2C— 
(5.2) 
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Comparing these expressions with those for the 
single-sideband case, equation (1.14), one can 
readily see that the real parts of the admittances 
are no longer frequency independent. If the image- 
input signal interaction is small in comparison 
to the image-output interaction, that is, if 
|gi1|>|go|~0, the principal effect of the finite 
image termination is on the output admittance 
element yo. On the other hand, if the opposite 
is true, 11 is affected more than y2g, as are the 
transfer admittances yj2 and y21. When gz is real, 
such as for sinusoidal pumping, the mixer is 
reciprocal, that is yi2 = yo1. We shall assume this 
to be the case from here on. 

Because of the many possible image terminations 
that could be considered, space does not permit 
us to treat the image case in complete generality 
or in detail, especially in regard to the frequency 
response of the transducer gain. Therefore we 
shall briefly sketch how some of the more im- 
portant results obtained for the single-sideband 
case are affected when the image is terminated 
in certain special ways that may occur in practice. 
In particular, we shall consider only the case when 
the image is at resonance at the image center 
frequency Q3 = wy—Qz. At resonance, the image 
circuit contributes a conductive term to the two- 
port admittances. In particular, the real parts of 
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these admittances become 


83 
(5.3a) 
Sot 
82 
£12 = g2 = (5.3c) 
Sot sits 


Here gj represents any externally applied dis- 
sipative load at the image terminals, and g’”’ 
any parasitic losses. 

Two special image loads will be considered, 
namely, 


(a) gsi=0 


which we shall designate as the open-circuited 
case, and 


(b) &i = Bs 


the so-called “‘broadband”’ situation to which we 
alluded earlier. This latter case, a practical one, 
is approximately realized whenever the image 
and nearby input signal frequency are so close 
to each other that the input tuned circuit cannot 
separate the two frequencies. In other words, 
the image and input terminals of the converter 
element ‘‘see” approximately the same circuit 
admittance (at least over a band about resonance). 
Consideration of the above two image loads 
coupled with the previous results for the shorted- 
image case should provide us with a fair measure 
of the effect of intermediate image loads. 

Open-circuited image case. The general expression 
for midband gain for this case is 


42.0187, 
0 , 9 


where g11, 22 and gi2 are obtained from equation 
(5.3) by setting g; = 0. 
The stability conditions require that 


(5.4) 


&ste'+gu > 0 
gitg”+g22 > 0 (5.5) 
+822) > i> 


Comparing these conditions with those for the 
single-sideband case, one can easily show that a 
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mixer, stable under short-circuited image con- 
ditions, may oscillate under open-circuited image 
conditions if the loading at the signal ports is 
insufficient. Because of the frequency dependence 
of 211, g22, Vi2 and yo) off resonance, it cannot be 
stated without further calculations that the above 
conditions are sufficient to guarantee stability 
off resonance. 

In order to prove that gain can be obtained at 
resonance, we must apply the general activity 
conditions equation (1.15) to the mixer admit- 
tances. If image losses are negligible, g’’’~0, 
it can be shown that the mixer will be active 
unless the second harmonic coefficient ge satisfies 
the inequalities 


£0 2 


Study of this restriction shows that a mixer can 
be active under open-circuited image conditions 
even though it is not active under short-circuited 
image conditions, i.e. even if the inequality 
20 <|gi| is not fulfilled. However, it is still necessary 
that a region of negative slope exist in the operating 
range of the pump. However, if the latter inequality 
is fulfilled, the restrictive relation above predicts 
that the mixer will be active for all values of ge 
provided that go does not fall in the range 


—|g1| <0 <0 


Turning attention to the noise properties, one 
can expect that the noise performance will be worse 
than that of the single-sideband mixer for com- 
parable terminating conditions. The reason for 
this is that the image circuit contributes at least 
two additional sources of noise, a thermal source 
representing the image load and the image losses 
and a shot source corresponding to the image 
band shot noise. Both sources can be represented 
by current generators. 

In calculating the various noise power terms 
we note that, in addition to the existence of cor- 
relation between the frequency-translated counter- 
part of the input shot-noise generator m (i.e. 
njo) and the output generator mg, there is also cor- 
relation between these two generators and the 
frequency-translated image generator mg, which 
we denote by mgz. Thus, there are six shot-noise 
contributions to the output noise power: three 
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self-power terms 

= = <n®> = 
and three correlation terms 
(5.6b) 
(5.6c) 


In other words, the image circuit is responsible 
for three shot terms, i.e. one self-power term and 
two correlation terms. The correlation term 
involving mg and mg is proportional to the first 
harmonic amplitude of the sum current. On the 
other hand, the other correlation term, representing 
the interaction between the input and image 
generators, is proportional to the second harmonic 
amplitude. The reason for this is that in a down- 
converter, interaction between the input signal 
and the image occurs via the second harmonic 
of the time-varying conductance as we explained 
earlier. 

After some rather tedious algebraic gymnastics 
we arrive at the following expression for the total 
noise figure: 


= <nggn2> = 2qIni of 
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where 


_ 


—g2) 


This last quantity represents the correlation 
between the image and input shot noise 
generators. * 


* It is worth mentioning here that the two correlation 
coefficients y and y’ are not entirely independent of 
each other. It can be shown that because of the non- 
negativeness of the tunnel sum current, they must 
satisfy the inequality 2y2—1<y’<1. 
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In the above expression the terms in brackets 
denote the shot-noise contributions. The three 
terms following this represent the various thermal 
contributions. When the image loss conductance 
becomes arbitrarily large, F approaches the 
expression for the shorted-image case equation 
(3.14). 

Broadband case. As mentioned earlier this case 
is distinguished by the fact that, to a first approxi- 
mation, the circuit admittance seen by the image 
port is the same as that seen by the input port. 
Though this is true, it is not permissible to connect 
these ports in parallel for computational purposes 
since they still pertain to two distinct frequencies. 
Instead, one must specialize equation (5.2) to 
this case by setting Y3 equal to the source termina- 
tion Yj. At resonance the equivalent two-port 
admittances become 
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Since the mixer conductances depend on the 
source conductance, it is not convenient to derive 
the activity conditions in the manner employed 
in all previous cases. Rather, we shall deduce 
these conditions from the power gain expression. 
The transducer gain at resonance is given by 


4g 
[(gst+e’ +80) 


The mixer will be active provided that at least 
one of the inequalities 


(5.9) 


<0 (5.10a) 
go+g2 < 0 (5.10b) 
go(gotge) < (5.10c) 


is satisfied.* These conditions are equivalent to the 


* This can be proven by showing that if any of these 
conditions hold, it is always possible to choose a pair 
of passive terminations gs+g’ >0, gitg”’ >0, which 
will make the denominator arbitrarily small. 
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statement that the mixer will be active for all 
values of go, gi and go except those which satisfy 
the pair of conditions 


(a) go > 0 


(b) g2 > 


These inequalities are very similar, but not 
identical to the conditions obtained for the open- 
image case; however, they still rule out the pos- 
sibility of obtaining gain with a positive nonlinear 
conductance. 

The two-port stability criteria are not directly 
applicable to the broadband case because the 
equivalent two-port matrix elements are not 
independent of the external (source) loading, 
an implied requirement in the derivation of the 
two-port stability criteria. To treat the stability 
problem for this case we need to extend the stability 
criteria to the three-port. However, even then some 
difficulties arise because the loading presented 
to two of the ports are not independent. Because of 
these difficulties we shall simply make some studied 
guesses of the stability requirements by inspecting 
the denominator of the gain expression. By analogy 
with the results for the shorted-image case, it 
is probably true that for stability it will be necessary 
that the conditions 


(5.11a) 
(5.11b) 


> 0 
ate’ +g0 > 0 
(gstg’ > (5.11c) 


be fulfilled. It is not known what other conditions 
must be satisfied. 

The noise figure may be obtained from the 
open-image formula by merely letting 

—>g’ +25 

These transformations lead to the following 
changes 
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Hence, 


(5.12) 


The first terms in parentheses represent the 
thermal noise contributed by the source and by 
the input loss conductance, and the last terms 
represent the corresponding noise of the load and 
the output loss conductance. ‘The terms in brackets 
denote the shot noise. The factor 2 preceding the 
input thermal contributions accounts for the fact 
that the source and the input loss conductance 
contribute equal amounts of noise through the 
input and image terminals. In other words the 
noise figure given above is the one that would be 
measured using a narrow-band noise source, 
and therefore cannot be less than 2 (3 dB). It is 
not to be confused with the double-sideband 
noise figure which is measured using a broadband 


source. This latter quantity is obtained by dividing 
equation (5.12) by 2. 

Comparing the shot terms with those for the 
shorted-image case, it is seen that the first two 


terms the shot contributions 
obtained for the latter case. The remaining three 
terms are attributable to the image circuit alone. 
For example, the unity term in brackets corres- 
ponds to the self-power shot noise of the image 
circuit, the term —2yA represents the correlation 
between the image and output shot noise [it 
matches an equal contribution due to the signal- 
output correlation which is included in the term 
(A—y)?], and, finally, the term 2y’ denotes the 
correlation between the input and image shot 
noise. It is interesting to note that the shot noise 


correspond to 


contribution can never be less than (A—2y)?. 
This is easily proven by using the inequality 
y’ >2y?-1. 
5.3 Effects of the pump circuit 

Unless properly isolated, the pump circuit will 
load the signal circuits. If the pump circuit 
presents admittances Vp and ype at the diode 
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terminals at the frequencies w; and we, respectively, 
these admittances will appear directly across the 
respective ports of the small-signal circuit. 
These admittances, if purely imaginary, will be 
detrimental only if they are capacitive in nature, 
since the gain-bandwidth product will be reduced. 
On the other hand, they will always be detrimental 
if there is a real part associated with either, 
since this will reduce the gain and introduce 
thermal noise. Both of these effects can be taken 
into consideration simply by including the real 
parts gpi and gy as components of the input 
and output loss conductances. Some loading 
may be unavoidable if the output frequency of the 
converter is small compared to the input frequency, 
since then the latter is nearly equal to the pump 
frequency. In this case, it is essential to include 
the effects of pump loading, unless the pump is 
loosely coupled to the diode. However, it may be 
undesirable to use loose coupling, since this can 
introduce harmonics into the pump voltage. 

A case when the pump circuit cannot be loosely 
coupled is when the diode is self-excited. In order 
to avoid the additional thermal noise of the pump 
load in this situation, it may be advantageous 
to stabilize the pump oscillations with the signal 
circuit loads. However, this procedure has several 
disadvantages, one being that large pump voltages 
appear in the signal circuits. Another is that tuning 
of the signal circuits or the presence of large 
signal voltages may affect the oscillation fre- 
quency (pulling). 

In addition to the thermal noise of the pump 
circuit, noise of a non-thermal origin may also 
be introduced, particularly when an external 
pump is used. However, one can minimize this 
noise by inserting a narrow-band filter between 
the pump and mixer. Alternatively, various 
noise cancellation schemes may be employed. 5) 


5.4 Gain sensitivity 

The gain of a negative conductance mixer, 
like that of the corresponding amplifier, is highly 
sensitive to small fluctuations of the device 
conductances and of the terminations, especially 
at high gain. This sensitivity can be stated in 
terms of the fractional change in gain per fractional 
change in a parameter. For example, the sen- 
sitivities of the two-port mixer to small changes 
in the mixer conductances go and g; and in the 
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source conductance gs are, respectively, 
5Ko/Ko 


0 = 
520/20 


)| V(Ko) 
(5.13a) 


a 80 ( 2got+8stS 
|g: 


Vv (gs81) 


2\g 
2] 1+ V(Ko)  (5.13b) 
V (gs8t) 


|g1| 
(5.13c) 
The sensitivity to load fluctuations is identical 
to the latter except that gs and g; are interchanged. 
In all cases the sensitivities at high gain increase 
as Ko!/2, a behavior typical of negative conductance 
devices. For example, when 


£s = 
Ss ~ 1—1/(Ko) 


at high gain. Thus, if Ko = 100, a 1 per cent 
change in the source conductance results in 9 
per cent change in gain. Since the source ad- 
mittance presented to a microwave mixer is rarely 
constant, this points out a problem that may be 
important in practice. Likewise, sensitivities 
to variations in the device conductances emphasize 
the need for a stable bias and pump source. 


SUMMARY 

We have shown that because of the nonlinear 
negative conductance of the Esaki diode, fre- 
quency conversion with gain is possible if this 
conductance is varied periodically by a large 
pump voltage. When only two small signal voltages 
are present, the signal conversion properties 
of the resultant linear mixer can be characterized 
by a simple 2x2 matrix, the elements of which 
are certain Fourier coefficients of the periodic 
series representing the time-varying conductance. 
These elements are independent of the two 
signal frequencies, hence are the same for up- 
conversion and down-conversion. 

In the practical case, when the difference of the 
two signal frequencies is equal to the fundamental 
pump frequency, the matrix elements are equal 
to the first two Fourier coefficients, namely, go, 
the average value of the time-varying conductance 
and gi, the amplitude of the first harmonic. 
The latter plays the dominant role in the conversion 
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process. Either of these conductances may be 
positive or negative. It was shown that conversion 
with gain is possible only if go<|gi|. When this 
is true, arbitrarily high gain is theoretically possible. 
We have also demonstrated that stable mixer 
operation can be obtained provided that the 
source and load conductances exceed a certain 
lower bound specified by go and g; and the ter- 
minal conductances themselves. 

When go<0, the mixer can only present a 
negative input and output conductance at 
resonance. On the other hand, when go> 0 it can 
also present a positive conductance at either 
port. However, these conductances cannot be 
positive simultaneously unless the resonance 
gain is less than 6 dB. 

Formulas were derived for the gain-bandwidth 
product and the noise figure, and for the loading 
conditions at the two signal ports which optimize 
these two quantities at high gain. It was shown that 
under optimal conditions the product of the band- 
width and the square root of the midband gain 
is independent of gain and is only a function of 
the mixer parameters. Specifically, it is propor- 
tional to |gi]|—go and inversely proportional to 
C, the diode junction capacitance. At a low gain, 
the product may be higher. 

We have demonstrated that the ultimate noise 
performance of the Esaki mixer is determined by 
the diode shot noise. It was also shown that 
under proper conditions, partial compensation 
of the shot noise may result because of correlation 
effects. The conditions necessary for this to happen 
were considered in some detail. 

With the aid of results obtained from a numerical 
Fourier analysis applied to an actual Esaki diode 
characteristic, we have demonstrated that under 
sinusoidal pumping conditions the most optimum 
mixer operation, based on gain-bandwidth and 
noise considerations alone, is realized when the 
diode is pumped very lightly and biased in its 
negative conductance region. For this situation 
the calculated results imply that at high gain the 
gain-bandwidth product is always lower than, 
and the noise figure is higher than, the most 
optimum gain-bandwidth product and noise 
figure of the corresponding Esaki amplifier 
operated at high gain. 

Since the terminating conditions corresponding 
to the optimum gain-bandwidth product and 
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optimum noise figure do not coincide, except 
in certain special cases, a compromise will be 
necessary in any specific application. 


CONCLUSIONS 

In comparing the relative merits of operating 
the mixer under the two possible conditions, 
go> 0 or go <0, we are aided by the results of the 
numerical analysis. These have shown us that 
operation under the latter condition is definitely 
preferred whenever gain-bandwidth or noise 
considerations are of prime importance. However, 
other system requirements may rule against this 
operation. For example, if the mixer must present 
a positive input or positive output conductance, 
or both, only the former operating condition is 
permissible. However, even for this condition, 
the gain is at best less than 6dB if both port 
conductances must be positive. Another basis 
for comparison centers about the manner of 
pump excitation. Thus, although self-excitation 
is possible for both conditions, the permissible 
range of pump amplitudes and bias voltages is 
more limited when go> 0. Furthermore, this con- 
dition is less attractive from the standpoint of 
stability of the self-oscillations. On the other hand 
only this operating condition permits external 
excitation without requiring heavy external 
loading in the pump circuit to prevent spurious 
oscillations. 

There is a much broader basis for comparison 
when the relative advantages and disadvantages 
of Esaki mixers and conventional crystal mixers 
are considered. For example, the possibilities 
of gain and of self-excitation are two distinct 
points in favor of Esaki mixers. The low pump 
power requirement for external excitation is 
another. For typical operating conditions conven- 
tional mixers require about 0-5-1-0 mW of pump 
power.'25) Esaki mixers can operate at power 
levels at least an order of magnitude lower than 
this, as our example has shown. This is par- 
ticularly true when the diode is biased near 
the peak current point. However, d.c. power 
requirements are not significantly lower for Esaki 
mixers, being of the order of 50-100 pW. 

Because of the tunneling mechanism and high- 
doping levels associated with them, Esaki diodes 
are less sensitive to radiation damage, surface 
contamination and temperature fluctuations than 
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conventional diodes. On the other hand, when the 
insensitivity to fluctuations of the pumping 
conditions and signal terminations is compared, 
the conventional crystal mixer must be ruled 
superior. 

Another advantage of the conventional mixer 
is the fact that positive conductances are presented 
to both ports under all operating conditions.* 
This is also possible with Esaki mixers, but only 
if the gain is less than 6 dB. 

Conventional crystal mixers are also superior 
in their ability to maintain linear operation at 
considerably larger signal input levels. There are 
several reasons for this. For linear operation the 
total signal voltage across the diode must be a 
small fraction of the pump voltage. Because of 
the relatively small voltage range suitable for 
mixer operation in Esaki diodes, the maximum 
pump amplitudes permitted for optimum opera- 
tion are much lower than for conventional diodes. 
Furthermore, for the same maximum permissible 
output, the signal input power that can be handled 
by the Esaki mixer is less than that for the con- 
ventional mixer by a factor approximately equal 
to the gain. This is appreciable when the gain is 
high. 

When noise figures are considered, the com- 
parison is far from decisive. Mixers using present- 
day Esaki diodes operated under the most op- 
timum conditions are theoretically capable of 
exhibiting noise figures superior to the best 
achieved with conventional mixers. However, 
the practical realization of the optimal conditions 
is another matter. Except for the results of 
DickENs and GNeEITLING( and CHANG al.), 
the reported noise figures to date are not excep- 
tional. Whether this situation will be changed 
appreciably when more favorable experimental 
conditions are realized or when better diodes be- 
come available remains to be seen. 


APPENDIX 
The amplitude of the fundamental component 
of pump tunnel current is given by 
2a 


In = | 1(Vp) cos tat (A.1a) 
ons 


* This is true, if parametric effects arising from the 
nonlinear junction capacitance are negligible. 
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Integrating by parts, 


" al 
(A.1b) 
at 


The partial derivative is taken with Vo and Vp, 
held constant. The first term vanishes, obviously. 
Since Vp = Vo+2Vyi cost the second term 
can be transformed with the help of the identity 


@l(Vp) al(V)| 
868) | 

IV = Vy 

= —2V Vp) sin t 


Inserting this in equation (A.1b) and using the 
identity 2 sin?x = (1—cos2x), we obtain 


Vor 2a 
In = —— | g(V>p)[1—cos2t]dt (A.2) 


2m 


(A.3) 
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A derivation of an expression for nearly linear tunnel-diode power is given. This ex- 
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pression is based on the fact that the time-constant RC of tunnel junctions is a sensitive function of 
the impurity concentration in the semiconductor material, whereas the series resistance—capacitance 
product is a very slowly varying function of impurity concentration. Tunnel-diode operation in 
the nearly linear range is specified with the aid of a single chart wihch applies to all materials and to 
arbitrary values of series resistances. A set of semicircles represents the power-inductance product 
per unit voltage-swing squared. Another set of quarter circles on the same chart specify the 


capacitance-inductance products. The general chart is rather simple to construct. 


Résumé—On démontre la dérivation d’une expression pour la puissance d’une diode tunnel 
quasi-linéaire. Cette expression est basée sur le fait que la constante de temps RC des jonctions 
tunnel est une fonction sensible de la concentration d’impuretés dans le matériau du semiconducteur, 
tandis que le produit résistance-capacité en série est une fonction plus indépendante de la concen- 
tration d’impuretés. L’opération de la diode tunnel dans la gamme quasi-linéaire est spécifiée a 
l’aide d’un seul graphique qui s’applique a tous les materiaux et aux valeurs arbitraires de la résis- 
tance en série. Un groupe de demicercles représente le produit puissance—inductance par unité 
d’oscillation de tension au carré. Un autre groupe de quarts de cercle sur le méme graphique 
spécifie les produits capacité-inductance. Le graphique complet est relativement simple a produire. 


Zusammenfassung—Ein Ausdruck fiir eine fast lineare Leistung einer Tunneldiode wird ab- 
geleitet. Der Ausdruck basiert auf der Tatsache, dass die Zeitkonstante RC von Tunneliibergangen 
eine empfindliche Funktion der Stérstellenkonzentration im Halbleitermaterial ist, wogegen das 
Produkt aus Reihenwiderstand und Kapazitat mit dieser nur sehr langsam variiert. Das Arbeiten der 
Tunneldiode in dem fast linearen Bereich wird durch eine bildliche Darstellung illustriert, die auf 
alle Materialien und auf willkiirliche Werte der Reihenwiderstinde anwendbar ist. Eine Gruppe 
von Halbkreisen stellt das Produkt aus Leistung und Induktion fiir das Quadrat einer Spannungs- 
schwingung dar. Eine Gruppe von Viertelkreisen stellt das Produkt aus Kapazitit und Induktanz dar. 


I, INTRODUCTION 

Expressions for tunnel-diode oscillation power for 
the nearly linear range have been developed 
recently, !) and charts specifying diode parameters 
such as capacitance inductance as a function of 
power have been given. In Appendix III of the 
same reference, a general equation for power that 
omitted the approximation |R|>R; made in the 
text was also given. R and Rs were respectively 
the negative and series resistances of the diode. 

In this paper, this expression for power output 
is derived in a simpler manner, and the final results 
are made more general. They apply to any tunnel 
diode material. Similarly, the effect of the diode 
series resistance is eliminated from the plots. 


Diese bildliche Darstellung lasst sich einfach konstruieren. 
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Estimates of the parameters are given in one 
general chart. 


II. THEORY 

In this Section we shall discuss the class of 
linear or sinusoidal oscillations in tunnel diodes. 
The conditions that are necessary for such 
oscillations and their significance in practical 
applications will be discussed in Section III. 
Quantitative estimates of power output will be 
given in Section IV where a comparison with 
experimental results will be presented. 

The power output of a tunnel diode oscillating 
sinusoidally at a given angular frequency w can 
be estimated with the aid of the linear equivalent 


: 


network shown in Fig. 1. Ry, and L are the series 
equivalent load and inductance seen by the diode; 
the diode is represented by the series resistance 
Rs and the parallel combination of the negative 
resistance —R and junction capacitance C. 
The current J is the r.m.s. value of the current 
that flows through Ry. 


Fic. 1. Equivalent network for tunnel diode. The junc- 
tion parameters are C, —R and Rs. The inductance of 
the cavity and the load are LZ and Rr. 


The series impedance of this network is 
R RCw 
14+ R2C2u2 14+ R2C2w? 


Z = +joL 


(1) 


From Fig. 1, the loop equation under oscillating 
conditions 


1Z=0 (2) 


must hold. Since the current is finite, sinusoidal 
steady-state oscillations can occur only when Z 
is zero. Setting both the real and imaginary parts 
of Z to zero and solving for the corresponding 
frequencies leads to 


1 R 
w = -1) (3) 
C?R?\ Rr+Rs 
in the case of the real part, and to 
= (4) 
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in the case of the reactive part. The power dis- 
sipated in the load is 

P = (5) 
where the square of the current is given by: 


7D, 


The voltage swing V for the substantially linear 
part of the voltage-current curve (see Fig. 2) 
is an inherent property of the junction. It is 
related to the energy-gap and Fermi levels on the 
two sides of the junction in the semiconductor, 
and does not depend on the area of the junction. 


CURRENT 


\ 


Ty +Vy 


VOLTAGE 


Fic. 2. Typical tunnel-diode current-voltage characteris- 

tics with forward bias: Vp peak voltage, V» valley 

voltage, V and J voltage and current swings over linear 
range of negative resistance. 


This is in contrast with the peak current Jp, 
which is directly proportional to the area of the 
junction and which depends very much upon the 
semiconductor material. The quantity V depends 
on doping, but this dependence is very small, 
because the peak voltages of the diode change 
only a small amount with doping. 

Equations (3)-(6) must all be satisfied simul- 
taneously in order for (5) to describe power for 
sinusoidal oscillations. Using (3) and (6) we 
eliminate from (5) the current |J|? and the load 
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R,. After multiplication with C in order to form 
(RC) in place of R we obtain 
RC) 


Our immediate objective is to obtain an expression 
that will yield information about the power 
capability of tunnel diodes in the nearly linear 
range of oscillation. In constructing tunnel 
junctions, there are essentially two parameters 
at one’s disposal: the area of the junction, which 
can be controlled within wide limits, and the 
resistivity of the material which can be varied 
by a factor of 2-3. The two parameters can be 
manipulated independently of each other, and it 
is desirable to express (7) in terms of one variable, 
preferably one that is a sensitive function of 
resistivity. The variable R is a function of area 
as well as resistivity, but the time constant RC 
has the desired sensitive dependence on doping, 
and it is also independent of the area. Taking 
as variable RC rather than R, we solve (4) for C, 
and only as a function of w, ZL and RC. Substituting 
this C in (7), we have 

y2 RC 


P = - 


V2 
in (RC? 


RC) (8) 


Any power expression for tunnel diodes must 
= zero power when R = Rs. It must also yield 
= 0 for R = Ry. It is seen that (8) satisfies these 
sendin these are general and must hold 
irrespective of the type of impedance outside 
the junction. Since the C, — R and R; representa- 
tion of the tunnel junction is generally valid (see 
Appendix) it is clear from (1) that no oscillation 
is possible when R = Rs. This is true irrespective 
of any values that one might assign to C, Z and Ry. 
Before using (8) to estimate power at a given 
frequency, it is necessary to discuss some of the 
parameters. RC is a variable which is independent 
of R;C. 

This holds quite generally because, in the first 
place, RC is strictly independent of the junction 
area, and therefore even when R;C depends on the 
junction diameter, which is the case with point 
contact or spreading resistance-type Rs; values, 
RC cannot be made to depend on R;C by changing 


the area. Secondly, RsC turns out to be a very 
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slowly varying function of the impurity concen- 
trations N. According to Shockley’s p-n-junction 
theory for abrupt junctions C ~ +/N, and, on 
the other hand, actual measurements of resistivity 
on As-doped Ge indicate that, due to the severe 
drop in mobility, the resistivity can be lowered 
from 0-0008 2 to 0-0004Q-cm only if N 
increased?) by a factor of close to 4. Consequently, 
in this resistivity range, which is directly applicable 
to tunnel diodes, RsC will not change much with 
doping. As we noted before, RC is a very sensitive 
function of N, and it is quite generally permissible 
to change RC independently of RC. 

At a given frequency, (8) yields a maximum for 
P when 


1 


= (9) 


which implies that there is an optimum time 
constant that should be used in order to obtain 
maximum power output at a given frequency. 
If higher time constants are used the power will 
decrease. The maximum power is given by 


(10) 


Substituting (9) into (4) we obtain a relationship 
for the capacitance 
1 2L 


the = = 
2Lw R 


(11) 


that leads to the Pmax at the operating frequency. 
The time constant RC is a direct function of the 
peak-current density of the junction, which can 
be expressed approximately in terms of the measur- 
able value Jp/C = K, giving 


RC ~ VC|Ip = VIK (12) 


Using (9)-(12) we can calculate all the pertinent 
parameters mi optimize the power output. 


Ill. DISCUSSION OF LINEARITY 
Since tunnel diodes are strongly nonlinear 
devices, the assumption of purely sinusoidal 
oscillations or the linear treatment of the problem 
can be questioned. Quite generally, the amplitude 
of oscillation in a tunnel diode is dependent upon 


| 
| 
Pmax = —|——R,C | | 
8L \ 
: 
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the load resistance. Diodes oscillating close to their 
resistive cutoff frequency carry out very small 
amplitude oscillations and only with load resis- 
tances approaching zero. On the other hand, 
if a diode is operated at a frequency considerably 
below its cutoff and with a very small load resis- 
tance, the oscillations become strongly nonlinear. 
In this case, as the load is increased, the amplitude 
of the oscillation becomes smaller and approaches 
zero amplitude®) as Ry approaches —R;+L/RC. 
Thus, the amplitude of oscillation is a mono- 
tonically varying function of Rz, and generally, 
by selecting the proper Ry it is possible to cause 
the tunnel diode to oscillate with voltage amplitudes 
ranging from zero and up. It is possible, therefore, 
to consider a class of oscillations which are con- 
fined to arbitrary voltage swings V (see Fig. 2) 
that are selected small enough to limit the excur- 
sions along the negative resistance characteristic, 
to regions as linear as desired. 

The next question is whether such a V would 
lead to only almost zero-power, “‘threshold” 
type oscillations. It is evident that one can have 
as much power as desired in this nearly linear 
region of V’ by increasing the area of the junction. 
Such an increase does not affect the V,-Vp 
voltage range of the active region, but increases 
the current swing corresponding to V. Increasing 
the area makes the active region contained 
within V become more linear while at the same 
time increasing the power available in the region. 
Thus, in principle it is possible to have oscillations 
as linear as desired and with as much power as 
desired. Of course, in actual practice in order to 
achieve any appreciable amounts of power it is 
necessary to use extremely low inductances 
requiring special cavities or resonators. 

Examples of power output calculations are given 
in the next Section. The maximum amount of 
nearly linear power that a tunnel diode would be 
expected to handle is of particular interest in 
tunnel-diode amplifiers where nonlinear dis- 
tortions can be tolerated only up to a rather 
limited degree. 

In summary, for the linear approach adopted in 
this paper, the oscillations are confined to a 
predetermined voltage swing V by using always 
the proper Ry, value that gives such a voltage 
swing. The method of choosing a practical 
value of V is discussed in the next Section. 
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IV. CALCULATION OF EXAMPLES 

Assuming RsC = 6 Q-yuF, which is a value 
that has been attained in practice, and V = 0-1 
and 0-15 V for Ge and GaAs diodes respectively, 
we calculate the inductances, capacitances and 
peak currents of junctions that will give the powers 
between 100 »W and 4 mW at 10, 6 and 1 kMc/s 
respectively. These results are summarized in 
Table 1. 

The results shown on Table 1 are quite con- 
servative since the V’s have been restricted to 
rather small values. Within the negative-resistance 
characteristic, these V values correspond to regions 
in which the average value of V/J in Fig. 2 does 
not exceed the minimum value of the negative 
resistance by more than 15 per cent. Under d.c. 
conditions, the power available within the V 
region is about 40 per cent of the total power 
available in the entire negative-resistance region 
including the strongly nonlinear parts. If it is 
possible to take advantage of the nonlinear parts 
as well, these estimated power values could possibly 
be increased by a factor of about 2. The table 
also shows the unusually low inductance values 
that are necessary in order to achieve the output 
powers indicated. 

Experimental values for power output have been 
published recently.“4) For a GaAs tunnel diode 
with the following parameters 


R=38Q C = 15 ppF 
R;=12Q L=05mpH 


the power output at 900 Mc/s has been found to 
be 1-7 mW. If the values of the parameters and 
the frequency are inserted in (8), we obtain a 
power of 2:2mW under the assumption of 
V = 0-15 V for GaAs. The results indicate that 
this diode was probably oscillating with a smaller 
voltage swing of V = 0-132 V. This rather 
satisfactory comparison with experiment appears 
to point out that the nearly linear region of about 
15 per cent variation in R incorporates a substan- 
tial portion of the practical power-output capability 
of a tunnel diode. 


V. GENERALIZED TUNNEL-DIODE CHART 

Equation (8) can be transformed into such a 
form that the effects of the series resistance 
through R;C, and the effects of V which depend 
on the material, are no longer present explicitly 


+ 
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in the formula. Defining a new variable 


8PL 
M = R;C (13) 
(8) becomes 
RC 
M=.- (14) 
1+ w?R?C? 


We can now plot a set of constant-M curves with 
w as the abscissa and RC the ordinate. However, 
all points of these curves have to be computed 
This computation can be avoided 


individually. 
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to a given value of M. All semicircles pass through 
the origin, have their centers on the axis of 
ordinates, and for each M value there is an op- 
timum time constant (RC)9 corresponding to the 
frequency 


fo = 108/2n(RC)o (16) 


or 


1 
(27 x 10-°°M)max = (17) 
max 2fo 
At a given frequency of operation fo, (17) gives 


the maximum attainable value for M. These 


Table 1 
7 | | | | 
F RC | K (PL) max } | Ip 
(kMce!s) (sec) (mA/ppF) | (mW-mpH) | (mull) | (mW) | (upF) (mA) 
| | | | | 
Germanium (V = 0-1V, RsC = 
10 16 x 10-12 6°25 0-25 x 0-025 


6 26 x 10-12 0-875 » 


160 x 10-12 9-25 > 


1 


7 =0-15V, RsC = 60-ppF) 


Gallium arsenide (1 


| 0-56 x 


1°97 x 


20°8 x 


160 » 


10-2 


0-01 


0-025 


0-056 


0-01 


0-056 


by using 1/RC instead of RC as the ordinate. 
If RC is expressed in Ox pF, w/27 in kMc/s, 
and M in xjuF which is also equivalent to 
mW x myuH/V2, we have 


103/27RC 
— M = — ; (15) 
108 (108; +f2 


This form of (8) is extremely easy to plot. If we 
use the frequency f in kMc/s as the abscissa, the 
inverse time constant (103/27RC) as the ordinate, 
and 27x 10-8M as the arbitrary parameter, we 
obtain a series of semicircles, each corresponding 


maxima fall on a straight line on the chart shown 
in Fig. 3. The M-value of any semicircle is simply 
the inverse of twice the peak frequency corres- 
ponding to that semicircle given by (17). ‘Thus the 
labeling of the semicircles can be done merely by 
inspection. The smallest possible M-value is 
attained when R;C = M, and at this point the 
semicircle corresponds to the zero-power, resistive 
cutoff curve. 

The chart also shows a series of quarter-circles 
that correspond to constant capacitance—inductance 
product curves. The inverse of the radius of each 
quarter-circle is +/(47210-8LC). This can be seen 


| | : 
(875 35:3 | 133 
| 
I 10-2 510 | 316 
| 
10 | 16 10-2 0-1 2:3 
6 26 x 10-12 5-6 | i0-2 | 1-97 197 
| 
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3 
Q:063 = 27M/10 one 


0-066=41* 


LC/10 


Frequency, kMc/s 
Fic. 3. Generalized tunnel-diode chart. The parameter for the semicircles 
is 27 X10-8M where M is in QX upF, or mW XmpuH/V2. The parameter 
for the quarter circles is 472x10-3LC, where LZ is in mpH and C in 
wuF. The straight line is the locus of the maximum frequency points 
of the semicircles. 


by writing (4) in the form product. RC is a very sensitive exponential function 
of doping, whereas R;C turns out to be a very 
4n? x 10°3LC = 7 (18) slowly varying function of doping. The linear 
(109/2nRC) +f? tunnel-diode power analysis developed in this 
where Z is in muwH and C in puF; f in kMc/s _ paper rests on this fact. 
and R in Q. 


The major results are as follows. 
VI. CONCLUSIONS At a given frequency of operation, only junctions 
The time constant RC of atunnel junctionisa having an optimum RC = w! will produce 
quantity that is fairly independent of the RsC maximum nearly linear power. 
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The inductance and the power appear as a 
product, and by lowering the inductance it is 
possible to achieve higher power. 

The power is proportional to the square of the 
voltage swing of the oscillations. Actually power, 
inductance and voltage are expressed as a single 
variable giving a power-inductance product per 
unit voltage-swing squared. 

The effect of Rs is to reduce the available power 
in the load. This reduction is very considerable 
when R;C approaches RC, but it is negligible 
when R;C is about twenty times smaller than RC. 

The predictions concerning the inductance 
and power values appear to be in agreement with 
certain experimental results. ‘Thus for some pur- 
poses a linear analysis of tunnel diodes appears 
to give fairly satisfactory results. 

A wide range of tunnel-diode 
oscillation is specified by a single chart, where a 
set of simple semicircles for constant J/-values 
gives the power-inductance products per unit 
voltage-swing squared, and a set of quarter- 
circles gives the capacitance—inductance products 
as a function of frequency and inverse time 


sinusoidal 


constant. 

The chart is constructed in asimple way, and is 
independent of the effects of series resistance. 
Acknowledgements—The author is indebted to Messrs. 
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APPENDIX 
Tunnel-diode junctions for most applications 


DERMIT 


must be made very small in order to obtain high 
enough impedance levels in the operating circuit. 
The low time constants necessary for high- 
frequency operation can in practice be used only 
if the junction is made small. This fact gives 
validity to the simple equivalent representation 
of the junction, since the skin effects turn out to 
be negligible up to rather high frequencies. The 
fact that the resistivity of the semiconductor 
ohmic regions are high, at least ten times higher 
than the resistivity of copper, is an additional 
reason for neglecting skin effects. 

The remaining elements of the equivalent 
circuit in Fig. 1, are the impedance ZL and load 
Ry, seen by the junction. We are justified in not 
including any series capacitance in this external 
circuit, due to the fact that the condition for high- 
frequency oscillation requires very small induc- 
tances which means small physical dimensions, 
resulting in a negligible capacitance compared to 
the junction capacitance. 

Quantitative estimates for the limits of the 
idealized circuit were discussed in Ref. 1. 
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Abstract—For the cylindrical mesa transistor, computation of base-region transport efficiency is 
considered a boundary-value problem; solution of this problem yields mathematical equations 
applicable to the design and development of practical semiconductor devices. This analytical 
method is applied to the problem of minority-carrier transport across a solid-cylinder type structure 
which approximates the transistor base region. Minority-carrier losses—representing a fundamental 
limitation upon transistor-current gain—are introduced through an assumption of bulk and surface- 
recombination mechanisms. 

Applications of this analysis are illustrated by establishing the common-emitter current gain 
for typical junction transistors. Assuming, in such computations, physical parameters approximating 
germanium and silicon diffused devices, the silicon transistor is shown to he less sensitive to surface 
recombination mechanisms. Further, the existence of an optimum emitter radius is demonstrated 
for a semiconductor structure similar to the cylindrical hook collector. 


Résumé—Pour le transistor mesa cylindrique, le calcul du rendement de transport de la région de 
base est effectué en considérant le probléme des veleurs de bornes données; la solution de ce probléme 
produit des équations différentielles applicables au dimensionnement et au developpement de 
disposistifs de semiconducteurs pratiques. Cette méthode analytique est appliquée au probléme 
du transport de porteurs minoritaires a travers une structure de type cylindrique solide ressemblant 
a la region de base du transistor. Les pertes de porteurs minoritaires—représentant une limitation 
fondamentale au gain de courant du transistor—sont introduites en assumant des mécanismes de 
recombinaison totale de surface. 

Des applications de cette analyse sont illustrées en établissant le gain commun du courant 
emetteur pour les transistors de jonctions typiques. En assumant dans ces calculs des paramétres 
physiques ressemblant aux elements diffusés au germanium et au silicium, on démontre que le 
transistor au silictum est moins sensible aux mécanismes de recombinaison de surface. En plus, on 
démontre l’existence d‘un rayon emetteur optimum pour une structure de semiconducteur similaire 
au crochet cylindrique du collecteur. 


Zusammenfassung—Fiir den zylindrischen Mesa-Transistor wird die Berechnung der Transport- 
leistung in der Basis als ein Randwertproblem aufgefasst. Die Lésung des Problems ergibt mathe- 
matische Gleichungen, die auf den Bau and die Entwicklung von Halbleitergeraiten anwendbar 
sind. Dieses analytische Verfahren wird auf das Problem des Transports von Minorititstragern 
durch eine feste zylindrische Struktur angewendet, die der Basiszone des Transistors entspricht. 
Verluste an Minorititstragern, die eine fundamentale Beschriankung der Stromverstirkung des 
Transistors darstellen, werden durch die Annahme eines Rekombinationsmechanismus im Gesamt- 
kérper und an der Oberfliche erkliart. 

Fiir typische Ubergangstransistoren wird die allgemeine Emitterstrom—Verstarkung auf Grund 
dieser Analyse berechnet. Dabei werden physikalische Parameter eingefiihrt, die naherungsweise 
denen von diffundierten Silizium- und Germanium-Geriten entsprechen. Es ergibt sich, dass der 
Silizium-Transistor fiir die Oberflachenrekombination weniger empfindlich ist. Ausserdem wird 
nachgewiesen, dass fiir eine Halbleiterstruktur, die dem zylindrischen hook-Kollektor ahnlich ist, 
ein optimaler Emitterradius existiert. 
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I. INTRODUCTION 

ConTROL of common-emitter current gain rep- 
resents an important problem in the design and 
transistors. Two apparently 
identical devices can—for no obvious reason— 
exhibit significantly different magnitudes of cur- 
rent gain; these differences are often attributed 
to base-region transport efficiency which is 
modified by surface-recombination mechanisms. 
This paper presents an analytical investigation 
into the minority-carrier transport problems as 
encountered in a cylindrical mesa type of drift 
transistor, Fig. 1. Computation of the base-region 
minority-carrier distribution is considered a 
boundary-value problem having mixed boundary 
conditions;") this situation results from the 
presence of an emitter junction, an ohmic contact, 
and exposed semiconductor material—all at one 
end of the structure. The solution of this boundary 
problem yields a mathematical expression for the 
common-emitter current gain, due to base-region 
transport, in terms of the physical and geometrical 
parameters of a practical transistor. 


development of 


EMITTER 
REGION 


p-type 


p-type 
COLLECTOR 
REGION 


Fic. 1. Cross section of cylindrical mesa transistor. 


For analytical purposes, the cylindrical tran- 
sistor base region, Fig. 1, is approximated by a 
solid circular cylinder of n-type semiconductor 
material (0 < r < c;0 < x < w) witha circularly 
symmetrical emitter junction at one end 
(0 <r < a; x = 0) anda collector junction at the 
other (0 <r <c; =w), Fig. 2. The emitter 


junction is assumed to inject a constant-density 
minority-carrier current, Jp, into this structure— 
resulting excess minority carriers are subject to 
both bulk and surface-recombination mechanisms, 


the 


thereby limiting base-region _ transport 
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efficiency. An axially directed drift field of con- 
stant magnitude £, is used to characterize the 
influence of conductivity grading within diffused 
transistors; this type of field distribution could 
result from an exponential impurity distribution 
between the emitter and collector junctions. 


tee 


| 

| 

| w 
[| 


Fic. 2. Analytical model of cylindrical base region. 


Il. NOTATION 
a emitter radius 
b inner radius of base ring 
¢ mesa radius 
k Boltzmann constant 
q__ electron charge 
r _ radial co-ordinate 
s  surface-recombination velocity 
w base width 
axial co-ordinate 
hole-diffusion constant 
Ly hole-diffusion length 
Jp hole current density 
T temperature (absolute) 
tp hole lifetime 
A arbitrary separation constant 


Ill, ANALYSIS 
The steady-state distribution of excess minority 
carriers (holes) within this cylindrical base region, 
P(r; 2), is established by the continuity equation 


@2P 14é @P OP P(r,z 
or? or OF Oz L,? 


(1) 
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Assuming the minority-carrier distribution can 
be represented by 


P(r;z) = X(”)¥(2) (2) 


this continuity equation is separable into two 
ordinary differential equations, 


— = a 
dv2 ov ar ”) (3a) 
dy dy 

~ (3b) 


It is important to note that the nature of this 
problem restricts solutions of equation (3a) to 
zero-order Bessel functions. The minority- 
carrier distribution P(r; z) must be well behaved 
at the origin (r = 0); therefore Neumann functions 
are excluded from this solution. From equations 
(2) and (3) we therefore have the general distribu- 
tion equation 


P(r; 2) = ef2/°{A cosh ((yz)+B sinh (yz)} Jo(Ar) 
(4) 
where 
P= Ly? +(f/2? (5) 


The arbitrary constants associated with equation 
(4) must be adjusted to satisfy all boundary 
conditions imposed upon this solid cylinder by 
practical considerations. Defining  surface- 
recombination velocity in the usual manner, ®) 
the transistor base region is characterized by a 
combination of Dirichlet and Cauchy type 
boundary equations) which are given by 


oP 
—+—P(r;z) =0 y=¢c,0<s<w 
cr Dp 
(6a) 
P(r;z) = 0 O<r<czs=m 
(6b) 
_ Je 0<r<a;z=0 
pDp 
Si 
—f{P(r;z) = {—P(r;z) a<r<b;z=0 
cr Dp 
P(r; 2) b<r<e;z=0 
\ Dp 


(6c) 
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The outer wall of this solid cylinder (r=; 
0 < z < w) is assumed to exhibit a recombination 
current proportional to an arbitrary surface- 
recombination velocity S3 and the concentration 
of excess minority carriers at this location, equa- 
tion (6a). The coliector junction, which is an 
ideal minority-carrier sink, has been represented 
by a surface that is completely free of excess 
minority carriers, equation (6b). The entire emitter 
end of this solid cylinder (0 < r < c;z = 0) is 
characterized by equation (6c). A constant 
minority-carrier current density Jp is assumed to 
result from a symmetrically located, forward- 
biased emitter junction (0 < r < a;z = 0); the 
remainder of this surface exhibits recombination 
mechanisms due to an exposed semiconductor 
surface (a < r < b; zx = 0) and the metal—semi- 
conductor interface of a base-region ohmic 
contact (6 < r <c;z = 0). 

The computational difficulties inherent in this 
problem have required an introduction of sim- 
plifying assumptions for the emitter-junction 
boundary conditions. Characterization of an 
emitter junction as a current source—rather than 
a source of minority carriers—eliminates an 
explicit computation of total emitter current; an 
analytical comparison of these boundary con- 
ditions has shown no observable difference in 
transport efficiency when applied to elementary 
cylindrical structures. Furthermore, the assump- 
tion of a constant minority-carrier current density 
at this location is found only in transistors 
exhibiting a negligible radial biasing potential 
at the emitter junction. Because this situation 
results from an electron current immediately 
under the emitter junction, this investigation is 
restricted to the low-current operation of tran- 
sistors exhibiting small magnitudes of bulk 
minority-carrier recombination and_ emitter- 
junction electron current. 

A negligible limitation should result from the 
assumed constant magnitude minority-carrier 
drift field. Previous investigations on this subject 4 
indicate the drift field in a diffused-type transistor 
can be approximated by one of constant magnitude; 
this constant is obtained at the base-region edge 
of the emitter-junction depletion layer. 
Substituting equation (4) into equation (6a) 


a 
A 
: 
i 
a 
i 
i 
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yields the relation 


P(r; 3) = ef2/? > 4, cosh 


where 
da" = + (8a) 
S3c 
0 = taJi(%a)— — (8b) 
Dy 


The summation of equation (7) is conducted over 
ascending roots of equation (8b)—there are an 
infinite number of such roots for each assumed 
value of surface-recombination velocity. Further, 
substituting for equations (6c) the conditional 
boundary equation 


os a=! (9) 


we have, for equation (7) 


P(r; 2) = exp(fz 2)> va 


a=1 


base region; at this location we have, from 
equations (6c) and equation (9), 


‘Toe 


0O<r<a 


a<r<b (il) 


So 
b<r<e 
Dp 


Equation (11), in this form, is exceedingly difficult 
to solve and therefore has been modified by 
assuming that the total minority-carrier distribu- 
tion, P(r;2), is the sum of three distribution 
equations which are essentially the same as 
equation (10), 


P(r; 2) = Pi(r;2)+ (12) 
Using this technique it is shown (see Appendix) 


that the base-region minority carrier distribution 
is given by 


J; 
P(r; 2) = exp(fz 2)> En 
P n=1 


(13) 
= Jo( 


(10) sinh( cosh (5 n— 
x Ya fe Jo where 
sinh( 3a +8q cosh (8a 
2 c 2S pet 
(14) 
Equation (10) satisfies all boundary equations qhre 
of this problem except at the emitter end of the and 
4-1 
=- Jp Mk,m 1 + — A, x 0 
gD yc Dp (15) 
Se 
Nik 1+ —A, 0 


= 
(7) D 
a=1 
| 
4 
: 


The matrix elements of equation (15) are 
established by equation (A.7). 

From equation (13), which fully describes the 
base-region minority-carrier distribution, we can 
easily determine the transport efficiency of this 
structure. Since the axially directed minority- 
carrier current, J»,z (7; 2) is given by 


Jp,A732) = 


we have, from equation (13), 
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IV. JUNCTION-TRANSISTOR CURRENT GAIN 
Figs. 3 and 4 illustrate the theoretical current 
gain, equation (19), of two transistors which are 
geometrically the same; their fundamental dif- 
ference resides in assumed values of minority- 
carrier lifetime tp and drift mobility py. The 
first illustration, Fig. 3, establishes the gain of a 


(fe/2) cosh[(dn/c)(w— 


(16) | 


2)] 


Jolan(r/e)] (17) 


= exp(fz/2) En 


w w 
— sinh +68, cosh 
n=1 2 c c 
Integrating this expression across the collector junction face (0 < r < c;z =) yields the total | 


collector current Jp, and, therefore, 


EndnJi(%n) (18) | 


exp( fev/2) 


From equation (18) we now have 


B 


(19) 


Equation (19) established the common-emitter 
current gain resulting from base-region recom- 
bination mechanisms;* an emitter injection 
efficiency y of unity is assumed. If, in a particular 
transistor, this assumption cannot be made, the 
total common-emitter current gain Pr is given 
by‘6) 


1 1 1 
(20) 
Br Bp By 
where 
By = — (21) 


* Computer programs") for equation (19) are available 
on request to authors. 


fe , w 
sinh (5. +8, cosh | 


device exhibiting characteristics of a typical 
diffused silicon structure (tp = 10-7; Dy = 6) 
when large values of surface-recombination 
velocity have been assumed (5S; = S3 = 5 x 103; 
Se = 104). Similarly, using the same magnitudes 
of surface-recombination velocity, the current 
gain is established for a transistor with base- 
region properties approximating a germanium 
transistor (tp = 2x 10-5; Dp = 20), Fig. 4. 

A comparison of Figs. 3 and 4 shows that fun- 
damental differences result from the assumed 
values of minority-carrier lifetime and drift 
mobility. The magnitude of current gain presented 
in Fig. 3 is approximately 20 per cent below 
the value attained when surface-recombination 
mechanisms are eliminated—as encountered in a 
one-dimensional solution of this problem.) In 
contrast, Fig. 4—approximating a typical ger- 
manium transistor—exhibits a current gain which 
is an order of magnitude below that of a one- 
dimensional structure. From these examples, 
it appears the decreased minority-carrier diffusion 


( 4 
= 
~ aN 
4 
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length of a diffused silicon transistor introduces 
the need of a narrow base width to obtain useful 
magnitudes of current gain; this situation reduces 
surface-recombination current and therefore de- 
creases the influence of such recombination 
mechanisms. 

Eliminating all surface recombination at the 
exposed base-region surfaces (8; = S3 = 0) is 


a=2.00 mils 
b=2.75 mils 
c = 400 mils 


-7 
sec 

2 
6cm /sec 


3 
5X10 cm/sec 


4 
10 cm/sec 


l 
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p/w 


108.06 04 02 w(mils) 


Current gain of cylindrical mesa transistor— 
Ly small. 


insufficient to yield an adequate current gain in the 
device illustrated by Fig. 4. Minority-carrier 
losses occurring at the ohmic contact become an 
important mechanism when a large diffusion length 
exists in the transistor base region. Fig. 5 illustrates 
this characteristic for a transistor which has a 
current gain of approximately 100—assuming 
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L,/w = 7-0 and E; = 0—when all surface recom- 
bination mechanisms have been eliminated. 

An important parameter in the design of junc- 
tion devices is the emitter-to-base-ring spacing. 
Advantages obtained through a reduction of this 
spacing—thereby decreasing extrinsic base resis- 
tance—are overcome by an increase of base- 
contact recombination current and, therefore, a 
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Fic. 4. Current gain of cylindrical mesa transistor- 
large. 


reduction of current gain. Fig. 6 illustrates the 
relation between current gain Bg and emitter- 
ohmic contact spacing for a mesa structure of 
16-mil radius. As in our previous example 
(Lp; 7-0; Ez = 0), a current gain of approxi- 
mately 100 is obtained when the ohmic base ring 
is an adequate distance from the emitter junction. 
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The small sensitivity to surface recombination, 
illustrated in Fig. 3, results from a substantial 
bulk recombination current which will, in effect, 
“‘swamp out”’ surface losses. A similar characteris- 
tic is obtainable in devices exhibiting a relatively 


the same transistors when a high-recombination 
ohmic contact is placed near (0-5 mil) the emitter 
junction; the base width (w) is reduced to restore 
current gain (at S; = 0) to its original magnitude. 
This example indicates that a base contact of 


a=20mils 
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Fic. 5. Current gain vs. ohmic-contact recombination 


velocity. 


long base-region diffusion length. Fig. 7 presents 
the influence of surface recombination (S;; S®) 
upon current gain, for two typical transistors— 
one transistor is assumed to have a large base- 
region drift field while the other has none. The 
lower two curves in Fig. 7 characterize these 
devices throughout a practical range of surface- 
recombination velocity; the base rings have been 
adjusted to introduce a negligible minority-carrier 
loss. Similarly, the upper two curves illustrate 


234567 8 9 10 Il l2 13 14 15 16 
b (mils) 


controlled recombination velocity can be used to 
reduce the influence of recombination mechanisms 
at an exposed base-region surface. 

The last example illustrating applications of 
equation (19) relates to the current multiplication 
of a cylindrical hook collector.‘6) This structure 
is essentially identical to Fig. 1 except for the 
ohmic contact; it is mathematically eliminated by 
setting Sp = 0 and b = c. Current multiplication, 
being essentially equivalent to the current gain 


Fic. 6. Current gain vs» ohmic contact-emitter distance. 
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Fic. 8. Current gain vs. emitter radius. 
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expressed by equation (19), can be maximized Acknowledgements—The authors wish to thank Mr. W. E. 
by an adjustment of the emitter radius. Fig. 8 HarDING for his continued support of this project and 
illustrates the current gain of a typical structure many and 
throughout a range of physical and geometrical 
parameters. Significant increase in gain is obtain- 
APPENDIX 

able when the emitter radius has been properly pte 

“fer . e oundary conditions at the emitter en 
selected; furthermore, at this optimum geometry this base region, equation (6c), have been satisfied by 


onc obtains a minimum dependence upon emitter assuming the total minority-carrier distribution, P(r;z), is 
radius. expressed as the sum of three independent distributions 


P(r; 2) = Pi(r;2)+ Po(r; + Pa(7; 2) (A.1) 


where each term is essentially the same as equation (10) 


sinh[(3m/c)(w—2z)] (r/c)] 


(7; 2) = exp(fz/2) 
c 


Ww 
m=1 Cc 


c sinh[(8;/c)(w—2z 
sinh +8, cosh 


2) 


sinh[(8;/c)(w—2 


P3(r; 2) = exp(fz/2) = 
— sinh +8; cosh 


Substituting equation (A.1) into the boundary equations (6c), we obtain 


m=1 


, Si y 00 
+ 548) Jo( = + Jo( 
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c 


Se 
taJi(%a) — p, = 0 (A.4b) 


Equations (A.3) are a Dini-Bessel type of series‘’:8) throughout the range specified for each expression; 
which can be evaluated in a conventional manner. In _ outside this range the left-hand sides of equations (A.3 
this evaluation we assume the equality exists only are assumed to be zero and therefore 


= + + (0 a a) 


(A.5a) 
(A.5b) 
(A.5c) 


Upon multiplying equation (A.5) by r¥o [x;(r/c)] and integrating, we obtain 
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where 
X m l —J m,k —K m, m 
2] S 4 
~ pelt 
0 = Mk.m +r —A, x (A.6) 
Se 
0 Nik (1+, 
| | 
a 
Ly, = 
(A.7) 
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From equation (A.7) we can now establish the terms Vm, ®, and 9:1, which are required for the solution of this 


problem, 


x, | 


pet 
gDyc 


Therefore, upon collecting terms within equation (A.1) we obtain 


sinh[(3n/c)(w—2)] ; Jofen(r/c)] (A.9) 


P(r; 2) 
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_ exp(fz/2) En 
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Dy w 
sinh (> cosh | 8,— 
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Abstract—The selective partial melting of Ge by means of radiant heating is described, wherein 
a furnace providing a one-dimensional thermal gradient is used in conjunction with means for 
altering the radiant heat flux to local areas of a Ge sample surface. An analytical model is developed 
to describe, qualitatively, the mechanics of the heat-transfer processes involved. Experimental 
results are presented to show that selective local melts in Ge can be produced with the aid of locally 
deposited carbon particle films on the Ge surface which alter the apparent thermal emissivity, 
(absorptivity) or with the aid of small, separate bodies of appropriate physical properties resting 
on the Ge sample surface. Methods are described for introducing doping impurities to the melts, 
in order to form junction structures. 


Résumé—On décrit la fonte partielle sélective du Ge produite par chaleur radiante ot un fourneau 
produisant une rampe thermique est utilisé en conjunction 4 des moyens pour changer le flux de 
chaleur aux surfaces locales d’un échantillon de Ge. Un modéle analytique est developpé pour 
décrire qualitativement le mécanisme des procédés de transfert de chaleur impliqués. Les résultats 
expérimentaux sont presentés pour démontrer que les fontes locales sélectives dans le Ge peuvent 
étre produites a l’aide de pellicules de carbone déposées localement sur la surface du Ge, qui change 
]’émissivité thermique apparente, ou a l’aide de petits corps separés ayant des propriétes physiques 
appropriées reposant sur la surface de |’échantillon de Ge. Des méthodes sont décrites pour intro- 
duire des impuretés de dope aux fontes pour former des structures de jonction. 


Zusammenfassung—Das selektive teilweise Schmelzen von Ge durch Wirmebestrahlung wird 
beschrieben. Verwendet wird ein Heizofen, der einen eindimensionalen Warmegradienten erzeugt, 
zusammen mit einer Vorrichtung, die den Strahlungsfluss auf lokale Gebiete der Oberfliche der 
Ge-Probe veriindern kann. Die auftretenden Warmeiibertragungsprozesse werden durch ein 
analytisches Modell beschrieben. Die experimentellen Ergebnisse zeigen, dass selektives lokales 
Schmelzen durch das Aufbringen von Kohlefilmen auf gewisse Stellen der Ge-Oberflache erzielt 
werden kann. Dies aindert das scheinbare Emissions- und Absorptionsvermégen. Statt dessen 
kénnen auch kleine Einzelkérper mit geeigneten physikalischen Eigenschaften auf die Ge-Oberflache 
gebracht werden. Es folgt eine Beschreibung von Methoden zur Einfiihrung von Dotierungsmaterial 
in die Schmelzen zum Zweck der Erzeugung von Ubergiingen. 


I. INTRODUCTION Most of the earlier work on the selective partial 


A VARIETY of junction-forming processes used for 
making Ge and Si device structures have involved 
the selective partial melting of small bodies of 
semiconductor. It is the purpose of this paper to 
present a new technique for selective partial 
melting, which may be used to form junction 
structures, and which may be practised with a 
simple thermal-radiation furnace. A brief review 
of the related technology is given, to furnish a 
background for the present developments in 
selective melting techniques. 
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melting of semiconductor bodies has been based 
on the use of a one-dimensional thermal gradient, 
whereby the material nearest one surface of a chip 
or slice, or one end of a bar is melted, while the 
remainder is solid. The junction structures 
formed by such means are characterized by the 
controlled depth of penetration of the molten 
zone, while the other dimensions of the zone are 
limited only by the boundaries of the semi- 
conductor sample. Processes which are typical 
have been described by LeHovec and BELMONT"), 
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LeHovec and Levitas®), and Gasson®), 
Pankove™), and GoopMaNn®), The changes of 
conductivity type necessary to produce useful 
junction structures from these partial melts have 
been obtained variously by the introduction of 
impurities to the melt, redistribution of suitably 
compensating impurities, and diffusion after 
resolidifying the melt. 

Techniques for the production of selective 
melts having geometries more complicated than 
one-dimensional have also been described. BILLIG 
and Gasson®) have produced a molten annulus 
on the surface of a cylindrical rod by radio- 
frequency heating. LeHovec‘®) has described the 
generation of controlled areas of melt on larger 
surfaces by three means: (1) the “‘engagement”’ 
or touching of the semiconductor surface with a 
heated object, (2) the use of a stream or jet of 
heated inert gas directed against the area to be 
melted, and (3) the use of a focused beam of 
electrons or other electrically charged particles, 
or a concentrated light beam. Finally, PEARSON 
and Treutinc’?) produced small local surface 
melts on silicon which, however, are believed to be 
due to the presence of minute amounts of alloying 
impurities which locally depress the melting 
point. 

The method of selective melting and junction 
formation to be described in the following sections 
differs from those cited above, and may be 
characterized briefly as follows. 

(1) A thermal gradient furnace is used, such 
that semiconductor specimens may be placed 
in a region between a high-temperature radiation 
heat source and a lower-temperature body, with 
the specimen resting on the latter. This arrange- 
ment is used to produce a thermal gradient in 
the semiconductor which is primarily one-dimen- 
sional. 

(2) The surface of the semiconductor nearest the 
heat source is modified locally in some manner 
which alters the radiant heat flux to the modified 
area, causing it to heat to temperatures which 
differ from those in the surrounding or contiguous 
areas. By this means, a two-dimensional thermal 
gradient is imposed in a plane normal to the axis 
of the original one-dimensional thermal gradient, 
thereby achieving a three-dimensional gradient. 
The three-dimensional gradient is sufficient to 
localize the semiconductor melt both in depth of 
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penetration and in all dimensions of the plane 
normal to the penetration depth. 


Il. NOTATION 

Cc a radiation exchange coefficient, for unit 
surface area, dimensions of (q/7“) 

R a thermal resistance, for unit surface area, 
dimensions of (7/q) 

T absolute temperature 

q a heat flux, dimensions of (energy)/(unit 
area) (unit time) 

6 a difference of temperatures 

1,2, 3,4 subscripts used singly and in combination 
to identify the geometric locations, 
or paths which with their symbols 
are associated 


lil. ANALYTICAL MODEL 

It has been proposed that localized melting 
can be produced on preselected areas of a semi- 
conductor surface by using radiant heating in 
conjunction with treatments of the semiconductor 
surface which locally alter the radiant heat flux. 
As a guide for experimental work, it was desired 
to construct an analytical model for the heat- 
transfer processes involved, in order to learn the 
relative importance of the variables in the process. 
A complete and rigorous treatment of these 
processes, which include radiation with some 
convection and conduction through a gas, and 
three-dimensional heat conduction in the semi- 
conductor, could become rather tedious. The 
present purpose is served sufficiently by presenting 
a qualitative feasibility argument. Accordingly, 
the heat-transfer processes are treated as one- 
dimensional, wherein the primary thermal gradient 
is through the semiconductor piece. The treat- 
ment is therefore valid for selective melting only 
in the limiting case, wherein the transverse 
thermal gradients result in very small perturbations 
of the one-dimensional heat flow. The result of 
such a treatment can, nevertheless, be pertinent 
to the selective melting of materials which have 
well-defined melting points, since very small 
temperature differences suffice to discriminate 
between the liquid and solid states in such 
materials. 

The development of the analytical model 
follows, for the geometrical situation illustrated 
in Fig. 1. For simplicity, the derivation is based 
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on a steady-state thermal system. Nevertheless, 


its conclusions should be qualitatively applicable 
to transient situations. 


— RADIANT HEAT 
SOURCE 


SEMICONDUCTOR 
BODY 


HEAT SINK 


representation of the geometry 


Schematic 
assumed for the analytical model. The radiant-heat 
source, semiconductor body, and heat sink are visualized 
as having large, parallel plane faces. 


Fic. 1. 


Assumptions 

(1) All temperatures of the model system are 
invariant with time. 

(2) The heat source is at a uniform temperature 
Ti, where 7) is the highest temperature of 
the system. 

(3) The surface of the heat source is perfectly 
black, having a radiation emissivity of 1. 

(4) The heat sink is at a uniform temperature 
of 74, where 7, is the lowest temperature 
of the system. 

(5) A body of semiconductor is placed between 
the heat source and the sink, and receives 
heat from the source through a surface at 
the uniform temperature 72, and disposes 
of heat to the sink from a surface at the 
uniform temperature 73. No heat generation 
occurs within the body. 

The principal means of heat transfer from 
the source to the surface at J» is thermal 
radiation. Other heat transfer processes in 
the system may be by any means represen- 


table by the form g = (@/R). 


(6 


~— 


Development 
(1) Let the net heat exchange between the heat 
source and the semiconductor body be represented 


by, 


(1) 


where the radiation exchange coefficient Cj2 is 
proportional to the emissivity of the semiconductor 
surface for the conditions assumed. 


giz = 


TAYLOR and C. J. BARDSLEY 


(2) Let the heat fluxes through the semi- 
conductor body, and from it to the heat sink be 
represented by 

T2—T3 


Rog 


(2) 


q23 = 


T3—T7T4 
Rs 


(3) By the first law of thermodynamics, 


(3) 


= 


(4) 
(4) By appropriate combination of equations 
(1)-(4), 
(T2—T4) = + Ras) 
(5) By differentiation, 
Ros) 
1+ 4Cj2(Ro3+ 


= 923 = 434 


(5) 


(6) 


From examination of equation (6), the following 
conclusions are obtained. 

(1) For any case where 7; > T2, (@T2/0Ciz2) is 
positive. Hence, if a small area of the semiconduc- 
tor surface has an emissivity different from the 
remainder of the surface so that the radiation 
exchange coefficient differs by ACjz,_ the 
equilibrium temperature of that small area differs 
from that of the remainder area, where AT> is 
of the same sign as AC}p. 

(2) The influence of a given change ACj2 on T2 
is greatest at low emissivity levels. 

(3) The influence of a given change ACj2 on T2 
is greatest for large thermal gradients, between the 
heat source and the semiconductor, since it in- 
creases with increasing 7}, and increases with 
decreasing 7». 

(4) The influence of a given change ACjz2 on T2 
is greater for a larger sum of the thermal resistances 
(Re3 + Ra). 

It will be noted that the last two effects, stated 
in conclusions (3) and (4) are in conflict, since 
a large thermal resistance militates against a large 
thermal gradient (if T2 is fixed at the melting point 
of the semiconductor, large values of thermal 
resistance coupled with a fixed value of T4 require 
that 7; be small). However, it appears from the 
form of equation (6) that the variables 7; and T> 
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are far more important in defining the value of 
(2T2/0C\2) than are the thermal resistances. 

The foregoing has been based on the tacit 
assumption that it is possible to alter the thermal 
emissivity of a semiconductor surface by some 
means. In experimental fact, it is more convenient 
to apply a film of some other material to the surface. 
In the case of very thin, adherent films, doing 
this may be considered equivalent to an alteration 
of the surface emissivity. 

The manner of deriving equation (6) is rigorous 
only for cases where the dimensions of the altered- 
emissivity area are very small compared to those of 
the semiconductor as a whole, including its thick- 
ness, and for cases where AT? is small. Otherwise, 
the assumptions of constant values of the thermal 
resistances Rog and R24, and of a constant tem- 
perature 73 are not justified. Nevertheless, it is 
found experimentally that selective melting can be 
done successfully without adherence to the con- 
dition that the altered-emissivity area be small. 

Since the thermal conductivity of semi- 


conductors such as Ge is relatively large, it is 
expected that the temperature differences which 
can be achieved by the mechanism suggested 
by equation (6) are rather small. The elemental 


semiconductors have a well-defined melting point, 
however, so that it is possible to distinguish 
between the liquid and solid phases if very small 
temperature differences are obtained. In summary, 
therefore, it should be possible to produce 
selective melting by either of two means, namely: 

(1) by locally treating the surface to increase 
the emissivity, thereby causing melting to 
occur only in the treated area in the presence 
of a strong radiant heating field, 

(2) by locally treating the surface to decrease 
the emissivity, thereby causing melting to 
occur only in the untreated area in the 
presence of a strong radiant heating field. 

Consideration of the detailed heat-transfer 

processes involved in the use of surface films to 
alter the radiation emissivity of a semiconductor 
surface leads to another technique for selective 
melting. It is proposed that instead of a film, 
the surface treatment be visualized as a separate 
body (or particle) resting on that surface of the 
semiconductor which faces the heat source. This 
body receives heat from the source, and conducts 
it from its face nearest the source to that nearest 
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the semiconductor. The heat then transfers from 
the body to the semiconductor by passing through 
the thermal resistance at their mutual interface. 
Consideration of this technique was prompted 
by two facts, namely: (1) certain of the emissivity 
“film” treatments consist of placing a large 
number of small particles on the semiconductor 
surface, and (2) interesting selective melting results 
are obtained from the use of single homogeneous 
bodies in lieu of film treatments. 

By analyzing the heat transfer processes involved, 
it can be shown that selective melting may occur 
under a small body, called a heat receptor, or 
simply “‘receptor’’, provided the body has a 
suitable combination of the following characteris- 
tics: 

(1) a large product of surface area and emissivity 

(2) a large bulk thermal conductance 

(3) a low thermal resistance (good geometrical 

fit) to the transfer of heat between the body 
and the underlying semiconductor. 

In principle, the opposite of these conditions 
should produce a “‘shading”’ action which prevents 
melting under a body for conditions which 
otherwise produce melting. 

Section IV presents some experimental results 
which have been achieved from experiments 
based on this analysis. 


IV. EXPERIMENTAL 

Selective melts in a variety of patterns have been 
produced in Ge by employing a technique based 
on the emissivity film model. Local areas of a 
Ge surface were coated with thin carbon-particle 
films, on the theory that this treatment would be 
tantamount to an alteration of the surface emis- 
sivity. The films may be applied in a slurry form, 
as by using a colloidal graphite, suspended in a 
volatile liquid vehicle. The slurry may be applied 
in preselected patterns by using a masking and 
painting technique, or with the aid of a pen, or 
similar ink-handling device. After application, 
the pattern is dried, and the masking, if any, is 
removed. Another effective technique is the use of 
a graphite (common) pencil “‘lead”’ to draw the 
desired pattern on a lapped, or otherwise fine- 
grained, roughened Ge surface. After such treat- 
ment, the Ge is fired in a thermal gradient furnace 
in an argon atmosphere, under conditions which 
produce melting under the graphite films, by 
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using a resistance-heated graphite heat source at a 
temperature in the range of 1680—1950°C, 

Typical results obtained from the pencil- 
marking technique are shown for four patterns 
in Fig. 2. In addition to the melting under the 
pencil lines, it may be noted that some melting 
(indicated by high shine) also occurs along the 
upper edges and at the corners of the dice. This 
fact is due to the enhanced ratio of surface to 
volume of the dice in these regions. The heat 
transmitted by radiation to the die is received 
through the die edges as well as the top surface, 
while the heat loss to the sink, being mainly by 
means of gaseous conduction through a thin film 
of argon between the die and the sink, occurs 
mostly through the base area of the die. Therefore, 
one might expect the upper corners and edges 
of the die to assume higher equilibrium tempera- 
tures than the flat upper surface of the die. This 
edge and corner melting effect was first observed 
as a problem in preparing surface weld—regrowth 
junctions.?) Consideration of the thermal 
mechanics involved in this problem led to the 
present investigation of selective melting. 

Experiments designed to study the processing of 
selective melts such as those shown in Fig. 2 
provide two results which are of interest in relation 
to the analytical model (Section IIT). In the first 
experiment it was desired to explore the hypo- 
thesis that the primary means of heat transfer 
between the heat source and the samples is by 
thermal radiation. To do this, selective melt 
samples were fired in a furnace at several settings 
of the distance between the lower surface of the 
heat source and the upper surface of the sample. 
It was found that well-defined selective melts 
were obtained at distances of about 0-25 in., 
while general surface melting nearly obliterated the 
selective effect of the pencil marks at distances of 
about 0-05 in. It is concluded from this that at the 
smaller gap distance, the heat transfer by gaseous 
conduction and/or convection becomes appreciable. 
In view of this result, the larger spacing between 
the heat source and the specimens was used in all 
other work. 

In the second experiment, comparative samples 
were fired in two different furnaces. The furnaces 
differed in that one employed water cooling of the 
heat sink, such that selective melting occurred on 
the samples when the heat source was maintained 
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at about 1915°C, while the other, having a 
sink cooled only by convection and radiation, 
produced selective melting for a _heat-source 
temperature of 1680°C. It was qualitatively 
observed that the water-cooled furnace yielded a 
substantially better-defined selective melt, with 
less tendency for the melt to grow outside of the 
areas treated with penciled films. This observation 
is in accord with conclusion (3) [following 
equation (6)]. Applying equation (6) to this experi- 
ment, it is found that the only difference for the 
two furnaces is represented in the factor 
which indicates that (@72/@Cj2) is 
about 70 per cent greater for the furnace equipped 
with a water-cooled heat sink. 

Although the analytical models are developed 
on the assumption of thermal steady state, the 
samples described may be produced in a very 
short time. Selective melts such as those shown in 
Fig. 2 are typically produced by heating from room 
temperature to surface-melting conditions in 
times of the order of 20-30 sec. After the melting 
is produced, the samples may be cooled immediate- 
ly, or sustained in the selectively melted condition 
for times of the order of minutes. The stability 
of the molten regions results from small thermal 
gradients in the plane of the Ge sample surface, 
which result in turn from details of the furnace 
design, the use of radiant heating, and the high 
thermal diffusivity of Ge. The furnace used for 
most of the work reported is equipped with a 
graphite strip as the heat source, having a width 
of 0-5 in., a thickness of 0-1 in., and a length of 
2-5 in. between the electrode jaws. Samples of 
Ge are fired beneath the center of the strip, where 
a small hole in the strip permits observation of the 
samples with a pyrometer telescope. The furnace 
is powered by a 5kVA auto-transformer, step- 
down transformer combination. 

As indicated earlier, it is recognized that the 
application of a carbon-particle film is not, in 
reality, an alteration of the surface emissivity of 
Ge. Therefore, experiments were conducted to 
discover evidence of selective melting which was 
controlled by means of separate bodies, acting 
as “‘receptors”’ or ‘“‘shades’’. A typical result of 
this search is found in Fig. 3, which shows 
selective melts on Ge dice which were produced 
by using smaller silicon dice as heat receptors. 
The molten Ge near its melting point does not 
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Fic. 2. Selective melt patterns on Ge dice. The patterns were applied to a lapped 

Ge surface by drawing with pencil, followed by firing under a radiant-heat source. 

Tne uarkei lines which edge the pencil marks are shiny, and are due to growth 

of the melt beyond the edges of the pencil marks. The Ge dice measure 
0-125 » 0-125 » 0-011 in. thick. 


Fic. 3. Selective melt patterns on Ge dice. The patterns were obtained by using 
Si dice (0-045 x 0-045 x 0-012 in. thick) as heat receptors, and firing under a radiant 
heat source. The Ge dice measure 0:125 x 0-125 x 0-011 in. thick. 
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Fic. 4. 


Photomicrographic section of a receptor-controlled selective melt in Ge, 
similar to those of Fig. 3. The Ge substrate is p-type, In-doped, 0:25-0°35 Q-cm. 


resistivity, and 0-012 in. thick. ‘The melt is counter-doped with arsenic, applied 
before melting in the form of a solution of As2O; dried on the receptor. Note the 
dish-shaped p-n-junction line at top. ( 105) 
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wet the Si, so that the receptor is easily removed 
after firing. With Si receptors, it has been found 
possible to obtain quite accurate plan-view 
impressions of the receptor shape in the Ge melt, 
although the expansion of Ge on freezing usually 
develops a mound along at least one edge of the 
melt (note the sharp highlights at the bottom 
center of the melt regions of Fig. 3). Blocks of 
graphite may also be used as receptors, although 
the resulting melt shape is more difficult to control. 
The experimental conditions which produced 
the samples of Fig. 3 were very similar to those 
used for pencil-marked selective melts, except that 
the Ge surface was etched, since the rough surface 
texture required to accept a pencil mark is unneces- 
sary in the practice of receptor-controlled melting. 

The use of shading to prevent the melting of 
Ge in local areas has also been explored in a 
preliminary way. It has been found that thick 
coatings of finely divided alumina, or barium— 
strontium—calcium carbonates, may be painted 
on using a water vehicle, and show evidence of 
shading action. The results are less impressive 
than those achieved with receptors, however. 
It is apparently more difficult to find the com- 
bination of low radiation emissivity and thermal 
conductivity required in a shade material than 
it is to find the opposite combination desired for a 
receptor. It is expected, however, that this difficulty 
may be overcome by the use of reflective coatings 
on bodies of low thermal conductivity. 

Semiconductor junction structures can be made 
by the selective melting techniques described 
above. One obvious method of obtaining them is 
to use impurity segregation effects in compensated 
Ge. In the present study, methods have been 
developed for the introduction of doping impurities 
to the melt during the selective melting process. 
One method involves the inclusion beneath the 
receptor of smaller quantities of the desired 
impurity in a specially prepared chemical matrix. 
When the receptor is heated as described, the 
matrix is decomposed, the impurity is liberated, 
and the freed impurity dissolves rapidly in the 
melted portion of the substrate. 

To overcome the volatility of some commonly 
used impurities, e.g. arsenic, a specially prepared 
matrix was designed. This matrix consists of the 
oxide of the impurity dissolved with the appropriate 
amount of chelating agent or sequesterant. 
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Specific sequestering agents used were ammonium 
(dinitrilo)-tetra-acetate and tartaric acid. These 
have no appreciable amounts of alkali ions or 
other residual metallic ions present. The amount of 
dopant introduced was controlled by the impurity 
concentration of the water solutions and by the 
amount of matrix included beneath the receptor. 

Several variations in the technique of application 
of the matrix were used. The solution was dried 
on the receptor or on the substrate, and the 
solution was included in a graphite film painted 
on the surface. 

In all of these variations the mechanism 
during heating was the same. The chelating agent 
decomposed to carbon and gaseous products, 
then the residual carbon reacted with the impurity 
oxide, reducing it to the impurity element, which 
is readily dissolved in the molten zone. The 
sequesterant inhibits the volatility of the impurity 
oxide until the decomposition takes place. Since 
the time of heating is short, and since the chelated 
bond is relatively stable, the deterrent is sufficient 
to obtain controlled impurity diffusion without 
the excessive loss of the dopant. 

Other methods include the placing of a small 
amount of a nonvolatile, powdered impurity 
under a receptor, using the water solution of the 
chelated impurity oxide in a suspension of colloidal 
graphite which is applied to the surface and which 
acts as an absorptive coating, and marking the 
surface with a pre-doped pencil lead to form an 
absorptive doping deposit as in Fig. 2. 

The various methods used result in sufficient 
impurity counter-doping to form p-m junctions. 
These junctions penetrate the substrate to varying 
distances depending on the particular technique 
used to form them. An example of the result of 
using a silicon receptor die on p-type germanium 
and the arsenic doping solution to give an m-type 
doped region beneath the die is shown in Fig. 4. 
That these are true p-n junctions was further 
established by electrical measurements inthelabora- 
tory. High ratios of forward to reverse current 
of the correct polarities were obtained using 
samples prepared in the same way as that in 
Fig. 4. 


Vv. CONCLUSION 
The experimental results have shown that it is 
possible to achieve selective melting of Ge by 
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comparatively simple means. Specifically, a 
furnace apparatus, equipped with a radiant-heat 
source, and designed primarily to produce a 
one-dimensional thermal gradient, may be used 
in conjunction with surface treatments, or separate 
bodies placed on the Ge surface, to produce the 
three-dimensional thermal gradients required 
for simple forms of selective melting. The fabrica- 
tion of junction samples and related experiments 
indicate that the thermal mechanics involved in 
selective melting by these means are described 
qualitatively by the analytical model developed 
for that purpose. 

It seems likely, from the results obtained, that 
selective melting by means of these and similar 
techniques will find application in specialized 
semiconductor-device fabrication and microcircuit 
fabrication. At present, alternative methods of 
making complicated device or circuit structures, 
such as photolithographic techniques, are superior 
from the standpoints of lower product-size 
limits and better reproducibility, and this may 
prove to be the case indefinitely. Nevertheless, 
the simplicity of the apparatus and versatility of 
selective melting techniques may result in their 
being of value in developmental studies, or in 
short-run production work. 

Although the present experimental study has 
been limited almost exclusively to work with 
germanium, the basic techniques are, in principle, 
applicable to the selective melting of other 
materials, including conductors and insulators 
as well as semiconductors, provided only that such 
materials possess a well-defined melting point. 
Each material however, is likely to present unique 
technological difficulties. A carbon-film technique 
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cannot be used with Si, for example, apparently 
because a reaction between C and Si forms SiC 
at temperatures below those required to effect 
selective melting. Similarly, attempts to apply 
the heat-receptor technique to the selective 
melting of Si have encountered the difficulty that 
most refractory materials are wetted by molten 
Si, making removal of the receptor impossible. 
One material which is found to give reasonably 
good receptor-controlled melts on Si is boron 
nitride. Its performance in this capacity is notice- 
ably improved by coating the BN surface which 
faces the radiant heat source with a carbon-particle 
film. 
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Abstract—The mixed valence material, LizNii_zO, has been investigated as a potential thermo- 
electric material. Measurements of the Seebeck coefficient, «(yu V/°C), electrical resistivity, p(Q-cm), 
and thermal conductivity, k (W/cm°C) have been made as a function of temperature and lithium 
concentration. The thermoelectric figure of merit, Z(«2/pk), reaches a value of approximately 
1-4 x 10-4 at 1100°C for the composition Lio.o4Nio.96O. 


Résumé—On a examiné la matériau a valence mixte LizNi1-,O comme élément thermoélectrique 
éventuel. Des mesures du coefficient Seebeck, «(« V/°C), de résistivité électrique, p(Q-cm) et de 
conductivité thermale, k(W/cm °C) ont été prises en fonction de la température et de la concentra- 
tion de lithium. Le facteur de mérite thermoélectroque Z(«2/pk) atteint environ la valeur de 1,4 x 10-4 
a 1100 °C pour la composition Lio, o94Nio,960. 


Zusammenfassung—Die Verbindung LizNi1-zO, die gemischte Valenzen enthilt, wurde auf ihre 
Eignung als thermoelektrisches Material gepriift. Der Seebeck-Koeffizient «(yu V/°C), der spezifische 
Widerstand p(Q-cm) und die Warmeleitfahigkeit k (W/cm °C) wurden als Funktionen der Tempera- 
tur und des Lithiumgehalts gemessen. Die thermoelektrische Leistungsziffer Z(«?/pk) betraigt bei 
1100 °C etwa 1,4 x 10-4 bei der Zusammensetzung Lio,o4Nio,96O. 


INTRODUCTION Consider the example of Nit2O~-2. If monovalent 
Durinc the past few years, a number of mixed- metal ions M* are substituted for a small fraction 
valence compounds have been proposed as ther- x of the nickel ions, a mixed-valence compound 
moelectric materials.) The thermal and electrical of the composition M*Nij?,,Nit*O-? is 
characteristics of these materials can be controlled formed. The smaller charge of the M* ions 
by varying the chemical composition, and it balances the excess charge of the Ni** ions without 
appears possible to produce materials capable of | the simultaneous introduction of vacancies in the 
efficiently converting thermal power directly to cation lattice. The defect center may be described 
electrical power at operating temperatures higher as an impurity cation of lower relative charge on a 
than those of the prsent semiconductor materials. cation site plus a positive hole bound on a neigh- 
The transition metals (e.g. Mn, Fe, Ce, Ni and boring host cation. The valence change so pro- 
Cu) are characterized by their multivalency, i.e. duced leads to the production of carriers in the 
M+? and M*3, where M represents any of the fore- material. The above material, MzNi,—,0, is desig- 
going elements. If one of these metals exists ina nated as a p-type mixed-valence or controlled- 
compound such as an oxide, and a univalent ele- valence compound because of the positive hole 
ment of approximately the same ionic radius is produced by the M-ion substitution. On the other 
added to the oxide, the valence state of the transi- hand, if a univalent ion like M** is used as the 
tion metal ion nearest the substituted ion is dis- substitution material, the charge is carried by a 
turbed. This perturbation gives rise to a ‘‘mixed- migrating electron, and an n-type mixed-valence 
valence’? compound. compound is obtained. 
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Efficient thermoelectric materials are charac- 
terized by a high Seebeck coefficient («,u V/°C), 
low electrical resistivity (p Q-cm), and low ther- 
mal conductivity (k, W/cm°C). These para- 
meters vary with the compound, and, for a given 
compound, « and p are a function of the con- 
centration of the substituted atoms. The preceding 
variables are related by Iorre’s figure of merit, de- 
fined as 


Z = «*/pk 


The above equation indicates the effectiveness of 
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lattice up to concentrations of 50 atomic per cent 
or more.) 

Lithium-doped nickel oxide pellets were usually 
prepared by the following reaction: 


x 
5 LigO2+(1—x)NiO Li,zNij-,O 


The reaction was performed in air at 900°C for 
16hr. After preparation by this reaction, the 
pellets were pulverized, re-pressed and resintered 
at 1200°C for 4 hr. 


Loading 


adjustment 


Loading spring 


nsulators 


Current terminals 


Potential! 
terminals 


Ball bearing 


Fic. 1. Schematic diagram of high-temperature appara- 
tus for measuring Seebeck coefficient, electrical resistivity 
and thermal conductivity. 


any material in a thermoelectric generator.) 
For this equation, it is apparent that high values 
of « and low values of p and k are desirable. 


PREPARATION OF Li,Ni:-,O 


mixed-valence characteristics of nickel 


The 
oxide can be obtained readily by doping with a 
univalent material. The most appropriate doping 
material from ionic radii considerations is Li*, 
which can go into solid solution in the nickel oxide 


Pellets containing various amounts of Li* dis- 
played an excellent physical appearance as pre- 
pared in this manner. 


THERMOELECTRIC MEASURING APPARATUS 

Fig. 1 shows the apparatus currently used to 
measure electrical and thermal conductivities and 
the Seebeck coefficient at elevated temperatures. 
Since NiO reduces to Ni metal in an inert or re- 
ducing environment, the apparatus was designed 
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so as to operate to 800°C in air. The sample 
measured consisted of a cylinder of $ in. diameter 
and } in. to $ in. length. The cylinders which hold 
the current terminals and make contact with the 
sample are made of Monel, as is the core for the 
upper heater. The three supporting legs, the 
radiation shield and the disk to which the shield 
is attached, are stainless steel. The core for the 
lower heater is copper; the base plate and the 
upper disk assembly, brass. Electrical connections 
are made through the base plate by means of 
Stupakoff seals and Conax connectors. The cover 
for the apparatus is 3 in. aluminum. 

The lower contact cylinder rests on a ball bear- 
ing, which corrects for non-parallelism of the 
sample faces and insures uniform contact. The 
faces of the samples are metallic-coated, either by 
evaporation or electroplating. The thermocouples 
are set into wells in the contact cylinders and held 
in position by set screws. 

To measure the Seebeck coefficient, the e.m.f. 
at the current terminals is read. To measure re- 
sistance, the e.m.f. across the potential terminals 
for a known current is read. The potential ter- 
minals consist of small (0-80) screws held by 
metal rings cemented to a ceramic cylinder which 


surrounds the sample. All potentials are measured 
on a Leeds and Northrup type K-3 potentiometer. 


Fot thermal-conductivity measurements, a 
quartz cylinder is placed in series with the sample, 
a Monel disk (with thermocouple) is placed be- 
tween the two, and thermal conductivities are de- 
termined by comparing the temperature drops 
across the two cylinders. The potential terminal 
assembly is not required, and a Monel cylinder 
(with holes for the thermocouple leads) connects 
the two contact cylinders to serve as an inner 
radiation shield. 

For measurements which were conducted on 
one sample at 1100°C, a modified instrument 
utilizing platinum-wound heaters and platinum 
and Monel parts was employed. 


THERMOELECTRIC-PROPERTY 
MEASUREMENTS 
Electrical resistivity 
Results of electrical resistivity measurements as 
a function of lithium concentration and the average 
temperature across the sample are presented in 
Fig. 2. These data indicate that the electrical 
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resistivity decreases rapidly with an increase in 
temperature (over most of the temperature range) 
following the relationship 

p = Ae-Q/RT 
where A = constant, R= gas constant, Q 


activation energy (cal/mole) and T= absolute 
temperature (°K). 


800 1000 
600 700 900 
| | 


500 


Resistivity, 2, 2-cm 


25 20 15 


°K-'x 10° 


3-0 

\/T, 
Fic. 2. Electrical resistivity of LizNii-zO as a function 
of temperature. 


35 


Table 1 lists the value of Q for each composition 
as obtained from the slope of the curve In p vs. 


1,/T. 


Table 1. Activation energy (Q) for several compo- 
sitions of LizNi;~,O 


Composition 
(cal/mole) 


3613 
3449 
4278 
3369 
3928 


Lio.o13Nio.9870 
Lio.o35Nio.9650 
Lio.o44Nio.956O 
Lio.og6Nio.940 

Lio.o72Nio.9280 
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Since the average temperature used in the 
Inpvs. 1/T plots is an approximation determined 
mathematically from the measured hot and cold 
temperatures across the sample, plots of In p vs. 
the hot temperature 7'y and thecoldtemperature T'¢ 
were made as shown in Fig. 3 for Lip.o44Nio.9560. 


K x oh 


Fic. 3. Ln pvs. Tx, T and Te for Lio.o4aNio.956O. 


From the slopes of these curves, values of Q are 
obtained which represent the maximum acceptable 
deviation of the slope of the average temperature 
(T) curve used to calculate Q. The results obtained 
indicated that the Q values should be accurate 
within 10 per cent. 

The qualitative values of Q, which decrease 
from 4:3 kcal for Lig.944Nio-95g0 to 3-4kcal for 
Lig.ogNio-940, are in general agreement with 
values published by Verwey™) and JOHNSON and 
Herkes), This activation energy was interpreted 
by Verwey as the energy required to free a positive 
hole from the neighborhood of the lithium ion. 
Once free, hole motion takes place, without activa- 
tion, from site to site. MILLER and Herkes®), on 
the other hand, propose a somewhat different 
model for the conduction process: they visualize 
the measured activation energy as mainly for 
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carrier mobility and not carrier formation. This 
model of conduction is supported by recent experi- 
mental results. 

From Fig. 2, the electrical resistivity decreases 
as the lithium concentration is increased. This 
occurs because an increase in lithium ions pro- 
duces more Ni*? ions and thus a proportionately 
larger number of positive carriers. The deviation 
of resistivity from linearity at high temperatures 
suggests a possible change in the mechanism of 
conduction in this range. 


Seebeck coefficient 

From Fig. 4 it is seen that the Seebeck coefficient 
decreased as the concentration of Lit ions (con- 
centration of carriers) increased. Since the elec- 
trical properties are also a function of the carrier 
concentration, the optimization of Z, the figure of 
merit, will be accomplished by optimizing the 
Seebeck coefficient and electrical resistivity 
through adjustments in the doping level. 

A rigorous solid-state treatment of the transport 
properties of mixed-valence materials has been 
made by Herkes'?); the reader is referred to this 
article for the derivation of the Seebeck coefficient. 


Thermal conductivity 

For thermoelectric materials, the total thermal 
conductivity Kr is the sum of kj, the heat carried 
by the lattice vibrations; ke, that carried by elec- 
trons (or holes); and ky, that by radiation, as 
follows 


Kr kit+ke+hkr 


Heat conducted by the carriers is related to the 
electrical conductivity by the Wiedeman—Franz 
relationship, and is an important factor in the con- 
ventional semiconductor thermoelectric materials. 
However, for the narrow-band mixed-valence 
LiNiO material, Herkes'?) has proposed that the 
electronic contribution to the thermal conductivity 
is zero. This effect has not been verified as yet by 
experimental data. 

Fig. 5 is a plot of the thermal conductivity of 
LizNi;—zO as a function of temperature. The data 
were obtained from a sample in which x = 0-035, 
but experience has shown that the thermal con- 
ductivity is essentially independent of the doping 
concentration at the levels investigated in this 
study. 
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Fic. 4. Seebeck coefficient for LizNii-zO as a function 
of temperature. 


Figure of merit 
Since the lithium concentration affects both the 
electrical resistivity and Seebeck coefficient, there 


W/em °C 


conductivity, 


Thermal 


800 
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Fic. 5. Thermal conductivity for Lio.o3sNio.9650 as a 
function of temperature. 


is, therefore, an optimum doping level which re- 
sults in maximizing «?/pk. This is confirmed in 
Fig. 6, a plot of Z vs. lithium concentrations for 


isotherms of 300, 400 and 500°C. The figure of 
merit for these materials is low at low temperatures, 
but increases with temperature. With Li,Ni,-zO, 
the optimum doping occurs at x = 0-04; this 


Lithium, %o 


Fic. 6. Figure of merit as a function of composition and 
temperature for LizNii-zO. 


sample, which exhibited the largest Z value, had 
a Seebeck coefficient of approximately 200 » V/°C, 
which is in agreement with theory.) 
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Na,Ni;_,O MATERIALS 
Pellets of NiO base material doped with Nat 
were also prepared to determine if, in addition to 
the properties obtained with Li* doping, it was 
possible to obtain the added advantage of being 
able to attain higher temperatures before sub- 
limation of the doping additive occurred. Higher 
temperatures are de: :ble from two viewpoints: 
(1) the figure of merit increases with increasing 
temperature, and (2) the Carnot efficiency in- 
creases with increasing temperature difference. 
High-density pellets of the composition 
Nao-.o5Nio-950 were prepared. These pellets had 
room temperature thermoelectric properties simi- 
lar to Lip.o5Nio-950. However, the results of a 
test conducted with a thermobalance indicated 
that NagO began to volatilize at approximately 
1000°C; therefore, this material is not quite as 
stable in air as LizNi,;—,O, which can be heated to 
1100°C before appreciable volatilization occurs. 


CONCLUSIONS 
Li,Nij-,O, possessing a figure of merit Z of 
1-4x 10-4 at 1100°C, shows some potential as a 
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thermoelectric material. It must, however, be 
used in a controlled oxidizing environment in the 
range 800-1100°C. The optimum value of x 
(Lit ions) lies at approximately 0-04. 
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Abstract—A method has been developed for measuring the temperature of a thermojunction after 
the passage of fast transient current pulses (30 msec to several seconds duration). 

Using the model of a thermocouple whose branches are of infinite extent, it is shown theoretically 
that for rectangular current pulses the temperature of the cold junction is a function only of a para- 
meter ¢ = I\/r (I = pulse current, + = pulse duration). The lowest temperature occurs for one 
particular value (min of this parameter, and this temperature cannot be reduced further by any par- 
ticular choice of the individual values of J and 7. In connexion with these rectangular pulses, various 
forms of the temperature dependence of the Seebeck coefficient are examined. For the case of 
logarithmic dependence, a method is developed which makes possible the determination of the 
temperature distribution along the couple from a measurement of the Seebeck potential as a function 
of time and allows the influence of the Thomson effect to be estimated. 

It is further shown that, when a second rectangular current pulse is superimposed on to the first 
current pulse, the temperature drop due to the combined pulses may be at most twice that caused by 
a single pulse. 

Finally it is proved, with the aid of a variational method, that the lowest transient temperature 
drops of the junction may be obtained with pulses for which the current is a continuous function of 
the time, of the form 

Z()ex = const. (t—9)-1/2,t > O 
where 9 is the time and ¢ the time of observation. 

If the pulse terminates at time ¢; and if t > t; then Z(9)ex — ©. Provided the current were 
allowed to rise indefinitely, the transient temperature would approach absolute zero if the process 
were not counteracted by changes in the Seebeck coefficient and the electrical and thermal con- 
ductivity which all have been assumed to be constant in this calculation. 

The above results are also true for “‘real’’? thermocouples provided the length of the branches is 
1 (2«r)!/2 where « is the (average) diffusivity of the thermoelectric substances. 

These calculations were essentially confirmed by experiments. With the rising current pulses, 
the accuracy of measurement is limited by the time resolution of the measuring circuit and by the 
fact that the temperature dependence of the Seebeck coefficient in this region is not known accur- 
ately. However, it is almost certain that we have observed transient temperatures well below 100°K. 


Résumé—Une méthode a été développée pour mesurer la température d’une jonction thermique 
aprés le passage d’impulsions transitoires de courant trés rapides (la durée variant de 30 msec a 
plusieurs secondes.) 

En utilisant un modéle de thermocouple dont les branches s’étendent indéfiniment, il a été 
prouvé théoriquement que pour des impulsions rectangulaires de courant, la température de la 
jonction froide est en seule fonction du paramétre = [4/7 (J = courant d’impulsion et r = durée 
d’impulsion). La température minimum se produit 4 une valeur particulitre {min de ce paramétre, 
et elle ne peut plus étre réduite par un choix des valeurs individuelles de J et 7. En rapport avec ces 
impulsions rectangulaires les diverses formes que prend le coefficient de Seebeck en fonction de la 
température sont examinées. Dans le cas d’une fonction logarithmique, une technique pour 
évaluer la distribution de température le long du couple en mesurant la tension Seebeck en fonction 
de la durée a été développée. Elle permet aussi d’estimer I’influence de l’effet Thompson. 

Il est ensuite démontré que lorsqu’une seconde impulsion est superimposée sur la premiére la 
chute de température des deux impulsions ne peut étre plus que deux fois plus grande que celle 
causée par une impulsion. 
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Finalement on prouve a l’aide d’une méthode variationelle que des chutes transitoires minima 
de température a la jonction peuvent étre obtenues avec des impulsions ou le courant est en fonction 
continue de la durée telle que 

Z(®)ex = const. (t—9)-1/2, t > O, 
ou © indique la durée et ¢t la durée d’observation. 

Si ’impulsion se termine 4 un temps f; et si t > ti, alors Z(©)ex — ©. En assumant une montée 
de courant illimitée, la tempérautre transitoire approcherait le zero absolue si le procédé n’aurait 
pas été contrecarré par certains changements du coefficient Seebeck et la conductibilité thermique 
et électrique qu’on a assumées constantes dans ce calcul. 

Les resultats ci-haut sont aussi applicables pour des thermocouples réels pourvu que la longueur 
des branches soit / > (2 «7)!/2, ot « est le taux de diffusion moyen des matériaux thermoelectriques. 

Ces calculs ont été confirmés par des expériences. Dans le cas des montées d’impulsions de 
courant, la précision est limitée par la résolution de temps des circuits de mesure et par le fait que 
les changements de coefficient Seebeck en fonction de la température ne sont pas encore connus. 
Néanmoins il est presque certain que des températures transitoires bien au-dessous de 100 °K 


ont été observées. 


Zusammenfassung—Die Temperatur einer Thermolétstelle nach Durchgang von schnellen 
Stromimpulsen (30 msek bis mehrere sekunden Dauer) wurde gemessen. 

Unter Benutzung des Modells eines Themroelements mit unendlich langem Leiterpaar wird 
theoretisch nachgewiesen, dass fiir Rechteckimpulse die Temperatur der kalten Létstelle nur von 
einem Parameter ¢ = I\/r abhangt. (J = Impulsstrom, + = Impulsdauer). Das Temperatur- 
minimum tritt bei einem bestimmten ¢-Wert auf, und es lasst sich auf keine Weise durch 
Verinderung der J- and r-Werte weiter reduzieren. Im Zusammenhang mit den Rechteckimpulsen 
werden die verschiedenen Formen der ‘'Temperaturabhingigkeit des Seebeck-Koeffizienten 
untersucht. Im Fall einer logarithmischen Temperaturabhingigkeit ergibt sich eine Methode, 
durch die sich die Temperaturverteilung lings des Elements aus einer Messung des Seebeck- 
Potentials als Funktion der Zeit ergibt, und die ausserdem eine Abschatzung des Einflusses des 
Thomson-Effekts erméglicht. 

Es wird weiterhin gezeigt, dass die Uberlagerung eines zweiten Rechteckimpulses iiber den 
ersten Impuls eine Abnahme der Temperatur hervorruft, die héchstens das Doppelte der von einem 
Impuls erzeugten Temperaturabnahme ist. 

Schliesslich wird mit Hilfe einer Variationsmethode nachgewiesen, dass die grésste Temper- 
aturerniedrigung der Létstelle mit Impulsen erzielt wird, bei denen der Strom eine kontinuierliche 
Funktion der Zeit ist: 


Z()ex = const. (t—9)-1/2, t > 
wo © Zeit, t Beobachtungszeit. 

Endet der Impuls zu einer Zeit t1, so wird bei t > t; Z(@)ex — 0. Bei unbeschrinktem Stroman- 
stieg wiirde die Durchgangstemperatur nach der absoluten Null streben; dies wird jedoch durch 
Verinderungen des Seebeck-Koeffizienten und der elektrischen und Warmeleitfahigkeit verhindert, 
die alle bei der Berechnung als konstant angesehen wurden. 

Die obigen Ergebnisse sind fiir ‘‘wirkliche’’ Thermoelemente richtig, wenn die Lange der 
Leiter ] > (2«7)!/2 ist, wo « der durchschnittliche Diffusionskoeffizient der thermoelektrischen 
Substanzen ist. 

Die Berechnungen liessen sich im wesentlichen experimentell bestatigen. Mit steigenden Strom- 
impulsen wird die Messgenauigkeit durch die Zeitauflésung des Messkreises begrenzt und durch 
die Tatsache, dass die Temperaturabhiangigkeit des Seebeck-Koeffizienten in diesem Bereich nicht 
genau bekannt ist. Es ist jedoch ziemlich sicher, dass wir Durchgangstemperaturen weit unter 100 °K 
beobachtet haben. 


1, INTRODUCTION beyond a qualitative explanation was given. 
WHEREAS most of the classical work on the  Boerp1jk"®)? points out that the transient behaviour 
Peltier effect was concerned with thermojunctions of thermocouples depends on their shape and 
through which a stationary or quasi-stationary dimensions, in contradistinction to couples with 
current flows, some anomalous behaviour of these _ stationary currents. The only detailed studies of 
junctions was occasionally observed") immediately the transient behaviour of Peltier junctions that 
after the switching on of the current, but nothing have come to our notice are those of STIL’BANS 
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and FeporovicH) and more recently of 
and of Gray"). The first two authors theoretically 
and experimentally investigated the temperature 
distribution after the switching on of the current 
through a Peltier junction. They also showed that 
by superimposing on the stationary current a 
current pulse in the shape of a step function, a 
considerable excess cooling could be obtained 
during a short time interval. Parrott) made a 
similar analysis of the stationary as well as of the 
transient behaviour of refrigerating couples taking 
into account the Thomson effect and the variation 
with temperature of the electrical conductivity and 
of the surface heat transfer. The study of Gray) 
is mainly concerned with the control character- 
istics of thermoelectric heat pumps and generators, 
e.g. with the effects on their behaviour of changes 
in current, loading and ambient temperature. 

In the present work we are interested in time 
intervals very much shorter than envisaged by 
these authors. The times involved here are usually 
of the order of a small fraction of a second. The 
following calculations were in fact carried out in 
connexion with the use of an experimental method 
which allows the recording of very fast variations 
of the Seebeck potential of a junction and which 
is described in Section 3 below. 

We first summarize the assumptions that have 
been made in these calculations. 

Because the accuracy of measurement is not 
very high the electrical conductivity has been 
assumed to be independent of temperature. The 
thermal conductivity must also be taken as con- 
stant over the temperature range considered in 
order to make the calculations manageable. More- 
over, the model of the thermojunction referred to 
in the following Section is based on the additional 
assumption that the electrical conductivity and the 
thermal diffusivity in the n- and p- branches are 
equal. This will always be at least approximately 
true for practical thermoelectric substances. 

Where, in the following, the Peltier coefficient 
is not taken to be a constant, the Seebeck 
coefficient (thermoelectric power) has been 
assumed to be independent of temperature except 
in one case considered below where logarithmic 
variation has been taken into account. 

Though the results obtained are also applicable 
to Peltier heating it must be emphasized that our 
main interest is in the cooling effect. To simplify 


the exposition we have nevertheless referred 
throughout the text to ‘‘Peltier heat” and it should 
be noted that we visualize this as a negative 
quantity. 


2. DERIVATION OF THE WAVEFORMS AND 

MAGNITUDES OF FAST TRANSIENTS OF 

TEMPERATURE IN THERMOCOUPLES DUE TO 

CURRENT PULSES UNDER VARIOUS CON- 
DITIONS 


Notation 
Following is a list of the more important symbols 
used in this Section: 


v temperature due to Peltier and/or Thomson 
effect (°C) 

V temperature due to combined Peltier 

(Thomson) and Joule effect (°C) 

absolute temperature (°K) 

absolute temperature of the hot junction 

(°K) 

rate of flow of heat (cal/sec-cm?) 

Laplace variable 

Laplace transform of & 

inverse Laplace transform of 7 

Laplace transform of v 

Laplace transform of q 

co-ordinate of length 

co-ordinates of time 

duration of rectangular current pulse 

oscillographically determined pulse duration 

pulse current 

oscillographically determined constant pulse 

current 

a parameter 

cross-sectional area of thermocouple 

length of thermocouple branches 

thermal conductivity (cal/sec-cm-deg) 

electrical conductivity ((Q-cm)} 

density (g/cm?) 

specific heat (cal/g-deg) 

diffusivity (cm?/sec) 

Seebeck coefficient (thermoelectric power)f 

Peltier coefficient 

Thomson coefficient 

thermoelectric (Seebeck) potential 

strength of delta function 6 (t) of quantity of 

heat (cal.) 

height of step function of heat flux when 

P = const. (cal/sec) 

pulse height of heat flux when P = ST, 

S = const. (cal/sec.) 

pulse height of heat flux when P = ST, 

S = rlnT+Co (cal/sec.) 

staircase function of heat flux (cal/sec.) 

staircase function of current (A) 


q* 
x 
t, 
I 
I 
a 
l 
K 
p 
c 
K 


= K/pc 


RPO Ber vy 


+Terminology recommended by the Joint Task Group 
on Thermoelectric Devices of the A.I.E.E. and I.R.E. 


4 
3 
3 
7 
; 
Ag 
= 
3 
t 
ae 
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G = }P/4-2 conversion factor (4:2 ~ Joules equivalent) 
(cal/A-sec.) 


Z(®) an arbitrary current wave form (A) 
Z()ex an extremal of Z(®) (A) 


We use the model of the thermocouple shown 
in Fig. 1. 


Schematic diagram of the model of a thermo- 
couple (a = cross-sectional area). 


Fic. 1. 


Two semi-infinite rods, m and p, of thermo- 
electric substances and of uniform cross-sectional 
area a extend along the x-axis and are joined at 
the origin without any intervening layer.°->) At 
the time ¢ = 0, Peltier heat is produced at the 
origin by switching on currents of various magni- 
tudes lasting up to various times t = r. The free 
surfaces of the rods are assumed to be perfectly 
insulated against loss or gain of heat. 

The problem of calculating the temperature 
distribution along the branches may be greatly 
simplified if in first approximation the Peltier co- 
efficient P is assumed to be a constant. Then the 
effects of the Peltier heat and Joule heat may be 
considered separately. The justification of this 
procedure is most easily expressed in terms of the 
delta-function solution of Subsection A. Since the 
production of Joule heat is uniform throughout 
the volume of the rods and is always concomitant 
with the production of Peltier heat, the separation 
of the two heats is certainly justified for a delta- 
function type of current pulse. Then it is also 
justified for a current pulse of arbitrary form, 
since the latter may always be thought of as a 
superposition of delta-function 
When the Peltier coefficient is a function of tem- 
perature, as in Subsections C and D, the separation 
of the Joule heats is not possible, that is, a heat 
production term must be included in the equation 
of heat conduction. However, when the Peltier 
coefficient is a linear function of temperature, as 
in Subsection C, the first method may still be 
applied as an approximation, as is shown in that 
section. The heat-production term is introduced 
into the basic equations in subsection D. 


” 
responses. 
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To calculate the effect of the Peltier heat we 
consider the half of the thermocouple extending 
from the junction (x = 0) in the direction of the 
positive x-axis towards infinity. The temperature 
v(x,t) and the heat current q(x,t) along this semi- 
infinite thermal ‘‘transmission line’’ are completely 
determined by the heat-conduction equations 


év 


(1a) 


Ct Cx? 


é 
(1b) 
ot Ox? 
or the equivalent pair 
ev K 
— (2a) 
ot aK ex 
_ 
= -—aK— (2b) 
Ox 


To solve these equations we use the method of the 
Laplace transformation. The Laplace-transformed 


set corresponding to (1) is 
——v* = —— o(x,0) (3a) 
K 
aK 
gt= ——ofs,0) (3b) 
dx K Ox 


where s is the Laplace variable and v*, g* are the 
Laplace transforms of u(x,t) and q(x,t) respectively. 
The Laplace-transformed set of the pair (2) is 


dq* 1 9 
v= Hx, a 
aKs dx s (0) (4a) 
dv* 
g* = —aK — (4b) 
dx 


Since the whole thermocouple is at the tem- 
perature of the hot junction until time ¢ = 0, it is 
natural to adopt this temperature as the zero of 
the temperature scale. Then the right-hand side 
of equations (3ab) and the last term in (4a) are 
always zero. If there are reasons to adopt any 
other temperature zero, the additional complica- 
tion in obtaining solutions is admittedly only 
trivial, but the homogeneity of the transformed 
equations effected by this simple artifice greatly 
simplifies our notation. 


t 

x O 

4 

5 

; 

| 
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In all of the following calculations the tempera- 
ture of the junction is not given as a function of 
time. More specifically, the heat input due to the 
Peltier and Thomson effects is itself a function of 
temperature. Although the form of this function 
is given by the Kelvin relations, its exact nature 
can only be determined by reference to a specific 
atomic model of the substance or by experiment 
in any particular case. In the following we examine 
various forms of the temperature dependence of 
the Peltier coefficient. Since in semiconductors 
such as bismuth telluride, which we have used, 
the sign of the Thomson coefficient is such that 
it enhances the Peltier cooling over the temperature 
range of interest, we consider initially the Peltier 
effect alone. The Thomson effect will be con- 
sidered later. 


A. The ‘“‘delta-function”’ solution 
We begin with the simple case where the current 
pulse applied to the thermocouple is of very short 
duration so that the Peltier heat generated may be 
considered to be in the nature of a delta function. 
A quantity of heat of magnitude 


M =}PI#/4-2 (cal) (5) 


may then be thought of as being released in- 
stantaneously at the junction. Here P is the 
Peltier coefficient, J is the constant current flowing 
during a short time interval 7; both J and 7 are 
experimental quantities which may be read from 
an oscillogram of the current pulse. The factor 
4-2 is Joule’s equivalent and the factor } indicates 
that only one half of the Peltier heat flows into the 
branch, the other half flowing into the left-hand 
branch of the couple. Then the input function is 


q(0,t) = M-8(t) 

where 4(f) is the delta function and M is the 
strength of the delta function. If, for simplicity, we 
initially assume P to be a constant, the solution for 
v(x,t) and (x,t) may be written down immediately. 

The solution of equation (3b) is 
q*(x,8) = L{q(0,t)} (6) 

which in the present case becomes 


q*(x,s) = = (6a) 


since the Laplace transform of the delta function 
is unity. Therefore 


q(x,t) = = 

= 4M (7) 
using the inverse transform 
e~**/4t for x > 0 


t>0 (8) 
H.C.P. No. 82+ 


x 


and the transformation formula 


LUE(s/x)} = (9) 


Then from (2b) follows by integration the tem- 
perature distribution 


u(x,t) = (10) 
This result may also be obtained from (4a) using 
the transform 
net 
= ——e*'/ fort > 0 
at 


(11) 


vs) H.C.P. No. 84 
and formula (9). 

The class of functions of the form (7) and (10) 
is well known in the theory of heat conduction. 
The quantities g and v tend to zero for all values of 
x as t > 0 except at the origin where they become 
infinite. They nevertheless are true representations 
of heat flow and temperature at all x and all ¢ with 
the exception of a small neighbourhood near the 
origin, determined by the conditions of a par- 
ticular experiment. In our case the limitations are 
quite clear: nothing can be said about g and v 
within the time interval 7 which is of the order of 
a small fraction of a second and which is deter- 
mined unambiguously by an oscillographic record. 
That M in equation (5) is the correct expression 
of the instantaneously released quantity of heat to 
be used in (10) may be confirmed by integrating 
v(x,t) over the entire branch, obtaining 


8) 


| v(x,t)pcadx = 
0 


(12) 


is 8) 
x | e-t*/Axtde = M 
0 


+ The sources of the transforms used in this note are 
denoted by the abbreviations H.C.P., E. and C.J. which 
refer to Refs. 6, 7 and 8 respectively. 


i 

: 

4 

| 

- 
2 
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For a given point x, the temperature is a maximum 
at a time 


tmax = x2/2 (13) 
and the value of v at this time is 
0(%,tmax) = (14) 


We further note that for a given time ?¢’ the root- 
mean-square distance of the heat wave from the 


origin is 


Xr.m.s. = (2xt’)1/2 (15) 


Fic. 2. Calculated temperature V(0,t) at the junction. 
(a) Delta-function current pulse, 
(b) current of finite duration 7, P = const. and 
(c) current of finite duration 7, P = ST, S = const. 
(The curves are drawn for couple No. 7 and correspond 
to a pulse current of 77 A and a pulse duration of 20 
msec. ). 


Equation (15) allows us to estimate the extent to 
which the following results will be applicable to 
conditions in real thermocouples. For example, 
with a time of observation of 1 sec and a value of 
~ 5x 10-8 cm? sec-! (appropriate to bismuth 
telluride) the results will be significant for real 
couples if their length is at least several times the 
r.m.s. distance of ~ 1 mm. 

When the Joule heat produced in the couple is 
taken into account, remembering that M must be 
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a negative quantity for Peltier cooling, it follows 
that the temperature distribution becomes 


V(x,t) = [2/4-2a2ape 
— (16) 


Although the function v(x,t) is unbounded at the 
origin (x = 0) [see curve a, Fig. 2], V(0,t) as a 
function of current has a minimum for any given 
(finite) time. The lowest possible minimum that 
may be observed will be at the end of the experi- 


Fic. 3. Calculated temperature V(0,7) at the junction as 
a function of £ = J\/r (see text). Curves (a), (b), (c) re- 
spectively correspond to the same conditions as those 
for Fig. 2. 


mental time 7 because this is the earliest time at 
which the Seebeck potential can be measured. 
We therefore have, from (16) and (5), 
V(0,#) = [?#/4-2a2ope 
(17) 
We note that, in this expression, current and 
time occur in the combination £ = [4/7 only. The 
lowest observable temperature will then occur for 
a value 


Cmin = } (18) 
and have a magnitude 


: ‘ 
| 
| - .20 
~ic | f | 
| | 
4 1 | > 
5 i015 20 #25 30 35 
! 
! 
! 
sec 
These relations are illustrated in Fig. 3, curve a. = 
if 
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If we now drop the assumption that the magni- 
tude of the Peltier coefficient P is constant it turns 
out that no advantage is gained by restricting our- 
selves to a delta-function type of pulse. The 
analysis of a current pulse of finite duration is 
actually simpler. However, in order to enable us to 
estimate the effect of the transition from a delta- 
function type of pulse to a pulse of finite width, we 
retain in the first step the assumption that P is 
constant. 


B. Pulse of finite duration +, (P = const.) 

In our experimental arrangement described in 
Section 3, the thermocouple was most frequently 
connected to a constant-voltage supply by means 
of a switch so that the current through the couple 
rose instantaneously to a value determined solely 
by the circuit resistance and remained constant 
until the switch was opened. This is of course the 
situation usually met in practice. If we then 
initially assume that the Peltier coefficient P is 
constant, i.e. independent of temperature as in 
Subsection A, the heat flux into the junction is also 
constant while the current flows. The pulse of 
heat flux may therefore be thought of as being the 
superposition of two step functions of height 


N = }PI/4-2  (cals/sec) (20) 
where P = So7o = const. 


If the unit step function at t = 0 is denoted by 
U(t), equation (6) becomes 


q*(x,s) = LZ{N[U(t)— U(t—7) 
N 
ews (i) 


since 
LU(t)} = and = 


Using the transformation formula 

= f(t—7) (22) 
(21) transforms to 
q(x,t) = Nierfe(x/2+/ xt) —erfe(x/21/ «(t—7) 


x U(t—7)] 3) 


Substituting (21) into (4a) and using (9) there 
results 


v*(x,s) = 


N (8/k) (8/K)—T8 
(24) 
aKx (s/x)32 (s/«)3/2 


and with the inverse transform 
ena? /2 
= 
—al/erfc (fa1/2¢-1/2) (25) 
E. No. 7 p. 246 


x = 7a and formula (9), we finally obtain 


4 

N 

u(x,t) = 
¢ 


— x erfe[x/2(«t)!/2] 
—{2( 


(26) 


This result can also be obtained by substituting 
(23) into (2b) and integrating from 0 to x. 

Since N must be negative for Peltier cooling it 
follows that the combined effect of Peltier cooling 
and Joule heating for the complete pulse gives 
rise to a temperature 


V(x,t) = [btU(t)—b(t—7)U(t—7)] — (2,2) 


(27) 
where b = I?/4-2a?apc. 


If the temperature V is looked upon as a func- 
tion of the pulse duration (t = 7) this becomes, at 
the origin (x = 0) (cf. curve b, Fig. 2), 

V(0,r) = [?7/4-2a20pe 
(28) 

We note that, in this expression also, current 

and time occur in the combination { = [4/7 just 


as we previously found in expression (17). The 
minimum of V(0,7) occurs for the value 


Cmin = (29) 
and the lowest temperature is therefore 


7 
V(0,7)min == } 4-2 K P2 (30) 


i 
| 
2 
=" 
< 
‘ 
-TS 
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fmin and V(0,7)min are seen to be respectively 
twice and four times the corresponding values 
found previously for the delta-function pulse under 
similar conditions [cf. equations (18) and (19) 
and curves a and b of Fig. 3]. Remembering that 
the temperature of the junction due to a rectangular 
pulse may be thought of as an integration from 0 
to 7 over a sequence of delta-function “‘responses” 
this is precisely the result we would expect. 

Using the numerical values for bismuth telluride 
from the list quoted below it is found that the 
lowest temperature has the value 

(10-5 x 10-2)? x 108 

= 


V(0,7)nin = 
(0,7)min 4-2(4-8 x 10-8) 


It is of interest to compare this figure with the 
maximum temperature drop obtainable with a 
“real” thermocouple when the cross-sectional 
area and length are given their optimum values 
and when optimum current flows through the 
couple. With the well-known assumption that one 
half of the Joule heat flows to the cold junc- 
tion’? 10) this maximum temperature drop is given 
by 


=} S?—. (31) 


Using the same values for the thermoelectric 
properties as before and assuming a temperature 
of the cold junction of JT, = 250 °K, gives 


AV = 47:5 °C. 


uw 


The magnitude of the temperature drop due to 
impulse cooling is therefore found to be about 
equal to that for cooling by a stationary current. 
However, it must be kept in mind that with an in- 
finitely long branch, strictly speaking “‘stationary”’ 
cooling does not occur. Even the smallest current 
will ultimately cause the temperature of the 


+ Note: 


[ 


0 


= 71/2 when t = r. 
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junction to rise again if it persists for a time 


exceeding 7 in an expression such as 
= const. = = Iy/r 


no matter how long the time interval + may be. 
We shall refer to this fact again in Subsection E. 


C. Pulse of finite duration r+, (P= ST, S= 
const.) 

We now allow for the fact that, according to the 
first Kelvin relation, the Peltier coefficient must 
be of the form P = ST, but we initially assume 
S to be a constant. Then the pulse applied at the 
junction has the value 

O = 4(STo+  (cal/sec) (32) 
i.e. the heat flux into the juntion is now a function 
of temperature. Putting J’’ = 4//4-2 as an abbre- 
viation, the solution of (3a) has to satisfy the 
boundary condition 


ov 


q(0,t) = —aK ( 


CX 


= = —I'(ST 9+ Sv) 
z=0 


or 


ov 

= (I" /aK) (STo9+ Sv) (33) 
CX, 

This is seen to be of the form of the well-known 

‘radiation boundary condition” in the theory of 

heat conduction, and the solution is as follows: 


The Laplace transformed equation (33) is 


dv* 
—(I"'S/aK)v* = UI" ST9)/aKs (34) 
ax, 
and the solution of equation (3a) that satisfies this 
condition is 
(s/*) 
= (35) 
The inverse transform of the form 
hTo (8/x) 
+] 
corresponding to (35) is well known and the tem- 
perature due to the pulse up to a time ¢ is found to 
be 


u(x,t) = — Toferfc[x/2(«t)!/2] 


— (36) 


C.J. No. 14 


= 
3 
AV 
= 
‘c 
where the “‘figure of merit 
: 
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where h = (I S/aK), so that the temperature dis- 
tribution as a consequence of the pulse of length 
7 (curve c, Fig. 2) generating Peltier heat and in 
the presence of simultaneous Joule heating be- 
comes approximately 


V(x,t) ~ [btU(t)—b(t—7)U(t—7)] + o(x,t) (37) 


where 5 = [?/4-2a?opc. The validity of this 
approximation will be discussed later in this 
section and an exact solution will be given. 
Considered as a function of pulse duration, (37) 
gives rise to a temperature at the origin 
V(0,r) ~ I?7/4-2a? ape 


(38) 


We note that even in this case current and time 
occur only in the combination € = [4/7 so that 
(38) may also be written as 


V(0,r) ~ €2/4:2a2ape— erfc(AZ)] (39) 


where 
A = Sx1/2/8-4aK 

but here {min and therefore also V(0,7)min, 
cannot be computed easily and are best deter- 
mined graphically (curve c, Fig. 3.). Use of the 
same numerical values of o, K and « resulted in 
a magnitude of V(0,r)min ~ 28°C, i.e. somewhat 
smaller than in the previous case where P was 
assumed to be independent of temperature. Also 
V(0,7)min turned out to be independent of the 
cross-sectional area a as before. 

We now examine the effect of the approxima- 
tion involved in using equation (37). Since the 
Peltier coefficient is a function of temperature, 
the input function Q [equation (32)] is affected by 
the Joule heat as well as by the Peltier heat, and 
the junction temperature should strictly be de- 
rived from the basic equation (45), of Subsection 
D. Then it is found that (37) must be replaced by 


LUV 
= + v*(x,s)(1+ W/ToKs)} (37a) 
where W is the Joule heat produced per unit time 


and unit volume and v*(x,s) is given by (35). The 
term 


represents a correction on V(x,t) which makes 
this temperature exact. This derivation is entirely 


analogous to the calculation of V2(x,t) equation 
(54) and will not be repeated here. However, it is 
remarkable that, in spite of the comparative com- 
plexity of this correction term, the current and the 
time still appear only in the by now familiar form 
of the parameter { when x = 0. We therefore give 
the junction temperature here in that form: 


V(0,7) = erfe (AZ)] 
erfo(AZ) (39a) 


— 


p-0 


where [ denotes the gamma-function. When 
numerical values appropriate to bismuth telluride 
are inserted into this equation it is found that the 
correction to V(0,7)min amounts to no more than 
a few per cent. The minimum junction tempera- 
ture in fact turns out to be slightly lower than the 
approximate calculation would indicate. 


D. Pulse of finite duration + (P = ST, 
S = rln T+Co, temperature region 150-300°K) 
If S is an arbitrary function of temperature, a 
solution cannot in general be obtained easily. 
However, it has recently been shown"! that the 
Seebeck coefficient of n- and p-type bismuth 
telluride closely obeys a law of the form 


= rlnT+Co (40) 


between 150°K and room temperature which is 
the region we are particularly interested in. 

We shall now show that this logarithmic de- 
pendence of the Seebeck coefficient on tempera- 
ture allows us to obtain the temperature distribu- 
tion along the thermocouple by numerical com- 
putation and also to include the influence of the 
Thomson effect on the temperature distribution. 

As outlined in connexion with our experimental 
arrangement in the next Section, the quantity we 
actually measure is not the temperature at the 
junction but the Seebeck potential which arises 
from that temperature. For current pulses of con- 
stant strength J and varying durations 71, 72, 73. . ., 
we obtain an experimental curve ¢ = f(t) by 
measuring the peak amplitudes of oscillographic 
records like the one shown in Fig. 7(b). All of the 
temperature curves of Figs. 9(a,b) through 11(a, b) 
were derived from such ¢-curves. 


7 
| 
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Let a heat pulse of magnitude 


R = I" S(T)T = I''2(rlInT+Co)T (cal/sec) (41) 


be applied at the input to the branch where J” is 
the current defined above and r is known from 
experiments as described in Ref. 11. Then in 
general 


dS 
aR = I"(SAT+TAS) = I"( SdT+T ir) 
(42) 


and with dé = SdT, and in the special case where 
S = 2(rlnT+Co), this becomes 


dR = I'(db+2raT) (43) 


or, on integration, 
R = = [6+2rV](44) 


since do = 0 and (T— To) = V. 

In contradistinction to the cases treated pre- 
viously, the input function (44) contains, in 
addition to the temperature, the Seebeck potential 
arising from the two causes of Peltier heating and 
Joule heating. In order to find the respective con- 
tributions of these two heats we must add to 
equation (la) a term which takes account of the 


production of Joule heat in the branches. 
Equation (la) then becomes 
eV 1 eV W 
(45) 
Cx" Kk ct K 


Here W = [?/4-2 a?c is the Joule heat in calories 
produced per unit time and per unit volume. The 
boundary condition appropriate to the (negative) 


heat pulse described by (41) and (44) is 


(—) = or | 
CX / 


| (46) 


where we have used the abbreviation n = I'’/aK. 
This is seen to be again of the form of the radiation 
boundary condition except for the presence of the 
factor ¢. We now imagine that ¢ = f(t) may be 
approximated by an analytical expression of 
arbitrary form which has a Laplace transform 


= Lig(t)} (47) 
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Then the Laplace-transformed equations (45) 
and (46) become respectively 


1 W 
—— V*¥+— V(x,0) = —— (48) 
ax2 K K Ks 
and 
dV* 
= (49) 
ax z=0 


In (48) the term (1/«)V(x,0) = 0 as a conse- 
quence of the particular choice of the temperature 
zero discussed before, and so the solution of (48) 
and (49) is 


V*(x,s) 
(8/«) 2nr (8/«) Wk 
= V1*(x,s)+ Vo*(x,s) + V3*(x,s) 


(59) 


We now discuss in turn the derivation of the in- 
verse Laplace transform of the three terms )y*, 
V2* and V3* in equation (50). 

If in V\* we put 


(51) 


then, by the convolution theorem, 
t 
Valet) = = [ (52) 
0 


The inverse transform of (51) is known to be 


x= — /Axt 
2nr( xt)¥/2]} 
(53) 
C.J. No. 12 


The contribution V; to the temperature V(x,?) is 
therefore obtained by convolving the experimental 
curve ¢ = f(t) with the function y given by (53) 
for every x and every ¢. The graphical determina- 
tion of VY; for one particular pair of values of x and 
t is illustrated in Fig. 4. However, when V(x,?) is 
required for an extended region of the variables 
and for various functions ¢ (t) (corresponding to 
different currents), the evaluation of the convolu- 


: 
ob 
— —2nrV = nd 
Cx xr=0 

} 
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tion integral (52) is hardly practical without some 
computational aids. A relatively rapid method for 
the numerical computation of such integrals has 
recently been described by JorDAN“?), 

The inverse transform of the term V2* may be 
derived from a tabulated form and has the value 


Vo(x,t) = (Wx2/K(2nr)?) 
x 2nrr/ Kt] (54) 
C.J. No. 16 


> [—4nry/ xt]PiP erfc(x/21/ xt)} 
p-0 


where 


iP erfe = | P-Verfcédé 
” 


and 
2° erfc = erfc 


denote p-fold repeated integrations over the com- 
plementary error function. These integrals are 
tabulated in Ref. 8. It is of interest that V2 does 
not involve ¢ but represents the modification of 
the Peltier coefficient by the Joule heat. 

The inverse transform of the third term V3* is 


V9(x,t) = (We/K)t = (55) 


This term is independent of x and represents as 
before the temperature due to Joule heat accumu- 
lated up to the time ¢. 

We finally show that for short transient currents, 
and in this special case where S is given by (40), 
the Thomson effect may be taken into account 
very simply. 

When thermocouples are operated under 
stationary conditions it is usually assumed, for the 
purpose of calculating the efficiency, that the 
Thomson heat may be thought of as contributing 
one half of its value to each junction.“ 14) It is 
difficult to calculate the exact fraction of the 
Thomson heat which, after a given lapse of 
time, has diffused to the cold junction. However, 
this fraction must of necessity approach unity for 
a pulse of vanishing duration. With pulses of 
short but finite duration the choice of this fraction 
will depend on whether the interest is in the tem- 
perature of the junction or in the temperature 


distribution along the branches. If the tempera- 
ture is to be determined when x and ¢ have 
appreciable values, then the entire Thomson heat 
must be added to the Peltier heat because it is 
immaterial whether the heat input is into the junc- 


°C/V-sec 


xX 


Fic. 4. Diagram illustrating the derivation of the tem- 

perature distribution Vj (x,t) by convolution of the 

Seebeck potential ¢ with the x-function equation (53) 
(see text). 


tion surface or into the bulk of a small layer con- 
taining the junction. Furthermore, our experi- 
mental results lead us to believe that, with short 
transient pulses, even the junction temperature is 
more correctly accounted for when the above 
fraction is chosen closer to unity than to the value 
one half customarily used with stationary cooling. 
The Thomson heat in bismuth telluride is, how- 
ever, on the average so small that the problem is 
here of minor importance (cf. the remarks in 
Section 3C). With this assumption 


R = = (ST+JydT) 


where gp and gr are the Peltier and Thomson 


(56) 
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heats respectively and the Thomson coefficient y 
is given by the second Kelvin relation 
_ aS 

aT 


y= 
We therefore have 
dS 
dR = I’ (sar+27 
dT 
With 
S = 2(rlnT+ Co) 
this becomes 
R = = I'(¢+4V) 


The Thomson effect is therefore taken care of by 
simply using 4r instead of 2r in all equations 


following (43). 


(59) 


E. The superposition of two step-function current 
pulses and the general ‘‘staircase’’ input function 

We now examine the experiment of STIL’BANS 
and Feporovicu’®) where a_ step-function-type 
current pulse is superimposed on to the optimum 
steady current through a thermocouple after 
stationary conditions have been established. Under 
these circumstances the authors observed a transi- 
ent temperature 30 per cent lower than with 
optimum stationary cooling. Such enhanced cool- 
ing by superposition of step-function currents has 
also been observed in this and no doubt in other 
laboratories and these experiments suggest that 
still lower transient temperatures may be observed 
if the current through the couple increases in time 
in the manner of a “‘staircase function”’. 

Let 


F=GY(t) (60) 
be this function where the factor 
G = 4P/4-2 (71)t 


converts current into calories per second input 
into the junction, and the Peltier coefficient P is 
assumed to be constant. Guided by the result 
obtained with rectangular pulses, namely, that 
the junction temperature is a function only of the 
parameter we define the staircase 
function Y(t) in (60) as follows: 


+ cf. Section 2F. 
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Current ‘‘rise”’ 
I, = 


(61) 
Time ‘‘run”’ 
0, = 


62 
v=0,1,2.. 


Here f; = %min = const. is assumed to be de- 
termined from formula (29) or by an experiment 
performed with single rectangular pulses. The 
subscript s merely indicates that this value of ¢ 
is used in connexion with the staircase function. 
The justification for treating fs as a constant will 
be discussed later. The factor p is an arbitrary 
multiplier to be determined such that the junction 
temperature is a minimum after p steps. When 
the first time run 7 is arbitrarily chosen, all of the 
current rises J, are fixed, provided p can be calcu- 
lated. The case » = 1 corresponds to the experi- 
ment of STIL’BANS and Feporovicu. For this case 
the temperature of the junction may immediately 
be written down by observing that the problem of 
finding the Laplace transform of (60) with » = 1 
becomes identical with that of determining the 
transform of the expression (21) when in the 
latter N is replaced by G and the second step 
function U(t—7) is given a positive instead of a 
negative sign. Further current steps U(t—7— 7), 
U(t—7r—pr—p?*r), etc. may be added indefinitely 
by an extension of this method. Omitting the inter- 
mediate arithmetical steps in this calculation, the 
junction temperature due to Peltier heat at a time 
t is found to be 


(2(aK)-1(e/m) 


+ 
) 


and so the temperature after two current steps 
becomes 


v(0,t) = 


(63) 


+ Pr) = Mala 


= + (14-9)? ] 


t For the terminology used with such functions see, 
for example, Ref. 15. 


(58) 
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The temperature due to the Joule heat generated 
during time (7+/)7) is 
vj(0,7 + pr) 
= (Io + ape 
ts 
pr/4-2a% ope 
Vv pr 
= ) 
(65) 


Vr 


The junction temperature due to the combined 
Peltier and Joule heat is therefore 


pr) = | 
— + (149), 
(66) 


However, if after the first current step the ther- 
mocouple produces a temperature drop at all, 
then 


> £,2/42a20pe (67) 


Also for any value of p 


(1+p'?? > (1+p)” (68) 
We therefore conclude that the lowest junction 
temperature after two current steps is obtained as 
p— 0, and equation (66) then shows that this 
temperature is at most twice as low as the tempera- 
ture after a single rectangular step. In other words 
p should be chosen as small as possible, but con- 
sistent with the response time of the temperature 
measuring instrument employed. A quickly re- 
sponding instrument necessitates a high current 
rise during the second and all of the following 
time runs. 

It is difficult to compare these _ results 
numerically with those of the Russian workers 
even when we disregard the fact that the present 
theory strictly applies only to couples with inde- 
finitely long branches. However, the couple shown 
in their Fig. 1 appears to have approximately 
the same dimensions as our couple No. 7 and from 
the data given in the text and Fig. 3 it may be con- 
cluded that the factor p was about 1/30. Using 
formula (66) it then follows that the minimum 


temperature due to the superposition of the second 
current step should have been 


V(0,7+pr) = 
—vp[1++/(1+1/30)] 
= 48x 2-4-—91 x 2-015 = 115-183 = —68° 


as compared to —52° actually measured. 

The calculation of further steps of the staircase 
function (60) provides no further difficulties and 
shows that progressively lower temperatures may 
be produced by consecutive higher current steps 
of decreasing durations. However, this calculation 
is otherwise not very instructive. Although the 
junction reaches a temperature minimum after the 
first time run 7 for a constant value of the para- 
meter ¢ it is by no means certain that this is also 
the most appropriate moment for initiating the 
second current step. Expressions like (66) should 
more correctly be minimized also with respect to 
¢; but this is algebraically prohibitive. Further- 
more, such staircase functions of current are 
difficult to produce in practice. For these reasons 
it is more informative to enquire into the nature 
of a current wave form which will produce the 
lowest possible temperature of the junction. 


F. The existence of an extremal of the current wave 
form in transient thermoelectric cooling 

We finally enquire into the possibility of the 
existence of a function of current vs. time which 
causes the maximum possible transitory tempera- 
ture depression at the junction. Denoting this un- 
known function by Z(@) we assume again for 
simplicity as in the previous Subsection that the 
Peltier coefficient P is a constant independent of 
temperature. Then the temperature drop of the 
junction caused by the Peltier effect may be con- 
sidered to be a superposition of delta-function 
responses of the type specified by equation (10) 
and is therefore given by 


ty 
v(0,t)p = | (69) 
0 


Expressed otherwise, v(0,t)p is the convolution of 
the functions Z(t) and [—t-1/*] where ¢ is the 
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time of observation (¢ > %), #1 is the time the 
current flow is terminated (t; > 0) and 


= (70) 
is the temperature due to a single delta function 


of a strength appropriate to unit A-sec. The factor 
G in (70) must therefore be defined by 
G = 4P/4-2 (71) 
During the same time interval extending from 
0 to t; the Joule heating causes a rise in the junction 
temperature amounting to 
= Eco (72) 
0 
where « = 1/4.2a"apc. 
The junction temperature due to the combined 
Peltier and Joule effects is therefore given by 


V(0,t) = v(0,t)y+0(0,t)p 


= | (73) 


We now enquire into the form of that function 
Z(®) which makes V(0,t) a minimum. This is 
seen to be a simple type of variational problem, 
because, denoting the integrand of (73) by 7, the 
Euler equation associated with the problem re- 
duces to 

Pale 0 (74) 
eZ 


Consequently the wanted function is 
Z(P)ex = (B/2%)(t—O) 1” (75) 


where the subscript “‘ex’’ indicates that Z(@) is an 
extremal in the sense of the calculus of variations.* 


+ Professor R. C. T. Smitu drew our attention to the 
fact that the same result may be obtained without 
reference to Euler’s equation by completing the square 
in the integrand of (73) and determining Z from the 
inequality 


‘1 


ty 
[ a[Z —(B/x)(t—O)-1/2 Pd@ —(B?/a) | (t—O)-1d0 


0 0 
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The current wave form represented by (75) may 
still result in either a maximum or a minimum of 
V(0,t) but it will be seen presently that it actually 
causes a minimum. 

Inserting (75) into (73), the temperature of the 
junction when measured at an instant ¢ is found to 
be 


V(0,t)ex = {(8?/4x)(t— — (B?/2a)(t—0) 


0 
= (76) 


If we let t > +4), i.e. if the time of observation 
coincides with the instant ¢; when the current Z2(@) 
terminates, the junction temperature tends to 


lim V(O,t)ex = (B°4a)In0 = (77) 


provided Z(ti)ex in (75) is allowed to rise to in- 
finity.t 

We are thus led to the conclusion that under 
the conditions set out in Section 1 of this paper 
there exists for every prescribed time of observa- 
tion a unique current wave form, more specifically, 
a continuous function of time that will generate 
the lowest possible temperature at the junction. 
Moreover, if the instant of observation coincides 
with the instant the current terminates, the trans- 
ient temperature of the junction would actually 
approach the absolute zero of temperature if the 
process were not counteracted by changes in ao, 
K and P which are required to occur by the Third 
Law of Thermodynamics. In the absence of a de- 
tailed calculation of these effects we are able to 
predict only that much lower temperatures may be 
expected to be observed with currents varying 


t, 
> —(2/x) | 


Using the equality sign and solving for Z gives (75). 


t It was pointed out by the referee of this paper that a 
current of the form J = Joexp (¢) originally (and 
erroneously!) believed to cause low-temperature transi- 
ents does not in fact produce lower transients than a 
rectangular current pulse. 
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according to equation (75) than with rectangular 
current pulses. 

These conclusions are also valid for thermo- 
couples of finite dimensions provided the time in- 
terval from 0 to f; is chosen short enough. It will 
be noted that the method of measurement 
described in the following Section allows us to 
observe transient temperatures within a few 
milliseconds after the cessation of the current and 
these effects are therefore the object of a dis- 
cussion in that section. 


sec 
Fic. 5. The function Z(@)ex. Time of observation: 
(a)t>ti, (b)t—> +h. 
Insert: Schematic diagram of a circuit capable of gener- 
ating the function Z(®)ex. [Curve (b) is produced when 
the slider ZL moves from left to right with velocity 
coi//t1—®@ along the rheostat of total resistance 
Ro = E(2«/B)\/ti. The other symbols correspond to the 
circuit elements of Fig. 6.] 


The function Z(@)ex is represented in Fig. 5 
for both the conditions t > ¢; and t = ft; together 
with a schematic diagram of a circuit suitable for 
generating such a function. 

It is important to note that, after the passage 
of the current pulse, the temperature of the 
branches at a large distance from the junction is 


numerically equal to the junction cemperature 
but of opposite sign. 


3. MEASUREMENT OF FAST TRANSIENTS OF 
TEMPERATURE IN THERMOCOUPLES 


A. The experimental arrangement 

If fast thermal transients of the type considered 
in Section 2 are to be observed, it is necessary to 
use a recording instrument with a bandwidth 
extending from zero to at least several hundred 
cycles. The technique employed is most conveni- 
ently described with the aid of the diagram, Fig. 
6. In this diagram, C is the arm of a mechanical 
changeover switch which allows the thermo- 
junction n/p to be connected to a battery B (a 
large capacity lead accumulator) or alternatively 
to the input of an amplifier A. The time required 
for the switching operation for this type of switch 
(a modified microswitch) is of the order of a few 
milliseconds. The amplifier A was designed for 
this experiment and has been described else- 
where. 16) Briefly, the principle of operation of this 
amplifier is. to apply the unknown potential as a 
bias voltage to a two-button carbon microphone 
which is continuously being excited by a constant 
audio note of frequency 10 ke/s. 

It has been shown that the amplified output of 
the microphone is a linear function of its bias and 
that, by adjustment of the contact pressure of the 
carbon buttons, the impedance offered to the 
source may be set, if necessary, at a value of less 
than 1Q. This allows a good match to the internal 
resistance of the thermojunction to be achieved. 
The overall sensitivity of this arrangement is 
more than adequate for our purpose. Long-term 
stability is difficult to maintain within limits of 
a few per cent but, since the duration of our 
experiments rarely exceeds 1 min, and is generally 
much shorter, stability presents no special prob- 
lem. To produce short high-current pulses the 
manual switch M.S., is first closed. The timing 
is then left to an exploding wire E.W. which is 
replaced after each cycle of operation. The 
strength and duration of the pulse are almost 
entirely functions of the battery voltage and the 
diameter of E.W., within a certain range of energy 
content of the pulse. In the course of these experi- 
ments we have acquired a store of data which 
allows us to adjust the strength and duration of 
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these pulses as required.t The contact arm C is 
held against the stop O by the exploding wire 
E.W. and a spring Sj. (Stop O also functions as a 
contact. The purpose of this contact is explained 
below). When switch M.S.; is closed, E.W. fuses 
after sending a current pulse through the junction, 
and switch arm C, under the action of spring Se, 


closes immediately the right-hand contact con- 
necting the couple to amplifier A and oscilloscope 
O;. The current-pulse waveform is recorded on 
oscilloscope Og after amplifying the potential de- 
veloped by the current across a resistor r which has 
a resistance of a few milliohms. Fig. 7(a) is a record 
of such a pulse produced by an exploding wire. 
The pulse shape is not quite rectangular but 
shows a slightly sloping top owing to the change 
of resistance during the heating-up period of the 
wire. The thermoelectric e.m.f. (Seebeck potential) 
recorded by oscilloscope O; as a function of the 
time elapsed since the passage of the current 
pulse can be directly transformed into the tem- 
perature of the junction with the aid of the cali- 
bration chart, Fig. 8. 

Fig. 7(b) is a sample oscillogram of the Seebeck 


+ With the lower-current pulses the wires do not 
actually explode in the manner which has given the 
name to this effect. They simply heat up and then fuse 
in the middle. However, for purposes of timing it does 
not seem to matter whether the circuit is broken by radial 
outward diffusion or by fusion of the material of the 
wire. 
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Fic. 6. Schematic circuit diagram of the pulse-producing and mea- 
suring circuit. 


potential of an n- and p-type bismuth telluride 
junction. Facilities are provided in the output to 
rectify the 10 kc/s wave form but we found it 
more convenient to record the unrectified modu- 
lated output. The junction temperature then 
corresponds to the envelope of the modulated 
output wave. A separate polarity test establishes 


whether the temperature recorded corresponds to 
“heating”? or “‘cooling’’. In all experiments we 
concentrated on Peltier cooling. Peltier heating 
was only observed incidentally. The temperature 
of the hot junction was kept at a constant value, 
near room temperature, by circulating water. The 
amplifier was usually calibrated before and after 
each recording, and the stable operation of the 
junction was frequently tested by recording the 
maximum cooling with optimum stationary 
current. 

The current pulse may also be superimposed on 
a steady current through the junction. With the 
manual switch M.S.; open and M.S.2 closed, a 
steady current flows through the couple via the 
series resistance Ro and ammeter A. When switch 
M.S.; is closed, E.W. fuses, superimposing a 
current pulse on to the stationary current and 
thereafter opening both current paths simul- 
taneously. This is again followed immediately by 
the beginning of the recording of the Seebeck 
potential. In all cases ‘‘long”’ pulses of one to 
several seconds duration and of comparatively 
low current (about 10A) are obtained by operating 
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Fic. 7(a). Oscillogram of a current pulse (J = 77 A, 7 = 20 msec) produced by an 


exploding wire. 


Fic. 7(b). Oscillogram of the Seebeck potential developed across the thermocouple 
after the passage of a current pulse. 
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the switch arm C manually and using a stopwatch. 

The time resolution of the whole arrangement, 
i.e., the time elapsed between the moment the 
current ceases and the moment the recorded 
temperature is readable from the oscilloscope 
screen, is mainly governed by the inertia of the 
contact arm C, and we found it difficult to reduce 
this ‘‘dead time’’ interval to much less than 
10 msec. Electronic switching, though feasible, 
would make the whole arrangement much more 
complicated. Though there exists this slight un- 
certainty about the loss of time in measuring the 
thermoelectric potential, this disadvantage is out- 
weighed by the fact that, by the nature of the 
experiment, there is never any doubt about the 
location of “‘the junction’’. This difficulty is always 
present in methods using external thermometry. 


B. Measuring procedure and calibration 


The measuring circuit allows the passing of 
current pulses of various strength and duration 
through the junction and the oscillographic re- 
cording of the Seebeck potential immediately 
after the instant that the current passes. If the 
switching time is negligible compared to the 
decay time of the transient, we measure, in the 
notation of Section 2, ¢(t) for ¢ > 7. If this 
criterion is not applicable, the peak value of the 
record supplies only a lower limit to the Seebeck 
potential. The peak value of the potential was 
read from 35-mm film records by means of a 
travelling microscope. Since the potential curve 
is sometimes very steep at this point [cf. Fig. 7(b)] 
the maximum potential could not always be read 
unambiguously and therefore several records were 
usually taken under identical conditions. Even 
then the experimental points sometimes showed a 
considerable scatter. However, as seen from 
Figs. 9-11, the general tendency can always be 
discerned. 

The Seebeck potential must be converted into 
temperature. For this purpose we have used pub- 
lished results of measurements of the Seebeck 
coefficient together with measurements of this 
coefficient on our own samples at room tem- 
perature. 

(a) Temperature region 150-300°K. Reference 
has already been made to the result!) that the 
Seebeck coefficient varies logarithmically in this 
region. Using equation (40) of Section (2), the 


R 


Seebeck potential is then given, by integration, 
as 


where r is a mean value of the slope of the 
curve for the m- and p-type 
materials taken singly, and where the constant Co 
is to be determined from the requirement that 
|.Sn| = |Sp| = 175nV/deg, the average value of 
our n- and p-type materials at room temperature 
To = 290°K. Adopting Goldsmid’s average value 
for r of 0-124 mV/deg (corresponding to a curve 
with an S value of 175 «V/deg at room tempera- 
ture) a calibration curve is obtained whose lowest 
temperature of 150°K corresponds to a Seebeck 
potential of ~ 39 mV. 

(b) Temperature region 6-150°K. For this region 
also, measurements of the Seebeck coefficient of 
(monocrystalline) bismuth telluride are avail- 
able.7) These measurements indicate that it is 
sufficient for our purpose to assume that the See- 
beck coefficient is proportional to the absolute 
temperature between 6 and 150°K. This is be- 
cause for low transient temperatures our measure- 
ments become progressively less accurate. At 
150°K, where the two regions meet, equation (40) 
yields a value of S ~ 93uV/deg. The factor of 
proportionality is therefore ~ 93/150 = 0-62 for 


our specimen. Then we have for the lower region 
dd = 2x 0-62 x 10-°TdT (79) 


and on integrating this expression 


aso) = [0-62 x 10-372]150 
(80) 


where 4,150) is the Seebeck potential when the cold 
junction is at T°K and the hot junction at 150°K. 
Over the composite region from 6°K to room 
temperature, 7, the Seebeck potential is repre- 
sented by 


T, 150 
[ [ ser (81) 


so that in the lower region and when the cold 
junction is at T°K and the hot junction at room 
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temperature 7p 
= 394+ 14-—0-62 10-372 
= 53—0-62x 10-872 mV 


(82) 


Relations (78) and (82) are both plotted in the 
composite calibration chart, Fig. 8, which we 
have used to convert the measured Seebeck 
potential into temperature and to plot the experi- 
mental curves Figs. 9-11. 


Fic. 8. Composite calibration chart, T = f(¢), for the 
temperature region 6-290°K (room temperature). 


Regarding the method of calibration described, 
it may be surmised that a direct calibration of the 
individual couples used would have been a more 
satisfactory procedure. However, there are at 
present no low-temperature facilities available in 
the authors’ laboratory. Furthermore, it is almost 
certain that the advantage of a direct calibration 
would be lost by the necessity to unsolder the 
n- and p-branches again before or after calibration. 
In order to make the couples correspond as closely 
as possible to our theoretical model, the branches 
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were joined with the aid of an ultrasonic soldering 
iron using an absolute minimum of solder. There- 
fore the couples cannot be calibrated im situ but 
must be unsoldered and joined to heat sources 
and sinks, whereby a disturbance of the thermal 
and electrical properties and of the geometry can 
hardly be avoided. 


sec 


Fic. 9(a). Couple No. 6. The junction temperature 
measured as a function of time after the passage of 
current pulses of strength 4; = 16 A, Jo = 28 A, J3 = 
32 A. 

Fic. 9(b). Couple No. 6. The junction temperature 
measured as a function of time after the passage of 
current pulses of strength Ig = 9 A, J5 = 21 A, I¢ = 
33 A, superimposed on an optimum steady current of 
8 A. The dotted line corresponds to the optimum 
steady temperature — 31°C. 


C. Experimental results 

The experimental results are best displayed in 
the form of families of curves of V(0,7) vs. 7 for 
different values of the pulse current J, and curves 
of V(0,7) vs. € = 14/7 for different values of the 
pulse current. Amongst a number of thermo- 
couples made up, two specimens, proved to be 
particularly convenient and the results for these 
couples are given here. At room temperature these 


i 
300 
T, 
N A 
| 
| ¥ 
| ° 
230 : 
Ir \o 
6 5 : 
210 
6 20 30 40 5 60 - 
mV 
| 
sal 


STUDY OF THE FAST TRANSIENT BEHAVIOUR OF PELTIER JUNCTIONS 257 


Table 1. Dimensions of thermocouples and average thermoelectric properties of bismuth telluride 


Cross-sectional area of couple No. 6 
Cross-sectional area of couple No. 7 


Length of couple No. 6 
Length of couple No. 7 


Bismuth Telluride 
Average density of n- and p-type 


Average specific heat of n- and p-type 


Average heat conductivity of n- and p-type 


Average electr. conductivity of n- and p-type 


Average diffusivity of n- and p-type 


Average Seebeck coefficient of n- and p-type 


| 0:16 cm? 
| 0-04 cm? 
| 


| 
| 
| 


2cm 
0-8 cm 


8 g/cm? 

0-13 cal/g-deg 

4-8 x 10-3 cal/sec-cm-deg 
1000 Q-! 

4-6 x 10-3 cm?sec™ 


1:75 x 10-4 V/deg 


couples (No. 6 and 7) had a Seebeck coefficient 
of 350 1» V/deg when mounted, which corresponds 
to the middle of the range of curves in Refs. 11 
and 17. In addition, the figure of merit of both 
samples was comparatively high. The dimen- 
sions and average properties of the two couples 
are summarized in Table 1. 

Fig. 9(a) shows V(0,r) with J as parameter for 
couple No. 6 when cooling started from room 
temperature. The maximum cooling was about 
26°C and was the same for the three values of 
current shown. This is very close to the value 
28°C calculated in Section 2C (cf. curve c, Fig. 3) 
under the assumption that S is a constant, and 
demonstrates that even for such comparatively 
small temperature differences the assumption that 
P is a constant is not adequate. On the other hand, 
the minima occur for a value of ¢ of about 
22 A-sec!/? as compared to 48 as required by the 
theory [see Fig. 10(a)]. We comment on this dis- 
crepancy later in this Section. 

The temperature V(0,7) for the same couple is 
displayed in Fig. 9(b) when the current pulse was 
superimposed on the stationary optimum current 
of 8 A. In this case an additional 29°C of cooling 
below the stationary cooling of about 50°C was 
observed. This is seen to be in agreement with the 
discussion in Section 2E. Deviations were again 
observed for large values of + (compare the curve 
for the current pulse of 9 A). As shown in Fig. 


11(b) for pulses of 9 and 21 A, the minima occur 
for substantially the same value of £(~ 22 Asec!/?) 
as without stationary cooling. 

These results indicate that for the longer pulses 
and lower currents the couple can no longer be 
considered to be a “‘long”’ couple and that the 
proximity of the hot junction makes itself felt. 
This is also borne out by the observation that, for 
the pulse of 33 A superimposed on a steady current 
of 8 A, {min is about 35 Asec!/? [see Fig. 11(b)] 
which is much closer to the theoretical value of 
48 Asecl/? than the {min for the lower current 
pulses. 

The results for couple No. 7 which has a cross- 
section only about one quarter of couple No. 6 re- 
quire a more detailed discussion. Even in the early 
stages of our experiments it appeared that, in par- 
ticular for couples with small cross-sectional area, 
the minimum of the temperature was considerably 
lower than one would expect from the simple re- 
lationships of Section 2A-D. The curves for 
couple No. 7 [Fig. 10(a, b)] show that the maxi- 
mum cooling increases strongly with increasing 
current, and very low transient temperatures 
indeed are seen to occur. Fig. 10(a) shows V(0,7) 
with J as parameter when cooling started from 
room temperature. Even for a comparatively low 
current (8 A), cooling greater than the maximum 
cooling for the optimum steady current of 5 A was 
obtained. With high currents of more than 20 A 
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a few singular readings of the Seebeck potential 
were in fact close to or even slightly exceeding the 
limit of the calibration chart of ~ 53 mV. 
Although the experimental error in this region 
is admittedly very high, it seems without doubt 
that transient temperatures below 100°K have 
occurred. If the pulse currents are increased 
further still, the magnitude of the Seebeck potential 


Fic. 10(a). Couple No. 7. The junction temperature 

measured as a function of time after the passage of 

current pulses of strength 4; = 8 A, J2 = 12 A, J3 = 
16 A, Ig = 20 A, Js = 22 A. 


diminishes again, but there are indications that 
this is due to the finite switching time. When the 
current pulses are superimposed on a stationary 
optimum current, a similar behaviour is observed 
for current pulses greater than 5 A. For pulses 
neither with nor without stationary cooling can the 
observed Seebeck potentials be reconciled with the 
calculations of Section 2A—D by assuming un- 
usually large values of S or abnormal temperature 
dependence of S for this couple. Furthermore, we 
shall now show that with bismuth telluride couples 
the enhanced cooling observed cannot be attributed 
to the Thomson effect, although the contribution 
of this effect becomes more effective the shorter 
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the transient currents are, as was pointed out in 
Section 2D. 

The Thomson coefficient of our samples was 
not measured, but, using published data) of this 
coefficient for BigTes (y = 1-5 x 10-4 V/deg), we 
calculate the temperature drop due to the com- 
bined Peltier and Thomson effect for the extreme 
case of a delta-function-type of current pulse 
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Fic. 10(b). Couple No. 7. The junction temperature 
measured as a function of time after the passage of 
current pulses of strength = 3A, Jo =5A, = 
9A, Ig = 20 A, Is = 100 A, superimposed on an 
optimum steady current of 5 A. The dotted line corre- 
sponds to the optimum steady temperature of —32°C. 


where the two effects by necessity add algebraic- 
ally. Rewriting equation (19), we have in first 
approximation 


+ 2 
min 16 4-2 x Y" min (83) 
and neglecting the small term (yV min)” 
y FP 
164-2 K (1—2yP) 
V min(Peltier 
min( ) (84) 
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Using the above value of y and P ~ 1x 10-1 from 
Table 1, we see that the denominator of (84) has a 
numerical value of ~ (1—1-5x 10-5) near room 
temperature, so that a change in Vmin would not 
be detected with our method. 

However, in the course of these experiments 
it became evident that the wave form of the 


T, 


A-sec'”? 


Fic. 11(a). Couple No. 6. The temperature measured at 
the junction as a function of the parameter ¢ = Iy/r. 
The currents Ji, Jo, J3 are the same as those used in 
Fig. 9(a). 
Fic. 11(b). Couple No. 6. The temperature measured at 
the junction as a function of the parameter ¢ = Jy/r. 
The currents J4, Js, Jg are the same as those used in Fig. 
9(b). The pulses are superimposed on an optimum steady 
current of 5 A. 


current pulse had a decisive influence on the mag- 
nitude of the observed transients, and this obser- 
vation led us to the calculations given in Section 
2F. The results of these calculations allow us to 
explain all experimental results if for this purpose 
we divide the pulse durations 7, for a couple of 
given cross-section a, into four characteristic 


regimes: 
(a) The time interval 7 is so long (for example 


7 > 2sec for couple No. 7) that we no longer 
have 1> 4/2«t. Then the effect of the hot 
junction is already noticeable, i.e. the temperature 
minima are not as low as expected and {min is 
shifted towards smaller values [cf. curve 4, 
Fig. 9(a)]. 

(b) The time interval is of an intermediate length 
(for example 1 < + < 2sec for couple No. 7). 
Then the behaviour corresponds to the one 
calculated for a finite rectangular pulse [cf. curve 
Io, Fig. 9(a)]. 

(c) A region of very short time intervals 
(x < 1 sec for couple No. 7). In this range the 
deviation of the wave form from a rectangular 
shape becomes important. In particular it was 
found that whenever the instantaneous rise of the 
current was delayed by the inclusion of large 
wire-wound resistances with an appreciable in- 
herent inductance, then very low but short-lived 
temperature transients were observed [cf. curves 
T3, I4, Fig. 10(b)]. It is not difficult to calculate 
the effect of a current wave form which is not an 
extremal as Z(@)ex in Section 2F, but is “‘in the 
neighbourhood” of an extremal. The residual 
circuit inductance was actually measured and it 
was found that the time delay was of an order of 
magnitude that could well account for the tem- 
peratures being produced by the mechanism 
analysed in Section 2F. In addition, experiments 
were performed in which the function Z(@)ex was 
generated as faithfully as possible with the aid of 
the circuit shown schematically in Fig. 5. It was 
found that short transient temperatures below 
100°K could usually be produced by this method 
in particular when the junction was precooled 
by a steady current. The exactness of simulating 
the wave form is reasonably critical. If the gener- 
ated function deviates too much from Z(@)ex the 
thermocouple is burnt out at high currents. 

(d) If + is still shorter (< 0-1 sec for couple 
No. 7) and the currents correspondingly high, 
observation of the temperature minimum be- 
comes increasingly difficult because of the short- 
ness of the transient temperature and the time 
resolution of the changeover switch [cf. curve J5, 
Fig. 10(b)]. 

Detailed measurements are represented for 
couple No. 7 in Fig. 10(a, b), corresponding re- 
spectively to Fig. 9(a, b) for the larger couple No. 
6. For intermediate values of current maximum 
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cooling occurs for the same value of {min 
(9 A-sec!/2), These diagrams well illustrate the 
four different regimes of behaviour for very high 
and very low currents. 


4, CONCLUSION 

It has been pointed out by STIL’BANs and 
FeporovicH®) that the occurrence of temperature 
transients may be turned to advantage in some 
instruments utilizing the thermoelectric effect, as 
for example in hygrometers. Although this is be- 
yond the scope of this paper, one may speculate on 
whether transient low temperatures such as have 
been discussed in the previous sections will find 
practical applications in producing low tempera- 
tures. It is clear that refrigerating devices based 
on such a principle would involve very awkward 
thermal and electrical moving contacts. There is, 
however, one possibility that comes to mind and 
in which these difficulties may not be unsur- 
mountable. If the nozzles and connecting tubes in 
a Joule-Thomson type of refrigerator were cooled 
thermoelectrically, it may be possible to obtain a 
considerable advantage by pulsing the gas stream 
in this refrigerator in proper phase relation to the 
electric current. In this laboratory, the interest 
is in certain solid-state aspects of these transients 
rather than in their applications. 
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Abstract—The mobilities of current carriers in germanium, silicon and other semiconductors can 
be changed by ~ 50 per cent or more by elastic strain. The changes in mobility can be positive or 
negative, and they can be produced in selected directions in the crystal. One can, therefore, improve, 
or compensate against temperature change, certain electrical properties of junction devices, such as 
transistors, varactor diodes, tunnel diodes, solar diodes, and perhaps even thermoelectric devices. 
Some of these possibilities are examined in semi-quantitative fashion. 


Résumé—Les mobilités de porteurs de courant dans le germanium et le silicium peuvent étre 
changées de 50 pour cent ou plus par déformation élastique. Ces changements de mobilité peuvent 
étre positifs ou negatifs et peuvent étre produits dans certaines directions choisies du cristal. On 
peut donc améliorer ou compenser en fonction des changements de température certaines pro- 
priétés électriques de certains éléments 4 jonction tels que les transistors, les doides varactor, les diode 
tunnel, les diodes solaires, et méme certains éléments thermoélectriques. Quelques-unes de ces 
possibilités sont examinées de fagon semi-quantitative. 


Zusammenfassung—Die Beweglichkeit der Stromtrager in Germanium, Silizium und anderen 
Halbleitern kann durch elastische Spanungskrafte um etwa 50 Prozent oder mehr verindert 
werden. Die Anderungen der Beweglichkeit kénnen positiv oder negativ sein und kénnen im 
Kristall in ausgewahlten Richtungen erzeugt werden. Auf diese Weise lassen sich also Temper- 


aturveranderungen, gewisse elektrische Eigenschaften von Geraten mit Ubergingen (Transistoren, 
Varactor-Dioden, Tunnel-Dioden, Sonnen-Dioden) und vielleicht sogar von thermoelektrischen 
Geriten verbessern oder kompensieren. Einige dieser Méglichkeiten werden auf quasi-quantitative 
Weise untersucht. 


1. INTRODUCTION 
UNCONTROLLED elastic stresses are generally re- 
garded as a nuisance in the fabrication of semi- 
conducting devices. If large enough, they may lead 
to fracture, or at least plastic deformation, of the 
semiconductor, with attendant impairment of 
the properties and uniformity of the devices. 
Without denying this, we take the opposite view 
in this paper, namely that the judicious application 
of controlled elastic stress can markedly improve 
some of the important properties of basic devices, 
such as transistors and diodes. 

Although it has been recognized that the 
mobilities of the carriers in germanium and 
silicon are very sensitive to elastic stress (piezo- 
resistive effect) and that the resistance of a p-n 
junction is sensitive to hydrostatic pressure (mainly 
through the energy-gap effect), the idea of using 
such effects to make better devices does not appear 
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to have received the attention it deserves. This 
lack of attention may be in part because the 
strains required are large, lying between ~ 10-3 
at which these materials commonly fracture, and 
~ 10-?, the highest elastic strain thus far achieved 
in them, and in part because the effects of large 
elastic strains on the behavior of p—n junction 
devices are rather complicated and not widely 
appreciated. 

In this paper we assume that strains > ~ 10-8 
can be produced (although certain applications 
permit smaller strains), and we suggest briefly 
some ways of doing so. We assume that changes in 
mobility of ~ + 50 per cent, in selected crystal 
directions, and changes in energy gap of several 
kT at room temperature, can be produced by the 
application of strains of the magnitude indicated. 
Examples are given of how elastic stresses may 
improve the current multiplication factor and 
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gain-band product of a transistor, or the RC To) = = + + nin’) (2) 


- 


product of a varactor diode. 

A corollary to these ideas, suggested by I. M. 
Ross and J. M. Ear y, is that part of the scatter in 
properties of junction devices now in manufacture 
may stem from uncontrolled elastic stresses. It is in which 711, 712, 744 are the fundamental piezo- 
hoped that the semiquantitative treatment offered resistance constants®), and m1 and /2, me, no 
here will lead to a better understanding of such are the direction cosines of the 1’ and 2’ directions 
effects. with respect to the cubic axes of the crystal. 

Table 1 lists expressions for Tas and Tas for various 
2. PIEZO-RESISTANCE RELATIONS crystal directions of interest. For resistivities 

The mobilities of holes and electrons in) @&1Qcm, one of the fundamental coefficients is 
germanium or silicon in any given direction of the large, ~ 10-!%cm?/dyne, for each of the four 
crystal depend only slightly on hydrostatic stress. _ materials considered in detail here, namely p- and 
However, they can be extremely sensitive to m-germanium, and p- and n-silicon. For the first 
uniaxial stress, and this sensitivity will be expressed three, 744 is large, the other coefficients small. 
here in terms of the longitudinal and transverse For the last, 7; is large and mg ~ —4$711, 744 


piezo-resistance constants, and7,,, respectively. being small. The coefficients get smaller as the 


where 


A= 711—7712—744 (3) 


Table 1. Longitudinal and transverse piezo-resistance coefficients for various directions in cubic crystals 


Longitudinal Longitudinal, Transverse Transverse, 
coefficient, 711 direction, 2 coefficient, 712 


direction, 1 


001 T11 010 712 
001 110 712 


111 +2712+27744] 110 $(711 +2712— 744] 
111 +2712+27744] 112 4[711 +2712 — 744] 
110 744] 111 4[711+2712— 744] 
110 +-712+744] 001 712 

110 +7124 744] 110 $ [711 + 712— 744] 
110 744] 112 +5712 — 744] 
112 110 ¢(711 +5712 — 744] 
110 744] 221 +5712 —4744] 
221 m1 —4$$[711—712— 744] 110 +512 —4744] 


The use of primes denotes that the coefficients resistance decreases.+4) The large coefficients are 
refer to arbitrary directions in the crystal. Thus negative for electrons, positive for holes, assuming 


7, tefers to the resistance change in the 1’ direction _ a tensile stress. 

in response to a normal stress in the 1’ direction; The definitions of 7,, and z,, are 

and To = 7}, refers to the resistance change in the A 7 

2’ (or 1’) direction in response to a normal stress A Pp 4 
in the 1’ (or 2’) direction. The effects of shear po po /e 


stress could be considered as well, but for most of 
the orientations considered here the appropriate 
shear coefficients are zero, and these will be 
neglected for simplicity. Expressions for 7,, and 


where o; denotes a simple tensile stress in the 1’ 
direction. Thus, a positive 7 denotes that the 
mobility decreases with tension, imcreases with 


for cubic crystals are:") compression. 
= = In n-silicon, for which the (100) valley model 
= mi — 2A(l2m? + + min?) (1) applies, if all electrons could be forced by strain 


4 
+ 
ca 


into one valley, a mobility ratio w,u, of about 5 
could be expected in directions normal and parallel 
to <100>. In n-germanium, for which the (111) 
valley model applies. if all electrons could be 
forced into one valley, a ratio »,/~, of about 16 
could be expected for directions normal and 
parallel to <111)>. To the writer’s knowledge, no 
one has succeeded in going this far at room tem- 
perature, but resistance changes of ~ 75 per cent 
have been produced in silicon. At present there 
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where py and mp are the minority-carrier con- 
centrations, the D’s are diffusivities (proportional 
to the mobilities) ,and the 7’s are lifetimes. (We 
assume 7 to be independent of elastic strain.) 
Depending on the material, the orientation of the 
junction and the direction of the stress (or stresses), 
the mobility effects and the energy-gap effects 
can be in the same or opposite sense. For german- 
ium the energy gap effect will usually be larger, 
although, as shown below, the mobility effects 


3 
[111] 


{ / 


(EMITTER) 


P+  _--p (Base) 


< 


COMPRESSION —> } 


p(t) 


N(coLLector) 


is not a very solid basis for predicting the maximum 
attainable anisotropy for holes in either material 
at room temperature. 


3. ENERGY-GAP EFFECTS 

The energy gap is affected by hydrostatic 
pressure, which changes the density of minority 
carriers, and hence the saturation current of an 
ordinary Shockley-type p-n junction. The co- 
efficients (SEg/5P)r are ~ +5 x 10-12 eV cm?/dyn 
for germanium, and ~ —2.~x for silicon.©) 
A uniaxial compression can be regarded, in this 
respect, as a hydrostatic pressure P equal to 1/3 
the compressive stress. 

The effect of a directional or hydrostatic stress 
on the saturation current J; of an ideal p-n 
junction, and hence on the conductance at any 
given voltage, can be seen from the following 
equation 


I, = Ins+Ins = / | (5) 


Fic. 1. Germanium n—p—n transistor under compressive 
stress parallel to plane of junction. 


in general are the more important to over-all 
device behavior. 


4. GAIN-BAND PRODUCT OF A TRANSISTOR 


A. Germanium 
A figure of merit F for an n—p-» transistor of 


optimum design is‘) 


F= 


Kir (6) 


where K denotes dielectric constant. Close study 
of equation (6) reveals that jy», the electron 
mobility, is present because it determines the 
transit time of electrons across the base layer. 
Hence large pz» is wanted in the direction normal 
to the plane of the p-type base layer. The quantity 
[4p is present because it determines the resistance 
of the base layer to current that flows mainly 
along the base layer from the base contact to the 
emitter contact. Since the base current consists 
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mainly of holes, large x» is wanted in the plane 
of the base layer. 

It turns out that both of these quantities can be 
increased substantially in an n—p-—m mesa transistor 
made of germanium in the (111) plane by a com- 
pressive stress parallel to the (111) plane, as shown 
in Fig. 1. The critical mobilities are denoted 
jun(t) and y.»(l) where ¢ and / signify transverse and 
longitudinal with respect to the base layer. 

The stress direction illustrated in Fig. 1 is [110]. 
For the orientation of Fig. 1, 7},, to which the 
desired change in pp(/) is proportional, is 


711 = ~ +47 (7) 


while, 73,, to which the desired change in jq(t) is 
proportional, ts 


Both of these are large, and in the correct sense. 
If a second, equal, compressive stress, parallel 
to [112], is added in the plane of the base layer, 
the change in p»(t) is doubled, and the change in 
p(l) is decreased by 4, leading to a net increase 
in F. For this stress, 7,, is also given by (8), while 


To = — (9) 


The change in p,(t) is then proportional to 
~ —(%)m44; the change in is proportional 
to (711 +712) ~ =(4)744. 

Such a biaxial stress system might be imposed, 
for example, by the difference in thermal con- 
traction between the germanium wafer and the 
stud to which it is hard soldered. The uniaxial 
stress might be applied, for example, by bending 
the wafer about an axis normal to [110]. 

As a matter of fact, the results cited above are 
valid for any two normal directions, 1’ and 2’, 
in the (111) plane and hence could be applied to 
an emitter and base of concentric circular 
symmetry under radial compressive stress. 

Additional benefits of the arrangement just 
described are that compression increases the 
energy gap of germanium, thereby reducing the 
saturation current; very slightly decreases the 
dielectric constant K; and strongly decreases 
p(t) the hole mobility normal to the plane of the 
base layer, which, together with the increase in 
y(t), substantially increases the y-factor of the 
emitter. Also, z»(l) decreases, which should reduce 
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fringing effects and lead to a greater equalization 
of electron transit times of emitted electrons. 

For a germanium p-n-p transistor the same 
scheme can be used, except that the stresses parallel 
to the (111) plane must now be tensile. However, 
a compressive stress normal to the (111) plane will 
also increase pp(/), wp(t) and Ey, and decrease 
Hn(t). 


B. Silicon 

Silicon is considerably more complicated than 
germanium because electrons obey the <100> 
valley model while holes have the symmetry of a 
«111 > valley model. If the current is in a direction 
symmetrical to the particular valley direction, the 
mobility change will be negligibly small. Neverthe- 
less, there are various useful combinations, and 
examples are given in Table 2, with qualitative 
notes on their respective merits. The directions 
and symbols refer to Fig. 1. 

In Table 2, the two mobility changes that are in 
adjacent columns enter into the expression for F 
in equation (6); the third mobility change affects 
the emitter y-factor. In this way the reader can 
readily tell which factor, F or y, is referred to by 
the notation ‘“‘Good”’ or “Bad”. In the column 
headed AEg, ‘“‘Good”’ signifies an increase because 
this would decrease the saturation current Js. 
However, it is quite possible that the mobility 
changes can in certain cases offset the effect on J; 
of the indicated change in Ey. 


5. RC PRODUCT OF A VARACTOR DIODE 

In a typical varactor diode, a very heavily doped 
p-type alloy or diffusion region forms a p-n 
junction with a less heavily doped n-type base 
material. The R in the RC product is determined 
mainly by the resistance of the base material. 
Finding the smallest value of RC involves a com- 
promise between the reduction in R and the 
increase in barrier capacitance C upon increase 
in the donor concentration of the base material. 
The decrease in R predominates as the donor 
concentration increases, until a concentration is 
reached at which impurity scattering significantly 
lowers the mobility of electrons. So an optimum 
donor concentration exists. 

By applying elastic strain in the proper direction, 
the optimum donor concentration can be in- 
creased and hence the RC product can be lowered. 
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For an n-germanium base layer, with the junction 
lying in the (111) plane, as shown in Fig. 2, a 
radial compressive stress oy in the (111) plane 
will produce the desired effect, the relative 
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diode by imposing a stress that would increase 
the mobility of one or the other minority carrier 
in the direction normal to the p-n junction. 

The principles illustrated above can be applied 


ELECTRODE ~ _-Pt 
_--n-Ge WAFER 


] <— COMPRESSION, 0, 


METAL STUD 


Fic. 2. Germanium varactor diode under compressive stress 
parallel to plane of junction. 


resistance change for electrons travelling normal 
to the junction being 

AR 

Ro 


= ~ — 


The minor effect the stress system has on C is the 
favorable sense. 


6. OTHER APPLICATIONS 
Effects of directional stress on the peak current 
of a silicon tunnel diode were reported‘) without 


to other kinds of semiconductive devices, and in 
other ways to transistors or diodes. For example, 
the temperature sensitivity of some parameter of 
a device, such as the breakdown voltage of a Zener 
diode, might be reduced (or enhanced) by 
mounting the semiconductor in a way such that 
elastic stresses, proportional to the ambient 
temperature change, are produced by differing 
thermal expansivities of the semiconductor and 
its housing. 

Speaking generally, if some parameter S is a 
linear function of temperature T and stress a, it is 


SEMICONDUCTOR 


HOUSING 


Fic. 3. Mesa diode housing for producing temperature- 
sensitive stress normal to plane of junction by differential 
thermal expansion. 


elaboration, and effects of hydrostatic pressure 
on germanium diodes have also been described). 
The effects are large enough to be of practical 
interest. However, a detailed analysis will not be 
attempted here. 

One might increase the efficiency of a solar 


in principle possible to compensate for changes in 
T if o can be made to vary with T. Let: 


A= (10) 


8S 8S 


do |r 
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Then, we require that 


dS = Ado+BdT = 0 (11) 


From which the required temperature coefficient 
of stress is 


B 


do 


(12) 


dT A 
An example of a stress-magnifying housing, 
which utilizes the mesa form of semiconductor, 


PFANN 


is shown in Fig. 3. For such a housing, do/dT 
is given approximately by 
do 


13 
aT h+1-8d (13) 


where a2 and «; denote thermal expansivity of the 
housing wall and semiconductor, respectively, £1 
denotes Young’s modulus of semiconductor, and h 
and d denote height and diameter of the mesa. 


Table 2. Combinations of stress systems for silicon n—p-n and p-n-p transistors 


Transistor Directions | 
type 3’ = Stress system | Apn(t) App(2) | Apn(Z) | App(t) AEg 
1. n-p-n [001] [110] [110] | Compression in 2’ | + + 0 - 
| | Good Good | Good Bad 
2. mn-p-n | [001] [110] [110] Compression in 1’ and 2’ | ++ | 0 = 
| | Good | 0 | Good | Bad 
3. m-p-n | [001] [110] [110] Tension in 1’ and 2’ (or | -—— | 0 0 ++ 
| compress. in 3’) | Bad Good 
4. m-p-n | [110] [001] [110] | Compression in 1’ - | + _ - 
_ Bad Good Good Bad 
5. m-p-n | [110] [001] [110]|} Compression in 1’ and 2’ a | + | - _ 
| Good Good | Good Bad ‘ 
6. n-p-n [111] [110] [112] | Compression in 2’ | ~0 + | 
| Good Good | Bad 
7. m-p-n | [111] [110] [113]| Compression in 1’ and 2’ ~~ | + z. = 
Good _ Good Bad 
8. n-p-n [110] [111] [112]| Compression in 1’ 
Good Good Good | Bad 
9. n-p-n (110) [411] [112] | Compression in 1’ and 2’ | + +(Small) | _ = 
| Good Good _ Good Bad 
10. n-p-n | [110] [111] [112]| Tension in 2’ 0 + + 
Good Good | Good 
11. p-n-p | [111] [110] [113]| Tension in 1’ | 0 + | + | + 
Good Good | Good Good 
12. p-n-p | [111] [110] [112]| Tension in 1’ and 2’ ~~ | 0 ++ ++ 
Good Good Good | Good 
13. p-n-p [111] [110] [112] | Compression in 3’ | ~0 | ++ | 
Good _ Good | Bad 
| | 


= 
‘ 
= 


IMPROVEMENT OF SEMICONDUCTING DEVICES BY ELASTIC STRAIN 


Equation (13) assumes comparable magnitudes of 
Young’s modulus and Poisson’s ratio for semi- 
conductor and housing wall. The factor, 
H/(h+1-8d) is a mechanical stress-amplification 
factor,9) which increases the stress caused by 
differential expansion. 

It is tempting to consider improving the 
performance of a semiconducting thermoelectric 
refrigerator or generator by using an elastically 
stressed single crystal, or polycrystals. The figure 
of merit commonly used is Z = Q?/pk, where QO 
is thermoelectric power, p is resistivity, k is thermal 
conductivity. By elastic stress we can decrease p, 
probably without a comparable increase in k. 
But what happens to Q? According to the many- 
valley model, decreasing the number, Ny, of 
valleys will decrease Q, as can be seen from 
HeErRRING’s"9) equation for 


4-70 x 1015 


n 


+8InN, 


Q=F 86-2| In 


* * 
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At optimum carrier concentrations n of order 1019, 
the term 31nN,/2 is fairly dominant. Since 
stress would increase the mobility by emptying 
slow valleys, there is an effective reduction in Ny 
that tends to offset the increase in mobility. Never- 
theless, the idea of operating a thermoelectric 
device with large elastic stresses in the semi- 
conductor would appear to merit investigation. 
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Abstract—The differential equations which describe the steady-state temperature distribution in a 
thermoelement with constant properties and with convective heat transfer from its longitudinal 
surface are presented and solved by analytical methods. The closed-form analytical solutions are 
applied to a single-element thermoelectric generator to determine the effect of surface heat transfer 
upon the power output and efficiency over a range of values for the heat-transfer parameters. 

The results show that in all cases the surface heat transfer increased the power output under 
matched load conditions; in many cases both the power output and the thermal efficiency were 
increased through the use of surface heat transfer. The conclusion is drawn that surface heat transfer 
can he beneficial in many applications, especially in cases where maximum power output is of primary 
importance, or in cases where the cold-junction fin area is greatly restricted by weight, space, or cost 
considerations. 


Résumé—Les équations différentielles qui decrivent la distribution de température 4 l'état 
régulier dans un élément thermoélectrique ayant un transfert convectif de chaleur de sa surface 
longitudinale sont présentées et résolues par des méthodes analytiques. Les solutions analytiques a 
bornes fermées sont appliquées 4 un générateur thermoélectrique d’un élément pour déterminer 
l’effet du transfert de chaleur de surface sur la puissance de sortie et le rendement pour une gamme 
de valeurs affectées aux paramétres de transfert de chaleur. 

Les résultats démontrent que dans tous les cas, le transfert de chaleur de surface a augmenté 
la puissance de sortie dans les conditions de charge equilibrée. Dans plusieurs cas, et le rendement 
thermoélectrique et la puissance de sortie ont été augmentés en utilisant le transfert de chaleur de 
surface. On conclut que le transfert de chaleur de surface peut étre trés utile dans plusieurs applica- 
tions, surtout quand la puissance de sortie maximum est de premiére importance, ou dans les cas 
ow la surface de bavure de la jonction froide est fortement restrainte par le poids, l’espace et d’autres 
considérations d’order économique. 


Zusammenfassung—Die Differentialgleichungen, die die Temperaturverteilung im stationaren 
Zustand fiir ein Thermoelement konstanter Eigenschaften und mit konvektiver Warmeiibertragung 
von seiner Oberfliche in Lingerichtung beschreiben, werden aufgestellt und gelést. Die analytischen 
Lésungen werden auf einen thermoelektrischen Generator mit einem Einzelelement angewendet, 
um den Einfluss des Wiarmeverlustes von der Oberflache auf die Energieausbeute und Leistung 
innerhalb eines gewissen Wertebereiches der Warmeiibertragungs-Parameter zu bestimmen. 

Es ergibt sich in allen Fallen, dass der Warmeverlust von der Oberflache die Energieausbeute, bei 
Anpassung der Last (Widerstand des Thermoelements = Lastwiderstand) erhéhte; in vielen 
Fillen wurden sowohl Energieausbeute als auch die Warmeleistung durch die Verwendung der 
Wirmeiibertragung von der Oberfliche erhédht. Man kommt zu der Schlussfolgerung, dass 
Wirmeverlust von der Oberfliche in vielen Anwendungen von Nutzen sein kann, insbesondere in 
den Fallen, wo eine maximale Energieausbeute von grésster Wichtigkeit ist, oder in Fallen, wo fiir die 
Oberfliche der Rippen an der kalten Létstelle in Bezug auf Gewicht, Raumverhiltnisse oder 
Kosten Beschrainkungen bestehen. 


INTRODUCTION for the direct conversion of thermal energy to 

THE use of semiconductor thermoelectric devices electrical energy has recently become practical 
*Present address: Dept. of Mathematics, United ' Many specialized applications, but the relatively 
States Air Force Academy, Colorado. high first cost and low thermal efficiency of these 
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devices makes them as yet impractical for many 
applications. Improvements in performance can 
be gained as better materials are developed and as 
present design practices are improved, so that the 
maximum potential can be realized from available 
materials. This analysis is an attempt to determine 
if a better design can be achieved through the use 
of direct heat transfer between the thermoelement 
and its environment. 

Surface heat transfer, i.e. heat transfer from the 
longitudinal surface of a thermoelement, has 
generally been considered undesirable under any 
condition of operation, but its actual effect upon 
the performance of a thermoelectric device has 
never been fully investigated. Previous analyses 
of thermoelectric devices which have been con- 
cerned primarily with performance optimization 
have assumed that the longitudinal surface is 
adiabatic, and, therefore, that all energy transfers 
between the thermoelement and its surroundings 
take place across the radial surfaces at the ends of 
the element. For example, the analyses of 
ALTENKIRCH™), GetHorr et al.), Iorre®) and 
Boerpijk™ have all assumed that the longitudinal 
surface of the element is adiabatic. 

Analyses by HarRMAN ef al.®), and KaGANov 
et al.‘6) have included surface heat transfer from a 
thermoelement to its environment. However, 
these analyses are concerned primarily with the 
determination of a theoretical basis for the accurate 
measurement of the thermoelectric properties 
of the thermoelement. The results of these analyses 
do not indicate what effect the surface heat transfer 
has upon the performance of a useful thermo- 
electric device. 

A recent analysis by Branpt') did consider 
the effect of radiation heat transfer from the 
longitudinal surface upon the performance of a 
thermoelement used for power generation. The 
differential equation for the model which Brandt 
studied was nonlinear and an analytical solution 
was not determined. However, by .numerical 
analysis he determined the effect of the surface 
heat transfer upon the thermal efficiency for one 
set of conditions and found for this case that the 
radiation heat transfer significantly lowered the 
thermal efficiency. 

The object of the present analysis is to determine 
the effect of surface heat transfer upon the 
performance of a thermoelement used as a power 


generator.* For the model studied, analytical 
expressions can be obtained for the power output 
and the thermal efficiency. These analytic ex- 
pressions are useful for studying the effects of 
surface heat transfer upon the performance of a 
thermoelement. 


THE PHYSICAL SYSTEM AND ITS MATHE- 
MATICAL MODEL 
The physical system considered in this analysis is 
a single-element thermoelectric power generator 
with a fixed hot-junction temperature Ty and a 
fixed environment temperature 7. The system is 
shown schematically in Fig. 1. Surface heat transfer 
is assumed to take place by convection, but 
radiation heat transfer could also be treated in this 
linear form with the methods discussed by 
CaRSLAW and Jagcer'). The surface of the arm 
between x = 0 and x =a is assumed to be 
perfectly insulated; the surface of the arm between 
x = aand x = L transfers heat by convection so 
that the heat loss dQ is given by 


dO = hp(T—Tx) dx (1) 


where p is the perimeter of the thermoelement 
and TJ is the temperature at any position x. The 
heat-transfer coefficient h is constant in the 
regiona < x < L. The surface area of the element 
exposed to convection varies from zero, when 
a = L, to the entire surface area of the element 
when a = 0. In addition it is assumed that the 
cross-sectional area A, the Seebeck coefficient S, 
the (isothermal) electrical resistivity p, and the 
thermal conductivity (for zero electrical current) 
K of the thermoelement are constant. It is also 
assumed that the electrical leads which complete 
the circuit have zero thermal conductivity, 
Seebeck coefficient and electrical resistivity. If 
the temperature variations in the radial direction 
are assumed to be small compared with variations 
in the axial direction, the differential equations 
for the steady-state temperature distribution in the 
thermoelement are 


d2 
KA +Ip/A=0,0<x<a (2) 
ax? 


* The effect of surface heat transfer on the perform- 
ance of a thermoelement used as a Peltier heat pump is 
currently under investigation. 
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and made at the cold junction in order to determine 
Tc. Neglecting the effects of thermal and electrical 
contact resistances, an energy balance at the cold 
junction results in the expression 


IN 


= 0, a < 
ax- 


, T2 
In equation (3), the first term results from heat —~KA 


conduction in the element; the second term, dx |r=r 


+ISTc = hyAd{Tc—Tz) (5) 


L__INSULATED 
SECTION 


ISOTHERMAL FIN 


THERMOELEMENT 
ISOTHERMAL TEMPERATURE | 
HEAT SOURCE ONVECTIVELY 
AT TEMPERATURE COOLED 
SECTION 


TH 


-x=0 x=a 


ENVIRONMENT Te 


Fic. 1. Single-element thermoelectric generator. 


convective heat transfer from the element; and where the entire surface area of the fin, Ay, is 
the third term, Joulean heat produced in the assumed to remain at the temperature Tc. The 
element. These two differential equations are first term is the heat conduction from the element, 


subject to the following boundary conditions the second is the Peltier heat liberated at the cold 
4 junction, and the sum of these must be equal 

Ti(0) = Tu (4a) ‘to the heat transferred by convection from the 

Ti(a) = To(a) = Ta (4b) fin to the environment. Note that the fin heat- 


transfer coefficient Ay need not have the same 


FAL) = Ze (4c) value as the element heat-transfer coefficient h. 
aT dT2 Equations (2) and (3) with boundary conditions 
Y aaer 7 (4d) (4) and (5) are sufficient to solve for the two 

dx dx z=a 


unknown temperature distributions, 7; and Toe. 
Since the cold-junction temperature Tg is not In order to reduce the number of parameters, 
prescribed directly, a> energy balance must be equations (2) to (5) will be put into dimensionless 
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form. Let the dimensionless temperature @ be 
defined as 


= Tz) (6) 


the dimensionless position variable u be defined 
as 
xf ApL2 71/2 
“= — P | (7) 
KA 
and the dimensionless current Y be defined as 


Y = ISL/KAuz (8) 


where uz is u evaluated at x = L. Substitution of 
these dimensionless quantities into equations (2) 
to (5) transforms them to 


du 


du2 


+¥%=0,0<u<u (9) 


—0.+ = 0, ua <u < Uy (10) 


ug$ce¥[1— tanh U]— tanh U—[Y?au, tanh U][$uq— tanh'U/2] 


and where Z is the figure of merit of the material. 
The solution of equation (9) subject to boundary 
conditions (11a, b) is 

6;(u) = 1+ 


Ua 


+4uq 
(14) 
The solution of equation (10) subject to boundary 
conditions (11b, c) is 
62(u) = Y2a+[0c— Y2x] exp(u—uz) 
64 — Y2a(1—e”) 
sinh U 


sinh (u—uz) 
(15) 
where 
U = ug—uy, = uz[(a/L)—1] (16) 


Applying boundary condition (11d) to equations 
(14) and (15) and solving for the temperature at 
x = 4, 


a= 


Ua 


(17) 


— tanh U 


| Solving equations (12), (15) and (17) for the temperature at the cold junction, 


Y2a[wa(4$uvq— tanh U/2) sech U—(ua— tanh U) tanh U/2]+ Y¢(wa— tanh U)+ sech U 


Cc 


(1— ¥+Hy/uz)(wa— tanh U)+e¥(1—1a) sech U 


6,(0) = 1 (11a) 
91(ua) = = (11b) 
= Oc (11c) 

(11d) 


du \u-u, du \u-u, 


(12) 
where «, ¢ and H; are defined as 
pK 1 
ATu—Ts) 


(13a) 
= (13b) 
Hy = hyAyL|KA (13c) 


(18) 


Equations (14), (15), (17) and (18) can be used 
to compute the temperature distribution in the 
element for any values of the dimensionless 
parameters «, uz, Hy, and Y. 


DETERMINATION OF PERFORMANCE 
CRITERIA 


There are two performance criteria which are of 
importance for a power generator. These are the 
power delivered to load and the thermal efficiency. 
The power output for a generator can be expressed 
as 

P=fFR (19) 
where R is the resistance of the load. In this 
analysis it is assumed that the load resistance is 
equal to the resistance of the thermoelement 
which gives the expression 


P= (20) 
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This condition, which will be referred to as 
matched load condition, will give the maximum 
power output only for the case when Hf is infinite, 
i.e. when the cold-junction temperature is in- 
dependent of the current. If H; is finite the condi- 
tion of maximum power output does not occur 
when the load resistance is equal to the resistance 
of the thermoelement. The determination of a 
general expression for the true maximum power 
output presents some analytical difficulties, but 
numerical calculations have shown that the 
difference between the true maximum power 
output and the power output under matched load 
conditions is small. For the values of parameters 
used in this analysis the difference is about 0-1 
per cent of Pmax at Hy equal to 13, 0-3 per cent of 
Pax for Hy equal to 5, and 7 per cent of Pmax for 
H; equal to ;2;. The thermal efficiency is defined as 
the ratio of useful work to the energy leaving the 
heat source. Thus, 


The numerator is the electrical power consumed 
within the device which under matched load 
conditions is equal to the power output. The first 
term in the denominator is the heat removed 
from the hot junction due to conduction through 
the thermoelement, and the second term is the 
amount of heat removed from the hot junction due 
to the Peltier effect. 

Expressing equations (20) and (21) in non- 
dimensional form, 


P* = You;? (22) 
and 
Yau? 
+ Yuz(d+1) 
du \u-0 


where P* is the dimensionless power output 
defined by the relation 
PL 
KA(Txy— Tez) 


P* 


Note that the temperature gradient in the de- 
nominator of equation (23) is evaluated from 
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equation (15) if uq = 0 and from equation (14) 
if uq > 0. 

If the load resistance is equal to the resistance 
of the thermoelement, then 


48(TH—Tc) = IpL/A (24) 
which in dimensionless form becomes 
4(1—6c) = up Yu (25) 


Solving equations (18) and (25), the current Y 
under matched load conditions is 


— 


Y= oF (26a) 
where 
E = a[(uqa— tanh U)(2u,+ tanh U/2) 
—Uq(4uq— tanh U/2) sech U] (26b) 


F = —(uq— tanh 


U (26c) 
G = (uq— tanh U)(1+ H;/uz) 
—[1+ e4(uq—1)]sech U (26d) 


The negative value of the square root is used 
because it yields the solution for a practical power 
generator. The positive root yields a very large 
value of current which causes the absolute tem- 
perature of the cold junction to be negative. It is 
obvious that this condition is physically impossible. 
The smallest possible value of @¢ is zero. This 
condition exists when To = Tg. Under this 
condition of operation the current Y will be a 

maximum and will have a value 
Ymax = 0°5/auy, (27) 


The corresponding maximum power output will 
be 


= 0-25/a (28) 


The maximum thermal efficiency emax for matched 
load occurs when the element is completely 
insulated (a/L = 1) and when @¢ = 0. Under 
these conditions 


1 
4x—0-5+42(¢+1) 


(29) 


€max 


| 
| 
| PpL/A 
dT 
—KA—| +4+I1STy 
dx \r-0 
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RESULTS 

Equations (14) to (18), (22), (23), (25) and (26) 
can be used to determine the temperature distribu- 
tion in the element @(u), the power output P* 
and the thermal efficiency e, under varying condi- 
tions of surface heat transfer. Because of the 
complexity of the expressions for P* and e, it is 
not possible to determine by simple comparisons 
what effect a change in surface heat transfer has 
upon the performance of the generator. 

In order to determine the effect of surface heat 
transfer on P* and e, specific values will be 
substituted for the parameters. The values of the 
physical constants used to calculate these para- 
meters are taken from BraANpT ); these values 
are 


p=1-92cm 
p = QO-cm L = 2:54 cm 
K = 14x 10-°W/cm°K Ty = 812° K 
A = 0-292 cm? Te = 300°K 


These values resulted in the following values for 
a and @: « = 2-051 and ¢ = 0-586. 

Two values were used for the convective heat- 
transfer coefficient h. These are h = 11-3 x 10-4 
W/cm?° K which is the value used by BRANDT 
and which corresponds to a heat-transfer co- 
efficient for natural convection, and h = 56:8 x 
10-4 W/cm? ° K which corresponds to a value of 
heat-transfer coefficient for forced convection with 
air. These two values of h, together with the 
properties of the material and the geometric 
dimensions, yield 


uy = 1°85 for h = 113x104 
uz = 4-148 for = 56°8x 10-4 


The quantity a/L varied from 0, when the 
surface of the arm is completely insulated, to 1, 
when heat transfer takes place over the entire 
surface of the arm. The range of Hy was 0-15. 
The value 0 indicates that the radial surface at 
the end of the element is insulated; the value of 
15 corresponds to the condition of very low thermal 
resistance across the fin. It is important to note 
that all calculations were made assuming that the 
entire fin surface is at the temperature T¢ which 
occurs only if the thermal conductivity of the fin 
is extremely large. 
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Under these conditions, 0(u), P* and ¢« were 
computed from the analytical expressions which 
have been presented. The results of these com- 
putations are shown graphically in Figs. 2-7. 


DISCUSSION OF THE RESULTS 
Figure 2 shows how convection along the 
surface affects the temperature distribution under 
matched load conditions and for one particular 
set of values for the other parameters. 


He =1.85 
= 1.85 
a=2.05l 
$ = 0.586 
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Fic. 2, Temperature distribution for matched load 
conditions. 


Figure 3 indicates the effect of surface heat 
transfer on the power output of the generator 
over a range of values for Hy. The quantity Hy can 
be physically interpreted as the heat conductance 
of the fin; Hy is proportional to the surface area 
of the fin. This plot indicates that, for any given 
value of Hy, the power output is always increased 
as the surface area of the element exposed to the 
environment is increased. From Fig. 2 it can be 
seen that convection along the surface of the 
element causes 7'¢ to decrease. Since the voltage 
generated by the Seebeck effect is proportional 
to (Tq—Tc), this will result in an increase in 
power output of the generator. 

It is interesting to note from Fig. 3 that removing 
one half the insulation (a/Z = 0-5) in most cases 
results in an increase in power output equal to 
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insulation. The real 
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about 80 per cent of the total increase in power 
output that could be gained by removing all the 
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that in this plot the a/Z = 0-5 line lies close to 
the a/L = 1-0 line. This means that, by removing 
half the insulation from the arm, about 80 per 


significance of this fact can 
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Fic. 3, Power output vs. heat conductance of the cold-junction fin 


2 =|.0 (ELEMENT FULLY 
L L INSULATED) 
x 
4 oe === 
> ~‘:08 
2.05 
> 0.75) 
L 0.3 
950 
(ELEMENT NOT 
“max = 0.0919 INSULATED) 
5 
=1.85 
= o25 
a=2.05l 
¢ = 0.586 
l 
% 5 0 5 


be seen in Fig. 4 which is a plot of the thermal 


Figure 4 shows that the thermal efficiency may 
either increase or decrease as a/L decreases. Note 


DIMENSIONLESS HEAT CONDUCTANCE OF COLD JUNCTION FIN, He 


for various values of a/L. 


DIMENSIONLESS HEAT CONDUCTANCE OF COLD JUNCTION FIN, He 


Fic. 4. Efficiency vs. heat conductance of the cold-junction fin 
for various values of a/L. 


cent of the maximum gain in power output can 
be achieved with only a comparatively slight loss 
of thermal efficiency. Fig. 4 also shows that if 
Hy = 4:25, the efficiencies for a/Z = 1-0 and 
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a/L = 0-5 are equal. At the same value of Hy, 
Fig. 3 shows that the element with a/L = 0-5 
is producing about 30 per cent more power than 
the element with a/Z = 1-0. Thus, at this value 
of Hy, removing insulation from half of the 
element would increase the power output by 30 
per cent without reducing the thermal efficiency. 

It can also be seen from Fig. 4 that Hy must be 
quite large before a completely insulated element 
will have a greater efficiency than one that is cooled 
along its surface. In the case shown Hy must be 
greater than 12 before the efficiency of the com- 
pletely insulated element exceeds the efficiency 
of the convectively cooled elements. For Hy lower 
than 12, more power output and an increase in 
thermal efficiency can be gained by removing 
some portion of the insulation from the element. 
The exact value of a/Z which will give the highest 
efficiency under matched load conditions for any 
value of the parameters can be computed from 
equation (23). 

Figure 5 is a plot of thermal efficiency for 
matched load conditions vs. a/L for various values 
of Hy. It can be seen that the value of a/L which 
gives the maximum efficiency for Hy = 0 is near 
a/I = 0-5 and that as H; increases this value moves 
toward a/Z = 1-0. Thus, for large values of Hy, 
the maximum efficiency occurs if the element is 
completely insulated. Regardless of the value of 
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H;, the maximum power output occurs if the 
element is convectively cooled over its entire 
surface. 

Figures 6 and 7 show the effect of uz on the 
power output and thermal efficiency respectively. 
It can be seen that the performance of the insulated 
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Fic. 5. Efficiency vs. fraction of thermoelement insulated 
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Fic. 6. Power output vs. heat conductance of the cold-junction fin 
for various values of uz and a/L. 
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thermoelement does not depend on uy. Fig. 6 
indicates that raising the value of uz makes surface 
heat transfer more advantageous from the power- 
output viewpoint; Fig. 7 shows that a higher 
value of uz, degradates the thermal efficiency for 
a thermoelement with surface heat transfer. 
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reduction in fin area or the number of elements 
could result in a considerable savings in the over-all 
weight and size of the device. 

Few designs are based completely on either 
maximum power output or on thermal efficiency, 
but rather on some combination of these factors. 
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For any other values of « and 4, curves such as 
those shown on Figs. 6 and 7 can be constructed 
by using equations (22), (23) and (26). These 
curves can then be used to indicate how much 
fin surface area and surface heat transfer should 
be used for any given design. 


CONCLUSIONS 

The results that have been presented indicate 
that surface heat transfer appears to be a useful 
mechanism for increasing the power output of a 
thermoelectric power generator under any condi- 
tion of operation. The results further indicate 
that in many cases both the power output and the 
thermal efficiency can be increased by the use of 
this mechanism. 

By using convective heat transfer along the 
surface of the thermoelements in a multi-element 
generator, a given power output could be achieved 
with less total fin area at the cold junction or by 
using fewer elements in the generator. This 


DIMENSIONLESS HEAT CONDUCTANCE OF COLD JUNCTION FIN, H¢ 


Efficiency vs. heat conductance of the cold-junction 
fin for various values of uz and a/L. 


The analytic expressions presented can be used 
to determine the amount of surface heat transfer 
that is most beneficial for a particular application. 
The conclusion can be drawn that surface heat 
transfer will be most beneficial in applications 
where maximum power output is of primary 
importance, or in applications where there are 
severe restrictions upon the allowable cold-junction 
fin system resulting from weight, space or cost 
considerations. 
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Abstract—Simple admittance parameters, which are valid for a limited frequency range, can 
describe high-frequency transistors relatively well. This is possible since the actual cutoff frequency 
is much lower than the cutoff frequency arising from the base transport. Two charges play the 
dominant role in determining the admittances: the stored charge, and the portion of it reclaimable 
through the emitter during discharge. For a constant built-in field in the base region the treatment 
is so simple that the admittance parameters can he written down by inspection. It is shown that the 
ratio of the transfer admittances is a real number for any transistor and all frequencies. This constant 
is determined in general for an arbitrary impurity distribution. The diffusion capacitances are 
discussed as well as practical problems associated with their measurement. 


Résumé—Des simples paramétres d’admittance qui sont valables pour une gamme d’admittance 
limitée peuvent relativement bien décrire les transistors 4 haute frequence. Ceci est possible grace au 
fait que la fréquence de coupure actuelle est beaucoup plus inférieure a la fréquence de coupure due 
au transport de base. Deux charges jouent un réle prépondérant pour déterminer les admittances ; 
la charge emmagasinée, et une portion de celleci qui est récupérée a travers l’émetteur durant la 
décharge. Pour une constante de champ fixé dans la région de base, |’analyse est si simple que les 
paramétres d’admittance peuvent étre obtenus par observation. 

Il est démontré que le rapport des admittances de transfert est un nombre réel pour un transistor 
& toutes les fréquences. Cette constante est determinée en général par une distribution arbitraire 


d’impuretés. 
On traite aussi des capacités de diffusion et des problémes pratiques associés aux mesures de ces 


derniéres. 


Zusammenfassung—Hochfrequenz-Transistoren lassen sich durch einfache, in einem beschrank- 
ten Frequenzbereich giiltige Scheinleitwert-Parameter recht gut beschreiben. Dies ist méglich, 
weil die tatsaichliche Grenzfrequenz viel niedriger ist als die durch den Transport in der Basiszone 
entstehende Grenzfrequenz. Zwei Ladungen sind fiir die Bestimmung der Scheinleitwerte 
entscheidend: die gespeicherte Ladung und der Anteil dieser Ladung, der wahrend der Entladung 
vom Emitter zuriickgewonnen werden kann. Bei konstantem Feld in der Basiszone ist die 
Berechnung so einfach, dass die Scheinleitwert-Parameter unmittelbar gefunden werden kénnen. 

Es wird gezeigt, dass das Verhiltnis der Ubertragungsscheinleitwerte bei jedem Transistor und 
bei allen Frequenzen eine reelle Zahl ist. Diese Konstante wird allgemein fiir eine willkiirliche 
Stdrstellenverteilung bestimmt. 

Dann folgt eine Erérterung der Diffusions-Kapazititen und der mit ihrer Messung verbundenen 
praktischen Probleme. 


1. INTRODUCTION by charge control, which applies for a limited 
THE admittance parameters describing junction- frequency range, but greatly simplifies the 
transistor behavior for high frequencies have been treatment. The following argument based on 
calculated by SHockLey™) for diffusion transistors currents and charges makes possible an extremely 
and by Krémer®) for drift transistors. The simple treatment, including the drift transistor. 
solutions lead to hyperbolic forms containing In today’s high-frequency transistors, a limited 
complex arguments and are difficult to handle. frequency range is sufficient to describe transistor 
Beauroy and Sparkes’) introduced an analysis behavior. To emphasize this point let us consider, 
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for example, that the actual «-cutoff frequency of 
a transistor is) 


1 1 1 2 


The frequency fe, is the 2-cutoff frequency of 
the “ideal” transistor, fe is a cutoff frequency 
controlled by the emitter space-charge capacitance, 
and f, is a cutoff frequency determined by the 
collector space-charge capacitance and the base 
resistance. These three frequencies result in the 
actual cutoff frequency of the transistor, fc,. For 
today’s high-frequency transistors the “‘ideal” 
cutoff frequency is in the kilomegacycle range, 
while the actual cutoff usually occurs in the 
hundred megacycle range. This difference by an 
order of magnitude means that such transistors 
are operated well below the ideal cutoff. This, 
in turn, allows us to describe the ideal transistor 
by parameters which apply only for a limited 
range of frequencies. 

The parameters of the ideal transistor will be 
calculated first, to which the space-charge capacit- 
ances and the base resistance can then be added. 
An exponential impurity distribution describes a 
diffused base region quite well, and its constant 
field results in an extremely simple treatment. 


2. NOTATION 

junction area (cm?) 

collector space-charge capacitance (F) 

input diffusion capacitance in common emitter 
(F) 

collector diffusion capacitance (F) 

emitter diffusion capacitance (F) 

emitter space-charge capacitance (F) 

input capacitance measured in common emitter 
(F) 

diffusion constant of holes (cm?/sec) 

diffusion constant of electrons (cm?/sec) 

built-in field in the base (V/cm) 

collector current (A) 

emitter current (A) 

d.c. emitter current (A) 

electron current (A) 

hole current (A) 

emitter discharge current (holes) (A) 

/—-1 

Boltzmann constant (V —C/°K) 

ratio of transfer admittance (dimensionless) 

electron concentration (cm~%) 

impurity concentration (cm~%) 

impurity concentration at the emitter (cm~%) 

impurity concentration at W (cm~-%) 
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hole concentration (cm~*) 

hole concentration at the emitter (cm~%) 

electronic charge (C) 

charge reclaimable through the emitter (C) 

same as Qe with an opposite field (C) 

charge involved in inductive effects (C) 

charge stored in the base (C) 

temperature (°K) 

collector voltage (V) 

emitter voltage (V) 

emitter d.c. voltage (V) 

basewidth (cm) 

1/e length of the exponential (cm) 

input admittance (22-1) 

forward transfer admittance (Q-!) 

reverse transfer admittance (Q-1) 

output admittance (2-1) 

common-base current gain (dimensionless) 

low-frequency common-base current gain (di- 
mensionless) 

common-emitter current gain (dimensionless) 

low-frequency current gain = ao/(1—«) (di- 
mensionless) 

normalized built-in field (dimensionless) 

mobility of holes (cm?/V-sec) 

mobility of electrons (cm?/V-sec) 

base transit time (sec) 

angular frequency (sec~) 


3. THE STORED CHARGE 
The junction transistor is represented schematic- 
ally in Fig. 1. The impurity distribution, N(x), in 
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1. Schematic representation of the junction 
transistor. 


the base region between the emitter and collector 
space-charge boundaries is taken to be exponential. 
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N(x) = Ng exp(—x/xo) = Ng exp(—7x/W) 
(1) 


where Ng is the concentration of impurities at the 
emitter space-charge boundary and W is the base- 
width between space charge boundaries. The 
symbol 7 is introduced for convenience, and from 


(1) it is 


(2) 


n is a measure of the built-in field in the base 
region, as is shown in Appendix I. Apparently 
n = 0 is the case of a diffusion transistor with no 
built-in field. For drift transistors » is in the 
range 3-8. 

If we consider a p-n-p transistor for con- 
venience, the holes injected through the emitter 
barrier represent a constant current across the 
base. Today’s transistors have narrow base regions, 
and recombination in the base is_ therefore 
negligible. The current at every point is the sum 
of the diffusion and drift currents. 


Ip = 


—gADp' +9AD—p (3) 


where the field expression in Appendix I was 
utilized, and the prime refers to differentiation 
with respect to x. 

Solving (3) for p, with the boundary condition 
p = 0 at x = W, we obtain 
IpW 1— exp[—7(1—«/W)] 


x) = — 
p(x) 


(4) 
This distribution is plotted in Fig. 2. 

The stored charge in the base region is obtained 
by integrating (4) from x = Oto x = W. 


IpW2 exp(—7) 
2 


Os; = gA [ pax = 


0 


7 
(5) 


4. ADMITTANCES 


The admittance parameters of the transistor 


are determined by the variation of the stored charge 
by the emitter and collector voltages. The four-pole 
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admittance definitions are shown in Fig. 3 for 
reference. 
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Fic. 2. Normalized hole distribution in the base of a 
p-n-p transistor. As the field is increased holes are 
swept away from the emitter. 
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Fic. 3. Four-pole (two-port) admittance parameter 
definitions. 


A general relationship between two of the 
admittance parameters can be found promptly. 
If the collector were replaced by an ohmic contact 
there would be no change in the hole distribution, 
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(4), since the ohmic contact provides the same 
boundary condition. 

It is apparent that, without the collector space- 
charge region, no gain in energy would be available. 
Because we would then have a passive device, 
the forward and reverse transfer admittances 
would be equal, y21 = yiz. This holds for all 
passive networks. The gain must arise because 
of the collector space-charge region. In the 
common base configuration it just happens that 
the ‘‘passive” base and “‘active’’ collector regions 
form a “‘chain’’, (Fig. 1). If the voltage gain due 
to the collector space-charge layer is denoted 
by Ke, we must have 


= (6) 


which occurs when a voltage amplifier is in chain 
with a passive network. This simple relationship 
applies to all transistors at all frequencies.+ Ke is 
calculated in Appendix IV. 

There is another important facet of (6) which 
will be useful. Let us write (6) in the differential 
form resulting from the definitions of yi2z and 


eV, 
Ke 


av.-0 Ole 


aV,=0 


(7) 


av.-0 OLpelav,-0 


We could replace Ig by Ie, since the collector 
current is a hole current. On the other hand J, 
could be replaced by Jpe, since the constant 
emitter voltage allows no change in the electron 
current. 

Now, consider that K; is real (since the transit 
time through the space charge is short) and that 


+ While the above argument may seem rather super- 
ficial, its validity is supported by the following: (a) 
ZAWELS™) has shown that a Ke amplifier can be used in 
the equivalent circuit of a diffusion transistor; (b) if 
KROMER’s admittances(2) are examined it is found that 
the ratio in (6) is obtained as (IV.8) in Appendix IV; (c) 
it can be shown(®) in general that the minority-carrier 
flow in the base is analogous to a current flow in a 
distributed passive RC network; (d) if calculation of the 
admittances is made‘®) by separating the passive base 
and the Ke amplifier for an exponential impurity 
distribution, KROEMER’s'?) results are obtained. 
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the currents in (7) are the complex dependent 
variables. In order that K, be real it must happen 
that Ipe = Ip¢e for all frequencies in (7). Then we 
have a general relationship between the short- 
circuit voltage operators 


d d 


(8) 


Equipped with (6) and (7), we can easily calculate 
the admittances. Let us first determine the input 
admittance, yi1z. The emitter current is the sum 
of two currents (time invariant and time de- 
pendent). The former is the sum of the d.c. hole 
and electron currents, i.e. the d.c. emitter current. 


x 


Fic. 4. The change of the hole distribution from one 

steady state to another for a — dV. change in the emitter 

voltage. The portions of the extra charge leaving in 
each direction are shown. 


The time-dependent current is the time derivative 
of a charge. This charge, denoted Qz, is the part 
of Q; reclaimable through the emitter lead when 
the emitter voltage is dropped to zero. QO, is derived 
in Appendix II. This is the only additional charge 
which need be calculated in order to obtain the 
admittances. Fig. 4 shows the variation in the 
stored charge for a change in the emitter voltage. 
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From the above argument we can write the 
emitter current as 
dQe 
I, = In+ —— = Ipt+jwQe (9) 
at 
The current through a retarding barrier follows 
the relation 


(10) 


where a is determined by the injection efficiency 
and surface recombinations, and Ag is a pro- 
portionality constant. 

The input admittance is now obtained from its 
definition, using (9) and (10), 


Ip = = Ao exp(qV e/kT) 


Cle q 
y = ——(Ip+jwO 
(11) 


The other three admittances can be obtained 
easily. First consider the forward transfer admitt- 
ance, yaip. The time-independent component of 
the current is —/, = —«olg, where the negative 
sign arises from the definition of the output- 
current direction in Fig. 3. The time-dependent 
component of the current must arise from the 
charge leaving through the collector, i.e. O;— Qe. 
We can write yoigz as 

el, 
= — 


q 

= ——[- «lz +jo(Qs— Qe)] 

dV .=0 k7 

(12) 

The reverse transfer admittance, yi2z, is im- 
mediately obtained from (12) using (6). 

= — —| — etja(Us— 
OVelav,-0 Ke kT — 
(13) 


The remaining output admittance, y22z, employs a 
current with a time-independent portion J» = ao/g. 
The time-dependent portion arises from a charge 
Ovcr. Qer differs from Q, only in that the sign of 7 
is opposite, i.e. the direction of the field is reversed 
when looking into the collector instead of the 
emitter. Using (8), we may write 
él, 1 gq 
— = — —(a9lp +jwOQer) 
Ke kT 
(14) 


¥12B = 


y22B = 


\lav,-0 
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We have derived yoeg by inspection, but the 
validity of using Qer is shown in Appendix III. 

The admittances have thus far been written in 
terms of K-, Qs and Q, in order to allow insight 
into the origins of the admittances. Qs is given in 
(5), an analytical form for Q, has been found in 
Appendix II, and K, is derived in Appendix IV. 
By using these expressions the admittances can 
be written in terms of the built-in field. Table 1 
lists the admittances in general form separated 
simply into real and imaginary components. The 
simplified expressions for zero field (diffusion 
transistor), and higher aiding fields (drift 
transistor), are also given in the Table. The results 
for the diffusion transistor agree with GIAco- 
LeTTO"), The expressions given in the Table are 
valid as long as 


D 


TB Os; W2 »—1+ exp(—7) 
(15) 
where 7g is the transit time of holes across the 
base region. In today’s drift transistors, tg can be 
as small as 0-5 my sec. For such a transistor the 
admittance expressions hold for frequencies less 
than 320 Mc/s. It is apparent from our model 
that, when the frequency is comparable to 1/73, 
charging and discharging of the base region is not 
completely accomplished during a cycle of the 
applied voltage. 
The following Table contains an interesting 
property of the admittances. Only four of the 
admittance components depend on the direction 


of the field. 


V11B indep | dep. 
V12B dep. | dep. 
V21B indep |  indep 
y22B dep. |  indep 


An actual transistor has additional components 
which were not taken into account in the admitt- 
ances listed in Table 1. Fig. 5 shows the ideal 
transistor, commonly called “‘intrinsic’’, plus the 
emitter space-charge capacitance Cz, the collector 
space-charge capacitance C; and the base resistance 
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ry. In order to obtain a completely descriptive set 
of parameters, these additional elements must be 
combined with the intrinsic admittances already 
derived. Inclusion of the two capacitances is very 
simple; jwCg should be added to yiiz, and 
to yaen. When these two steps are done only the 
base resistance remains. 


INTRINSIC 


B 
Fic. 5. The base resistance appears in series with the 
base lead. The junction capacitances shunt the emitter 
and collector diodes. 


The admittance parameters completely define 
the transistor for small-signal operation. Any other 
four-pole parameter for any configuration can be 
obtained from these four admittances. For 
example, the current gain « is obtained from (11) 
and (12) for low frequencies as 


Y21B 
Ip 


(16) 


The phase shift of « beginning at low frequencies 
is due to the stored charge. 

Whereas the common base configuration allows 
us to use a simple method for finding the ad- 
mittances, are often used in the 
common-emitter configuration. Transformation of 
the admittances from common-base to common- 
emitter is quite simple. 


transistors 


= 
= —V21B—322B 


(17) 


= V12B—322B 


Yo2E = V22B 
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Note that yjeg and yoeg are proportional to 
dW/dV ¢, or to 1/Ke. Since this multiplier is quite 
small in practical transistors, these terms can often 
be neglected when they appear additive to yy1, 
or This is the case for and The 
current gain in common-emitter is 


Y21E 


YUE 
(18) 


Apparently, the commonly used «/(l—«) ex- 
pression for 8 is not exact. However, the additional 
terms in (18) are proportional to dW/dV, as was 
just mentioned above. Therefore, in most cases 
these terms can be neglected. Then, for low 
frequencies (18) leads to 


(19) 


As can be seen, the phase shift of 8 beginning at 
low frequencies is larger than the phase shift of « 
by the factor Bo. If one combines the junction 
capacitances with the admittance expressions in 
Table 1, a fairly accurate frequency dependence 
is obtained. (The base resistance plays no role in 


B.) 


5. DIFFUSION CAPACITANCES 

In general, a diffusion capacitance results from 
a variation of the stored charge caused by a 
variation of an applied voltage. It is customary 
to speak of emitter and collector diffusion 
capacitances. These capacitances are defined in 
the common base configuration with the remaining 
terminal shorted to the base. These definitions 
happen to coincide with the definitions of yz 
and yoez. The emitter diffusion capacitance is 
therefore 


qVe 
dVelav-o kT 
W2 1-e-» (sinh 


Coz = 


xO 
cosh 


(20) 


This capacitance is plotted in normalized form as a 
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function of » in Fig. 6. We find for a homo- 
geneously doped base region, (y = 0), 


21 
iff.) = — 
kT 3D (1) 


If  islarge (y ~ 5), (20) reduces to the approxima- 
tion given by KROMER®). 


(22) 


This approximation does not cover the whole 
practical range of drift transistors. The imaginary 
part of y1z, as given in Table 1 for » > 3, applies 
for drift transistors. 
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Fic. 6. The emitter diffusion capacitance as a function 

of the constant built-in field. 


The collector diffusion capacitance is defined 
as the charge moving reversibly through the 
collector for a variation in the collector voltage. 
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AQer 1 qGQer 


K af 
dW IgW (sinh )/n—1 
D cosh »—1 


(23) 


Cpc is also the imaginary part of yagz. It is plotted 
in a normalized form in Fig. 7. For » = 0, (23) 
reduces to 


24 
lit.) = 
dV, 3D (4) 


For large values of 7, (23) agrees with the approxi- 
mation given by KROMER®) 


dW IpW 25) 
> 


This approximation is also plotted in Fig. 7. The 
collector diffusion capacitance does not depend 
on the direction of the field. Again, an approxima- 
tion for a wider range of 7 is available from Table 1. 

Measurement of diffusion capacitance in 
common base is difficult for several reasons. 
First of all, the parallel resistance, RT/qJz, is 
quite small for moderate currents. Secondly, the 
base resistance introduces an effective inductance 
which overcomes the diffusion capacitance. (‘This 
effective inductance can be calculated from the 
admittances.) Also, at high currents other in- 
ductive effects) appear. 

The diffusion capacitance can supply important 
information about the transistor, and, if it is 
measured in the common-emitter configuration, 
much more relevant data are available. Consider 
that the inductive effect modifies yz in the 
following fashion 


q . 
yus = +jwQ,—jwQi) (26) 


The inductance introduces some negative 
imaginary term, —jwQ;, which lowers Cpg. This 
means less charge leaves through the emitter and 
more through the collector during discharge. 
Therefore, the same term must be added to 


y21B = — aol e+ jo[QOs—Qe]+jwQi) 
(27) 
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Fic. 7. The collector diffusion capacitance as a function 
of the constant built-in field. Note that the collector 
diffusion capacitance is independent of the direction of 


the built-in field. 


Inductive effects do not appear in yz in the 
common-emitter configuration. Ignoring the base 
resistance for the moment, and including the 
junction capacitances, from (17) 

yur = 
Ce) 


= —— | — 
kT \ 1+Bo J JYACE 
(28) 


Another diffusion capacitance Cp is defined 
from viz, which is the total charge divided by the 
thermal voltage. This holds for any transistor. 
It is convenient to use yj1z for measurement since 
inductive effects are not present and the parallel 


resistance is (1+ 89) times larger than in the 
common-base configuration. One can see that (28) 
presents a means of obtaining 7g, an important 
circuit-independent parameter of the transistor, 
(15). Asimple measuring circuit is shown in Fig. 8, 
and a measurement of Cp made ona drift transistor 
is shown in Fig. 9. The measured capacitance is 
Cm Cp+ Ce+ Ce. 

Measurement of Cp allows monitoring the 
stored charge, and therefore 7g. For high current 
levels, the high built-in field in a drift transistor 
will be ‘‘washed out” by the high minority- 
carrier density. Then one would expect that Q, 
would increase faster than linearly with the 
current and that Cp would also. However, in 
all practical cases the measured capacitance will 
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tend to saturate in value owing to the base re- 
sistance. The equivalent circuit for the input ad- 
mittance is shown in Fig. 10. The proportionality 
factor between the measured and actual capacit- 
ances is unity for low currents, because PokT/qlz 
is large. For higher currents the factor is lowered, 
especially because f also deteriorates. Measurement 


SOpF 


TO BRIDGE 
3-3kQ 


Fic. 8. Circuit for measurement of ‘Cm in the common- 
emitter configuration. The bridge provides a bias path 
for the base. 


(Vo=IV,W= 2:04) 


1=3-7 5V,W= |-6#) 


4 6 8 10 
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Fic. 9. A measurement of Cm for a drift transistor at 
two collector voltages. 
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of the high-current behavior is difficult since this 
factor must be taken into account. 


) (Cot Ce+Ce) 

"b 

Fic. 10. The equivalent circuit for the common-emitter 

input admittance. The resistive divider will lower the 
value of Cm for high currents. 
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Fic. 11. A measurement of Cpc for an abrupt-junction 

drift transistor. The extreme increase with current is 

due to “‘compression’’ of the collector space charge at 
low voltages. 


The collector capacitance measured in either 
configuration is Cp¢+C,. One would expect that 
the measured collector capacitance would increase 
linearly with the current. However, as the current 
is increased, the collector space-charge width does 
not remain constant.21) For abrupt collector 
junction, the space charge narrows, giving rise 
to a large increase in Ce, as Fig. 11 shows. 


: 
J 
pki 2 
4 p-n-p 
100,000 T 
ly 
| 
| } | | 
4 70 CAP. ,4 
| 
—2X,= » | 
> a | 
d I, kT | 
| 
| 
| 
| 
| 
ae 30 
2 


LINDMAYER and C. WRIGLEY 


288 


J. 


Apparently the variation of space-charge thickness __ use of (1) in the text for exponential N, 
with current can be monitored well. 7 ; 

Although we have emphasized the diffusion AT N AT Ls 
capacitances because of their practical importance, ‘sl q N Ww” (1.5) 


many other properties of a transistor can be 


described by means of the simple admittance 
parameters determined here. APPENDIX II 
The charges giving rise to a capacitive current by 
being reclaimable through the emitter can be calculated 
Acknowledgements—The authors wish to thank A. from the continuity equation 
SLopopskoy of this laboratory for his assistance, and 
K. ARBENZ for the computation. 
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APPENDI 
x : current should be considered. 
We can obtain an expression for the built-in electric 
field from the electron-current expression. Neglecting Tr a —gADp'(x ~ 0) (11.3) 


the electron current, we can write 


where the R subscript refers to the discharge current 
coming out of the emitter. And, finally, the charge 
reclaimable through the emitter is 


In = 0 = GADgn' + qApnEpn (1.1) 


Utilizing the Einstein relation (D = ukT/q) we can solve 
(1.1) for the field and write 


=] | = 


Space-charge neutrality in the base region requires that 


n—N—p = 0 (1.3) 


Setting (1.3) into (1.2), 


Ey = - : (1.4) It is not convenient to have a summation in the final 

q N+p form. With some mathematical and physical manipula- 
tions, it is possible to find an analytical form. However, 


For not-too-high currents, p << N, and, therefore,making the exact equality could not be proven directly. It was 


) D (11.1) 
cr = 4 
is 
= 
Be 
Ey = 
q n 0 
. 
} 
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found that 


1 (sinh »)/n—1 


(n/2)2 * cosh 
ma + 


mar 


(II.5) 


The summation was computed and the results are 
compared with the analytical form in Table 2. Apparently 
the summation approaches the analytical form proposed, 
and the equality in (II.5) may be assumed to be correct. 
Rewriting the reclaimable charge in (II.4) we obtain 


I,W2 
D 


1—e~” (sinh »)/n—-1 


cosh n—1 (11.6) 


Since we are dealing with a linear system, any arbitrarily 
smaller step in the emitter voltage will simply result in a 
proportionately smaller Q¢; i.e. dQ¢ is proportional to 
dIp, which represents the change in the steady-state 
hole current. 


Table 2* 


Analytical 
form 


Number of 
terms 
computed (7) 


0-16666 
0-14724 
0-11066 
0-08125 
0-06221 
0-04996 


247 
263 
304 
354 
405 
452 


0-16626 
0-14685 
0-11032 
0-08097 
0-06195 
0-04973 


+ Comparison of computed summation and proposed 
analytical form. The computation was stopped when the 
m term was 0-1 per cent or less of the terms already 
collected. 


APPENDIX III 
When the collector voltage is changed, a change in the 
collector space-charge width occurs. When this dW 
change is introduced at the collector, the charge change 
can be obtained by rewriting (4) as 


1— exp[—7(1—«/W)] 


(III.1) 


where fe is the concentration at x = 0 and is constant, 
since the emitter voltage is unchanged due to the 
definition of v2en. Therefore, the charge change is as 
shown qualitatively in Fig. 12. 
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The change in the hole concentration for a dW change 
in basewidth is obtained by differentiating (III.1) with 
respect to W. 

dw 


dp w 


exp[—7(1—x/W)]-—e-” 

1— exp(nx/W) 

er—1 n 


I 
gAD 


(III.2) 


Now, if we invert the x-axis (defining X = W—wx) we 
move the boundary, where we will observe the discharge 
current, to X = 0. 


IpdW 
gAD 


1— exp[n(1—X/W)] 


(III.3) 


The multiplier in (III.3) is constant with respect 
to X. We can now see that (III.3) is similar to (4); the 
only difference is the opposite sign on 7. 


0-002 dQ, 


Fic. 12. For a change in the collector voltage, a dW 

change in the basewidth occurs. The excess charge 

leaves almost entirely through the collector for high 
built-in fields. 


The charge passing through the collector for a dW 
change can be obtained without solving the continuity 
equation again. The only change is in the initial distribu- 
tion of holes, which can be taken into account by using 
the new constant and the opposite sign for 7. The charge 
reclaimable for a dW decrease is 


IpW __ (sinh »)/n-1 
du 


cosh 


dQ, = (III.4) 


“, 
> 
= 4 
‘ 
= 
0 
2 
4 
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According to the formulation of yen, the imaginary 
part must be jwdQ -/dV c. In (14) we found by inspection 
that the imaginary part is jwqQer/K kT. (II1.4) can be 
written in terms of Qer, [invert the sign of 7 in (II.6)], 
and K- (as derived in Appendix IV). The result of 
rewriting is 


dOg 1 qQer 
dVe Ke k 


(III.5) 


which proves the validity of writing (14) by inspection. 


APPENDIX IV 

Since K- is a real number for all transistors at all 
frequencies, it is worthwhile to calculate it in general. 
Inserting the hole current into (8) we can write 


dV. dW 
dW dlp 


(IV.1) 


| 


dV 


While dl,,/dV- is readily available from (10) and dVc/dW 
is a constant of the transistor, d/p)/dW must be cal- 


dW 
kT dW dlp 


culated. 


(IV.2) 


c= 


Let us write the hole current in general, making use of 
the Einstein relation and the field expression in (1.5). 


N’ 
Ip = —GADp'+qApEop = 


(IV.3) 
This is a linear differential equation for p. The general 
solution, with the boundary condition p = 0 at x = W, 
is 
Ww 
Ndx 
Ip x 
(IV.4) 
gAD N 
The concentration of holes at the emitter boundary is 
Ww 
Ndx 
Ip re 
pe = ———_ (IV.5) 
gAD Ne 
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We are looking for dJp/dW with the condition that 
dV. = 0. Then, dpe/dW = 0 must also apply. Differenti- 
ating (IV.5) with respect to W, we find 


0 = tp 
dw 


gADNg dW 
0 


(IV.6) 


w 

dIp 1 

+ | Naw 
dW gADNg J 

0 


or 


(IV.6) 
w 


The numerator can be simplified. The derivative of the 
lower limit is obviously zero. The differential of the 
upper limit is just N(W), i.e. the x-variable in the original 
N-function is replaced by W. Setting this result into 
(IV.2) we have 


Ww 
| Nadx 
=| 
dW\|kT N(W) 


This is the general expression for K-¢ for any transistor. 
Specifically for the exponential impurity distribution, 
(1), we have 


dV, qW 


IV.8 
dW kT » 


c 


K¢ is always a positive large number. dV -/dW should be 
regarded as a positive constant in all the above 


expressions. 


= 
d 
-—— | Ndx 
| 
= 
| Ww 
— | Ndzx 
| dw 
0 

av 
| Ndx 
| 0 
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CHARACTERISTICS OF THE SPACE-CHARGE-LIMITED 
DIELECTRIC DIODE AT VERY HIGH FREQUENCIES* 
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Abstract—The incremental admittance of the space-charge-limited dielectric diode is calculated; 
it is shown that for all frequencies this can be represented as a conductance and susceptance in 
parallel. At very high frequencies, transit time effects reduce the forward conductance to 0-667 of 
the low frequency value and increase the input capacitance to 1-33 of the low frequency value. At 
low frequencies such that transit time effects can be neglected the reverse biased capacitance is 
constant and equal to the geometrical electrode capacitance; the forward biased capacitance is 
constant and equal to 0-75 of the reverse biased capacitance. There are no negative resistance effects 
at any frequency. 

Experimental measurements have been made on space-charge-limited cadmium sulphide diodes 
over the frequency range 50-1000 Mc's. These confirm the theoretical analysis and support the 
physical model used for description of space-charge-limited current in solids. 
Résumé—L’accroissement d’admittance d’une diode diélectrique 4 charge d’espace limitée est 
calculé. On démontre qu’on peut représenter cet accroissement par un circuit comprenant une 
conductance et une susceptance en paralléle. Aux trés hautes fréquences, les effets du parcours 
électronique réduisent la conductance avant 4 0,667 de sa valeur 4 basse fréquence et augmentent 
la capacité d’entrée 4 1,33 de sa valeur a basse fréquence. Aux basses fréquences, les effets du 
parcours électronique peuvent étre ignorés, la capacité polarisée 4 sens inverse est constante et 
égale a la capacité géométrique de |’électrode; la capacité polarisée 4 sens avant est aussi constante 
et égale 4 0,75 de la valeur a sens inverse. A toutes les fréquences, il n’existe pas d’effets de résistance 
négative. 

Des mesures expérimentales ont été prises sur des diodes de sulfure de cadmium 4 charge d’espace 

limitée pour une gamme de fréquences allant de 50 4 1000 M/sc. Celles-ci confirment l’analyse 
théorique et prouve le modéle physique employé pour décrire le courant 4 charge d’espace limitée 
dans les solides. 
Zusammenfassung—Der zusitzliche Scheinwiderstand der dielektrischen Diode mit begrenzter 
Raumladung wird berechnet. Er lisst sich bei allen Frequenzen als Parallelanordnung einer 
Konduktanz und einer Suszeptanz darstellen. Bei sehr hohen Frequenzen reduzieren Durch- 
gangszeit-Effekte die Konduktanz in Vorwiartsrichtung auf 0,667 des Wertes bei niedriger Frequenz, 
und sie erhdhen die Eingangskapazitit auf 1,33 ihres Wertes bei niedriger Frequenz. Bei Nieder- 
frequenzen, die eine Vernachlassigung der Durchgangszeit-Effekte zulassen, ist die in Riickwirts- 
richtung vorgespannte Kapazitét konstant und gleich der geometrischen Elektrodenkapazitit. Die 
in Vorwartsrichtung vorgespannte Kapazitat ist konstant und gleich 0,75 der in Riickwartsrichtung 
vorgespannten Kapazitit. Bei keiner Frequenz ergeben sich negative Widerstiande. 

Messungen an derartigen Dioden aus Cadmiumsulfid wurden im Frequenzbereich 50-1000 MHz 
vorgenommen. Sie bestitigen die theoretische Ableitung und unterstiitzen das zur Beschriebung 
des in Festkérpern auftretenden Stromes mit begrenzter Raumladung benutzte physikalische 
Modell. 


1, INTRODUCTION conductor junction diode and the space-charge- 
A COMPARISON of the diffusion-limited semi- limited dielectric diode suggests that the former 
- is basically suited to power applications whereas 


*This paper was submitted by J. SHAO in partial fulfill- 
ment of the requirements for the M.Sc. degree of h d 
Birmingham University tions.“) This follows because the semiconductor 

+Present address: School of Applied Physics, Har- diode ag capable of operation at very high current 
vard University, Cambridge, Mass. densities but is noisy and temperature sensitive, 


291 


the latter is basically suited to electronics applica- 
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whereas the dielectric diode is capable of operating 
up to very high frequencies and should possess 
a low noise figure and be relatively temperature 
insensitive. 

This paper focuses interest on the very high- 
frequency characteristics of the space-charge- 
limited (SCL) dielectric diode. The small-signal 
theory of the diode is worked out for frequencies 
at which electron transit times are significant and 
experimental data are presented to confirm the 
essential validity of the physical model used to 
describe the mechanisms of SCL current in solids. 


NOTATION 
B, first-order susceptance 
C geometric capacitance of diode per unit area 


Co geometric capacitance of non-injecting areas of 
cathode 

Cs geometric capacitance of injecting areas of cathode 

E electric field intensity 

G first-order conductance 

I total current 

Io steady-current component 

I, amplitude of first-order variation in current 

R_ diode forward resistance 

T transit time for the distance x 

To steady transit time component 

Ta transit time from virtual cathode to anode 

T; amplitude of first-order variation in transit time 

V  potentialdifference between virtual cathode and anode 

Vo steady applied voltage 

V, amplitude of first-order variation in applied voltage 

Va applied voltage 

threshold voltage 

Y first-order incremental admittance 

d___ diode interelectrode spacing 


g low-frequency incremental conductance 

p jw 

r low-frequency incremental resistance 

t time at which electrons leave virtual cathode 


z velocity of electrons 
vo steady-velocity component 
v1 amplitude of first-order variation in electron velocity 


x distance from cathode 
p charge density 
~— electron mobility 
€ permittivity 
6 transit angle = w Ta 
2. THEORY 


The small-signal theory of transit-time effects 
for electrons in vacuum tubes has been worked 
out by BeEnHAM®? and LLEWELLYN®?. The method 
of analysis used here is based on the approach of 
these authors but is modified where necessary, 
as we are here discussing electron motion in solids 


J. SHAO and G. 


T. WRIGHT 


and not in vacuum. The one-dimensional, one- 
carrier (electron) case is treated and equations 
are derived describing the SCL current in the 
dielectric diode when time-varying voltages are 
applied. The case of a small sinusoidal voltage 
superimposed on a large steady voltage is examined 
in detail and a solution is obtained which expresses 
the incremental admittance of the diode, a readily 
measurable quantity, in terms of the transit 
time of the electrons. 


A. Basic equations 

The equations which describe current in the 
dielectric diode when time-varying voltages are 
applied may be written down readily. 

The basic expression which describes the total 
current density as the sum of conduction and 
displacement currents is Maxwell’s equation: 


ck 
Ct 


I = pute (1) 
This basic equation is of quite general validity. 
However, when current occurs under SCL condi- 
tions, the electric-field intensity and the electron 
space-charge density are dependent on each other. 
For SCL current in vacuum or for SCL current 
in a trap-compensated solid this is expressed by 
Poisson’s equation in the form 


cE 


Ox 


p (2) 
The last of the basic equations may be termed the 
equation of motion of the electron space-charge. 
This is quite different for the two cases of current 
in vacuum and in a solid. In vacuum, electrons 
move from cathode to anode with free acceleration 
and their velocity v after travelling a distance x 
from the cathode and falling through a potential 
difference V is v = (2 eV/m)1/*. In this expression 
the small but finite thermal velocities of emission 
from the cathode are neglected. This is justified 
because the energy gained by the space charge 
from the electric field is much greater than its 
thermal energy over the greater part of the space 
from cathode to anode. In the solid, however, the 
situation is far more complex. The mean thermal 
energy of the space charge is greater than the 
energy gained from the electric field, for the 
latter is continuously being dissipated by collisions 
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with the crystal lattice. A consequence of this is 
that the partial pressure of the mobile electrons 
exerts a force on the space charge which is com- 
parable with that exerted by the applied electric 
field over an appreciable part of the cathode-to- 
anode space. This has been analysed in detail) 
and the essential result is that a ‘virtual cathode” 
is formed, as in the case of the vacuum diode, 
but is now far more pronounced and is formed at a 
much greater relative distance from the cathode 
itself. By considering electron emission to take 
place from the virtual cathode, the influence of the 
diffusion-current tendency is taken into account 
and one may then consider that, from the virtual 
cathode to the anode, current occurs by electron 
drift. Thus for the case of SCL current in solids 
the equation of motion may be written 


v = pE (3) 


This equation implies that the mean time between 
collisions of the space-charge electrons with the 
crystal lattice is much shorter than the period of 
the time-varying applied voltage. This will always 
be the case in a device of practical dimensions, 
for each space-charge electron will make many 
collisions with the crystal lattice in moving from 
cathode to anode. This enables us to neglect the 
inertia effects of the electrons in transit and to 
regard their response to the applied electric field 
to be instantaneous. 

The very high-frequency characteristics of the 
dielectric diode are described by equations (1-3). 
These may be expressed in a much simpler and 
more compact form. 

Consider the movement of an electron between 
two planes spaced distance dx apart at a distance x 
from the virtual cathode; the electron will require 
atime dt to cross this space. The time rate of change 
of electric field experienced by this electron is 


dE cE dx CE 

dt) éx a 

Using equation (2) we may write equation (4) as 
dE pv CE 

— + (3) 


at € Ct 


(+) 


cx at 


Substituting this into equation (1) we have 
dE 


I= 
dt 
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With the aid of equation (3) this becomes 


dv 
[= — (7) 
p at 
This result shows that the total current J is a 
function of time only; at a given instant the current 
density is the same through any plane between 
virtual cathode and anode. 


B. Small-signal theory of the dielectric diode 

Our concern is to describe the response of the 
SCL dielectric diode to an applied time-varying 
voltage; in particular we are interested in the 
situation when a_ small-amplitude sinusoidal 
voltage is superimposed on to a large and steady 
voltage. 

Since current is a function of time only and 
since we are considering only small-signal condi- 
tions, we may write 


I= Int+her (8) 


where Jp is the steady-current component and J; 
is the amplitude of the fundamental frequency; 
as usual p = jw. Using equation (7) we have 

dv 


= —(In+h ePt) (9) 
dt € 


which may be integrated to give 


Tye?* 
v= —(Jot+ )+ const. (10) 
€ 
Under SCL conditions the electric field is zero at 
the virtual cathode and we may consider the 
velocity of the electrons to be zero at this point. 
Thus if ¢, is the time at which the electrons left 
the virtual cathode we have v = 0 when t = fe. 
Using this initial condition equation (10) becomes 


Tyert ThePte | 


v= 
€ 


(11) 


Integrating again and using the initial condition 
that x = 0 when ¢t = ft, we have 


Io Tyert 
= 
el 2 
TyePte 


— —(t—t) 
p- 
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The time interval (t—t,) is the time taken by the 
electrons to travel the distance x. In the steady- 
current case when the applied voltage is constant, 
I, is zero and we may write 


where 7 = (t—f-) and is the transit time for the 
distance x. 

When the time-varying voltage is present, the 
transit time will be time varying and we may 
write 

t—te = To+ (14) 
where 7) is the amplitude of the first-order time 
variation. This expression may be used to eliminate 
te in equations (11) and (12). Using Taylor’s 
expansion for exp[ p(t— 79 — Tie?*)] and retaining 
only first-order terms we obtain 


Tert Te? (t- To) 
(15) 
T,ert 
| Ion To Ty e?*+ - 
€ 2 p? 
exp[p(t— To)] 
p 


(16) 
Equations (13) and (16) may now be used to obtain 
an expression for 7), the first-order time variation 
in transit time. Substituting this into equation 
(15) we obtain 


ian 
v= 


€ 

1\rhTo The- PT 

9 9 

e\To/L 

(17) 

This result gives the velocity of the electron 

space charge at any time ¢ and at any distance x 
(although x is represented here by 7). 

To separate the velocity into its steady and time- 

varying components we write 


(18) 


= 


and G. 
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and equate this to equation (17) to obtain 


= - (19) 
€ 
vy, = —{- —— — 
At/Lp po 


(20) 


Now the electric field £ is everywhere proportional 
to vw as expressed by equation (3); consequently 
we have in effect found the electric field E in terms 
of the current J. In order to obtain the final 
solution describing current in terms of applied 
voltage, we may integrate the electric-field intensity 
E over the electrode spacing of the diode to obtain 
the applied voltage V as 

d d 

V=— | Eex = —-— (21) 

0 
In order to evaluate this integral we make use of 
the fact that velocity v has been found in terms of 
transit time 7 and that a relation between distance 
x and transit time 7») has been found which is 
independent of time. Thus a change of variable 
from x to To will enable the integration to be 
carried out. 

Using equation (13) we have 


= To 
€ 


If we now denote the transit time from virtual 
cathode to anode by Tq, we have from equations 
(21) and (22) that 


Tg 
[ [vo + Io T To 
) 


( 


- (23) 


1 
V=— 
€ 


In order to separate the applied voltage into its 
steady and time-varying components we write 


V = VotVyert (24) 
Equating this with equation (23) we have 
Ta 
Vo = (25) 
€. 
0 


= 
. 
. 
; 
(22) 
d 
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Ta 
Vy = eT o (26) 


0 


(i) Steady-current relations. From equation (25) 
we may obtain the steady-current characteristics 
of the SCL dielectric diode. Substituting for vo 
from equation (19) we have 


Ta 
Vo = | (27) 
2 
0 


Integrating this we obtain the applied steady 
voltage in terms of the electron transit time 


Vo = 8) 


€ 
Using now equation (13) to eliminate the transit 
time we obtain on re-arranging 


Io = 


(29) 


which is the fundamental and well-known Child’s 
law for SCL current in solids. 

It is useful to express the ratio of steady current 
to steady voltage as a “‘resistance”’ 


Vo 
To 


2Tad 


(30) 


where C = e/d and is the geometric capacitance 
of the diode per unit area. 

The incremental resistance r may be obtained 
from equation (29) as 


(ii) Incremental admittance. The incremental 
admittance may be obtained by using equation 
(26) to evaluate the first-order time-varying 
current in terms of the time-varying applied 
voltage. 
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Using equation (20) to eliminate v and inte- 
grating, we obtain 
Iol 
041 —pTa- e~PTo+ 
2 
(32) 
Using now the concept of transit angle defined by 
(33) 
we may evaluate the incremental admittance 
Y, = = G,+jBi. We obtain 
sin#@ 
6 cosé—1)" 
(34) 


= 


62/2+ cos@—1 
(@— sin @)?+(62/2+ cos @—1)? 


ge 


(35) 


In these expressions g is the steady-current 
incremental conductance defined by g = 1/r. The 
frequency dependence of these parameters is 
illustrated in Fig. 1. 

At low and moderate frequencies the period of 
the applied voltage will be much longer than the 
electron transit time and we shall have @ < 1. 
Under these conditions the expressions for the 
incremental conductance and susceptance may be 
simplified and give 


By = g6/4 


incremental admittance 


(36) 


so that the may be 


written 


3wC 
Yi = gtj (37) 
The significance of this result is to show that at 
low and moderate frequencies, for which transit 
time effects may be neglected, the small-signal 
equivalent circuit for the diode may be regarded 
as a conductance g in parallel with a capacitance 
3C/4. 

At very high frequencies the period of the 
applied voltage will be comparable with or shorter 
than the electron transit time, and the full ex- 
pressions for G, and B, must be used to evaluate 
the diode admittance. 


a ; 
B, = —— 
6 
3 = 
a 
a 
: 
3C 
Me Ve R 
(31) 
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3. EXPERIMENTAL 
The theoretical analysis which has been worked 
out in the preceding Section is based on a simplified 
physical model for the mechanisms of SCL 
current in solids and applies strictly to the idealized 
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coaxial line measurement techniques and by 
working with a small applied steady voltage so 
that the transit time should not be too short, it 
has been found possible to make satisfactory 
measurements to confirm the essential validity 


T 
Transit 


Fic. 1. 


angle, 


Dependence of incremental conductance and susceptance 


upon transit angle calculated from small-signal theory. 


case of vanishingly small signal conditions. ‘The 
calculations of incremental admittance and transit- 
time effects therefore refer to a somewhat idealized 
situation and it is desirable to confirm experi- 
mentally that the analysis is indeed applicable to 
the real case. 

This Section describes the fabrication of ex- 
perimental diodes and the results of measurements 
of very high-frequency characteristics, 


A. Fabrication of SCL cadmium sulphide diodes 
Electron-transit times in the SCL dielectric 
diode are very short and the device can therefore 
operate up to very high frequencies. This means 
that measurements must be made at high fre- 


quencies in order to observe and separate the 
conductance and susceptance components of the 
admittance and at still higher frequencies in order 


to observe transit-time effects. Even 
cadmium sulphide crystals, in which the electron 
mobility is relatively low, transit-time effects are 
not be be expected until the kilomegacycle 


frequency range is reached. However, by using 


using 


of the theoretical analysis and the physical model 
on which it is based. 

For these very high-frequency measurements 
diodes were made in coaxial form using commercial 
microwave diode cartridges. The method of 
construction is illustrated in Fig. 2. The cadmium 
sulphide crystal was first bonded with indium or 
tin to the end of a nickel rod; this formed the 
low-resistance, electron-injecting contact to the 
crystal.) The high-resistance contact was then 
formed on the other side of the crystal by vacuum 
evaporation of gold. The nickel rod carrying the 
crystal was then inserted into the top brass stud, 
and the top and bottom studs were then pushed 
into the ceramic body of the cartridge and bonded 
in place with Araldite. Contact between the 
evaporated gold anode on the crystal and the 
bottom brass stud was then made by carefully 
pressing the crystal against a soft indium dot 
previously soldered on to the bottom stud. 

A large number of diodes have been made in this 
way and in most cases a square-law dependence 
of steady current upon voltage was observed. This 
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is in accordance with the fundamental Child’s 
law derived in the preceding Section. 

A typical plot of the square root of steady 
forward current against applied voltage is shown 


Ceramic 


difference between the electron affinity of the 
crystal and the work function of the anode metal, 
which must be equalled by the applied voltage 
before SCL current begins to occur. It is relevant 


Crystal Gold anode 


Nickel 


rod Indium 


Fic. 2. Illustrating the coaxial construction used for 
very high-frequency diodes. 


/ 


| / 


Applied voltage , V 


Fic. 3. Dependence of space-charge-limited steady 
current upon applied voltage for cadmium sulphide 
dielectric diode. 


in Fig. 3. The characteristic shows the usual 
threshold voltage V; originating basically in the 


to note, in this connexion, that the theoretical 
analysis of the preceding Section is made in terms 
of the inner potential difference between the 
virtual cathode and the anode surface of the 
crystal. This is equal to the applied voltage Vg 
less the threshold voltage V; as given by 
V=Va-V; 

It is apparent from these steady-current observa- 
tions that trap-compensation in this crystal was 
not exact; this is indicated by the deviation of the 
characteristic from the fundamental square-law 
behaviour for small currents. It is also apparent, 
however, that, for an applied inner potential 
greater than about 0-2 V, these residual un- 
compensated trapping levels are saturated, and for 
applied voltages greater than this the crystal may 
be regarded as essentially trap-free. A number of 
diodes of this type were selected for the high- 
frequency measurements. 


B. High-frequency measurements 

Measurements of the high-frequency in- 
cremental admittance and of transit-time effects 
were made with the General Radio type 1062 B 
admittance meter over the frequency range from 
50 to 900 Mc/s. At such high frequencies ordinary 
components have dimensions which are appreciable 
compared with the electromagnetic wavelength. 
However, the active region of the dielectric diode 
is sufficiently small that a lumped-element 
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definition is applicable. The diode was mounted 
at the end of a rigid coaxial line so that the 
cartridge containing the crystal formed an ex- 
tension of the inner conductor and the mount 
holding the cartridge formed an extension of the 
outer conductor. A dummy diode was made which 
had exactly the same configuration as the real 
diode but did not contain the crystal. The basis 
of the measurement was to compare the admittance 
of the real diode with that of the dummy one. 
This was done by placing the dummy diode in the 
mount and adjusting the length of the rigid 
coaxial line with the admittance meter balanced 
at zero conductance and zero susceptance until a 
minimum output signal was obtained from the 
meter. This ensured that the coaxial line plus 
the leads in the dummy diode seen by the meter 
was an integral multiple of a half-wavelength long. 
The dummy diode was then replaced by the real 
diode and the conductance and susceptance arms 
of the meter adjusted until a minimum output was 
again obtained. The readings obtained in this way 
represented the admittance of the active region of 
the diode with the effects of anode and cathode 
leads in the cartridge eliminated. 

In order to operate the meter with a current 
and voltage bias on the diode, it was necessary to 
insert coupling capacitors into the standard con- 
ductance and susceptance arms to isolate these 
from the steady-voltage source. This did not affect 
the standard conductance arm but a re-calibration 
of the short-circuit susceptance stud was necessary, 
since introduction of the coupling capacitor in- 


creased its length. 


(1) Measurement of incremental admittance. We 
have seen that at low and moderate frequencies for 
which transit time effects are not significant the 
incremental equivalent circuit of the diode may be 
represented as a conductance in parallel with a 
capacitance. From equation (31) we see that, for 
this equivalent circuit, rC = T,/3; this shows that 
the capacitive current will be comparable with the 
conductive current only at very high frequencies 
for which, in any event, transit-time effects will 
be significant. Evidently then, in order to measure 
these incremental parameters and confirm this 
equivalent circuit, it is necessary to use a frequency 
sufficiently high that the capacitive current is 
measurable and separable from the conductive 
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current but not so high that transit time effects 
are observable. It was found that the sensitivity 
of the admittance meter was sufficient for this 
type of measurement to be made at the low- 
frequency end of its working range. 

Measurements of incremental admittance under 
reverse-bias conditions were made at 50 Mc/s on a 
number of diodes; as expected the reverse con- 
ductance and capacitance remained constant. 
However, the reverse-bias conductance was finite, 
although small, instead of zero; this was attributed 
to dielectric losses in the crystal and cartridge. 
Measurements under forward-bias conditions 
showed that the conductance began to increase 
and the capacitance to decrease as the applied 
steady voltage was increased above the threshold 
V;. This is to be expected for the inner potential 
difference across the crystal becomes positive as 
the applied voltage increases above V¢; space- 
charge enters the crystal and current occurs. 

For the diode whose steady-current character- 
istic is shown in Fig. 3, an incremental resistance 
of 83 Q was measured at a forward bias of 2 V. 
This compares well with the value of 90 Q derived 
from the steady-current slope resistance of the 
diode. 

The dependence of incremental capacitance 
upon bias voltage is shown for this diode in Fig. 4. 
In order to interpret these observations it will be 
recalled that the threshold voltage measures the 
point at which the inner potential difference 
across the diode is zero. ‘Thus the measurements 
confirm that when the inner potential difference 
is reverse biased the capacitance is constant and 
that when it is forward biased the capacitance 
decreases to a somewhat lower value. The decrease 
is rather less than anticipated but this is to be 
expected, for there will inevitably be a certain 
amount of stray capacitance associated with the 
physical construction of the diode. In particular, 
if there exist regions of the cathode contact which 
have been insufficiently formed and are unable to 
inject electrons, these will add to the geometrical 
electrode capacitance but will not contribute to 
the space-charge-incremental capacitance. Such 
areas were observed by electroplating the anode 
contact on to the crystal, for plating was only 
deposited opposite the electron-injecting areas. 
In this way a map was formed of the effective 
regions of the cathode; it was found that these 
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might typically cover only part of the area in con- 


tact with the crystal. The areas of the cathode 


which were shown in this way to be non-injecting 

evidently added stray capacitance to the device. 
These experimental observations confirm the 

essential features of the theoretical analysis for 
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range, although a slight increase was observed 
at the higher frequencies. 

The incremental admittance was next measured 
with a constant steady forward-bias voltage of 2 V 
applied. Under these conditions the incremental 
conductance measured represented the sum of 


Capacitance, 


low and moderate frequencies at which transit 
time effects are not significant. 


(ii) Measurement of transit-time effects. Transit- 
time effects were studied by measuring the in- 
cremental admittance of the diode over the whole 
frequency range of the admittance meter from 
50 to 900 Me/s. 

The incremental admittance of the diode was 
first measured under reverse-bias conditions. 
Since the diode did not conduct with reverse-bias 
volts applied, the incremental conductance 
measured represented dielectric losses in the 
crystal and cartridge. These increased as the 
measuring frequency increased but at a given 
frequency did not change if the reverse bias 
voltage was varied. The incremental capacitance 
measured represented the sum of electrode 
capacitance and stray capacitance and remained 
constant as expected over most of the frequency 


Applied voltage, 


Fic. 4. Variation of low-frequency incremental input capacitance 
upon applied voltage (measured at 50 Mc/s). 


V 


space-charge conduction and dielectric losses. 
The dependence of incremental conductance 
upon frequency is illustrated in Fig. 5(a); evidently 
the forward-bias space-charge conduction is the 
difference between these two curves. The in- 
cremental input capacitance measured represented 
the sum of space-charge capacitance and stray 
capacitance and increased slowly as the measuring 
frequency was increased. The dependence of input 
capacitance upon frequency is illustrated in Fig. 
5(b); evidently the measurements of reverse-bias 
capacitance provide a normalization scale to 
separate the frequency dependence of the space- 
charge capacitance from any frequency dependence 
of capacitance that may exist, for example, because 
of dielectric dispersion in the crystal. 


4. DISCUSSION 
In the preceding Section we have described the 
experimental techniques used for the measurement 
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80 
measurement, Mc/s 


(a) 


(b) 
Fic. 5. Illustrating the variation with frequency of incremental 
conductance and of incremental input capacitance under forward- 
and reverse-bias conditions. 


of the very high-frequency characteristics of the A. Correction for stray capacitance 


It has been remarked previously that there is 
inevitably a certain amount of stray capacitance 
associated with the structure of the diode. This 


diodes. In this Section we compare the experi- 
mental observations with the theoretical cal- 
culations. 
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can be estimated if we accept the theoretical 
result that the forward-biased incremental capacit- 
ance is three-quarters of the geometrical 
capacitance. This seems justified, because the 
form of the experimental results, showing in 
particular that the forward-biased space-charge 
capacitance is smaller than the reverse-biased 
geometrical capacitance, indicates the correctness 
of the theoretical calculations for low and moderate 
frequencies, and there seems no reason to doubt 
the actual numerical ratio indicated. 

If we denote by Cs and Co, respectively, the 
geometrical capacitances of the injecting and 
non-injecting areas of the cathode, we have from 
the reverse-bias portion of Fig. 4 that 


Cs+Co = 
Using the forward-bias portion of this Figure we 
have 


3Cs 


+Co = 7:2 


Cs; 2 


5: 
Co = 3°3 


This indicates that in this particular diode a 
fraction, C;/(Cs;+Co) = 0-6, of the cathode area 
was actually effective in injecting electrons and 
that the remainder added stray capacitance. This 
division of the measured capacitance between 
stray capacitances and diode capacitance has been 
indicated in Fig. 4. Evidently it would be desirable 
to measure the stray capacitance separately; 
however, there seems no obvious way of doing this. 


B. Comparison of theory with experiment 

The most convenient way to compare the 
theoretical calculations with the experimental 
results is to express both in terms of the transit 
angle @. This has already been done for the former 
and may readily be done for the latter. 

We have that 06 = w7,q and that Tg = 3rC;. 
For the diode for which the experimental results 
are given at a forward bias of 2 V, the incremental 
resistance is 83 Q and the effective geometrical 
capacitance is 5-2 uyF; these figures give an 
electron transit time of 1-5 msec. Thus the 
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frequency at which the period equals the transit 
time is 670 Mc/s and lies within the frequency 
range used. Using that the frequency of 670 Mc/s 
corresponds to a transit angle of 27, the experi- 
mental results may be re-plotted in terms of the 
transit angle. This has been done for the 
incremental conductance in Fig. 6(a) and for 
the incremental capacitance in Fig. 6(b); the stray 
capacitance of 3-3 zuF has been subtracted from 
the measured capacitance in order to plot the 
latter curve. The theoretical curves are also given 
on these diagrams; to facilitate comparison these 
are normalized to the experimental values at low 
frequencies for which transit-time effects are not 
significant. The agreement between the two sets of 
curves is very satisfactory and demonstrates that 
the physical model adopted and the theoretical 
analysis presented may be used with confidence 
to describe the small-signal behaviour of the 
SCL dielectric diode at all frequencies. 

It is relevant at this point to recall that the 
experimental measurements presented refer to a 
dielectric diode constructed from a cadmium 
sulphide crystal. This material is readily grown in 
the form of thin crystal plates, is economic and is 
suitable for the demonstration of basic principles. 
This is particularly so for the present purpose, 
because the relatively small mobilities of charge 
carriers in this material increases the transit time 
of electrons across the device to such an extent 
that measurements of transit-time effects can be 
made in the sub-kilomegacycle frequency range. 
For device purposes, however, it is unsuitable; 
materials such as gallium arsenide and aluminium 
antimonide with their much higher mobilities 
for charge carriers providing higher operating 
frequencies and higher forward conductances 
would seem far more attractive for the development 
of SCL solid-state devices.“) In this connexion 
it is interesting to observe that for a dielectric 
diode made from gallium arsenide, in which the 
electrode spacing is 10, and operated at an 
applied inner potential of 1 V, the frequency at 
which the transit angle becomes 27 is 7 kMc/s; 
if the electrode spacing is reduced to 3 the 
corresponding frequency is 70 kMc/s and if the 
spacing is reduced to ly the frequency is 
700 kMc/s. This reduction in electrode spacing 
can be made without unduly sacrificing reverse 
breakdown strength; it is apparent therefore 


4 
4 
4 
3 
= 
Thus 
4 
a 
4 
4 


J. SHAO and G. T. WRIGHT 


(a) 


Transit angie, 


Fic. 6. Comparison of theoretical calculations and experi- 
mental measurements of incremental conductance and incre- 
mental input capacitance. 


that the SCL dielectric diode is a potentially 
useful device for very high-frequency applications. 

It is interesting to observe that transit-time 
effects do not introduce a negative resistance at 
very high frequencies. This does occur in the 
because the momentum of the 


vacuum diode 


injected space charge prevents it from responding 
immediately to the time variations of the applied 
electric field. In the dielectric diode, however, 
the momentum of the injected space-charge is 
destroyed by collisions of the individual electrons 
with the crystal lattice and these"therefore respond 
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almost instantaneously to the time variations of 
the applied electric field. Accordingly, in the solid- 
state case the space charge always moves in the 
direction of the electric-field intensity; at very high 
frequencies, however, the space charge is not able 
to cross the electrode space within the half-period 
of the applied frequency and consequently the 
conductance does slowly decrease as the frequency 
increases. 


5. CONCLUSIONS 

The small-signal theory presented shows that 
the incremental equivalent circuit may be re- 
presented as a conductance in parallel with a 
capacitance. This equivalent circuit is valid for all 
frequencies, but, at frequencies sufficiently high 
that transit time effects begin to appear, the 
parameters become frequency dependent. For 
these very high frequencies, expressions are de- 
rived to enable the conductance and susceptance 
to be calculated in terms of transit angle. 

The experimental measurements made with 
coaxial cadmium sulphide dielectric diodes 
compare very satisfactorily with the calculated 
parameters and show that the theoretical approach 
adopted and the physical model used for the 
mechanisms of SCL current in solids are essentially 
correct. 


The theory and experiment presented here 
show that the SCL dielectric diode is capable of 
operation up to very high frequencies, particularly 
if constructed from high-mobility materials such 
as gallium arsenide or aluminium antimonide. 
Since the diode should also possess a low inherent 
noise figure and be relatively insensitive to tem- 
perature changes it is a potentially useful device. 
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INFLUENCE OF WAFER THICKNESS AND CARRIER 
RECOMBINATION ON THE CUTOFF FREQUENCY OF 
ALLOY-JUNCTION TRANSISTORS 


S. AMER 


Standard Telephones and Cables Limited, Transistor Division, Footscray, Kent 


(Received 16 June 1961; in revised form 7 August 1961) 


Abstract—The influence of wafer thickness and carrier recombination on the «-cutoff frequency of 
the “‘intrinsic’’ transistor is studied. First, Moyyes’ solution of the diffusion of minority carriers in a 
symmetrical junction transistor is used to find the d.c. transport factor. This is then converted to the 
a.c. case and finally an implicit equation is found for the cutoff frequency as a function of wafer 
thickness @ and surface recombination velocity S. It is shown that, for S < 3000 cm ‘sec, the influence 


of surface recombination is negligible. 

At very narrow hasewidths the current density is very high at the emitter edge and this decreases 
the diffusion length. More important seems to he the fact that the carriers’ path (from slanted edge of 
emitter to slanted edge of collector) is longer than the geometrical basewidth. A reduction in wafer 
thickness decreases this effect and thus increases the cutoff frequency, in spite of increasing the 
current density at the emitter edge. The most important equations have been represented graphically 
for the particular case of the STC TK20 transistor. 


Résumé—L’ influence de |’épaisseur de la tranche et de la recombinaison des porteurs sur la 
fréquence de coupure Alpha du transistor intrins¢que est étudiée. Tout d’abord, la solution de 
Moyyes pour la diffusion de porteurs minoritaires dans un transistor a jonction symétrique est 
employée pour trouver le facteur de transport 4 courant continu. On convertit ensuite cette solution 
pour le cas du courant alternatif et finalement une equation absolue est trouvée pour la fréquence de 
coupure en fonction de l’épaisseur de tranche @ et de la vitesse de recombinaison de surface S. 
Il est démontré que pour S < 3000 cm/sec, l’influence de recombinaison de surface est négligeable. 

A des largeurs de base trés limitées, la densité du courant est trés élevée 4 la borne de |’émetteur et 
ceci réduit la longueur de diffusion. Ce qui parait étre beaucoup plus important est le fait que le 
parcours des porteurs (du bord incliné de l’émetteur au bord incliné du collecteur) est plus long 
que la largeur géometrique de la base. Cet effet est limité si l’épaisseur de la tranche est réduite, 
ce qui accroit aussi la fréquence de coupure, malgré l’augmentation de la densité de courant au bord 
de l’émetteur. Les équations les plus importantes sont représentées graphiquement pour le cas 


particulier du transistor STC TK20. 


Zusammenfassung—Der Einfluss der Schichtdicke und der Triger-Rekombination auf die 
x-Grenzfrequenz des “eigentlichen’’ ‘Transistors wird untersucht. Unter Verwendung von 
Moyyes’ Lésung fiir die Diffusion von Muinorititstragern in einem symmetrischen Ubergangs- 
Transistor wird der Transportfaktor fiir Gleichstrom bestimmt. Er wird dann auf den Fall von 
Wechselstrom umgerechnet, und es ergibt sich schliesslich eine Gleichung, die die Grenzfrequenz 
als Funktion der Schichtdicke 6 und der, Geschwindigkeit der Rekombination an der Oberflache, S, 
enthalt. Fiir S < 3000 cm/sec ist der Einfluss dieser Rekombination vernachlassigbar. 

Bei sehr geringer Basisdicke ist die Stromdichte an der Emitterkante sehr hoch, und dies verringert 
die Diffusionslinge. Noch wichtiger erscheint die Tatsache, dass der vom Trager durchlaufene Weg 
(von der schriigen Emitterkante bis zur schragen Kollektorkante) langer ist als die geometrische 
Basisdicke. Eine Reduzierung der Schichtdicke vermindert diesen Effekt und erhéht damit die 
Grenzfrequenz, trotz der Zunahme der Stromdichte an der Emitterkante. Die wichtigsten Gleich- 
ungen wurden fiir den Sonderfall des STC TK20-Transistors graphisch dargestellt. 
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1. INTRODUCTION 

THE cutoff frequency of the ‘intrinsic’ transistor 
is limited by carrier dispersion during the transit 
time across the base. Previous studies (see for 
instance Refs. 1 and 2) have considered only 
carrier dispersion inside the base region. This will 
be extended to the more general case when the 
carriers’ path may be longer than the geometrical 
basewidth and also to include carrier losses 
by surface and volume recombination outside the 
base region. Emitter efficiency is assumed to be 
very near unity and thus independent of 
frequency.) At very high frequencies cutoff will 
be limited by junction capacitances and base 
resistance, 4:5) but, for transistors with a total fn» 
not very high, the limiting factor may be the 
“intrinsic” fp» and thus the mechanism proposed 
here becomes important. 


2. DIFFUSION OF MINORITY CARRIERS (D.C. 
CASE) 

The diffusion of minority carriers in the d.c. 
case for a symmetrical transistor has been solved 
by Moyyes®). Moyyjes has used the geometry of 
Fig. 1 and his results are 


Kj, and Ko = Bessel functions of imaginary argu- 
ment 
Ip volume recombination current (both 
inside and outside the base region) 
The argument of the Bessel functions in (1) 
and (2) is fairly large for all the normal values of 
the parameters found in transistors. This allows 
a great simplification of formulae (1) and (2). The 
Bessel functions can be substituted by their 
asymptotic expansions and their ratio is practically 
unity. 
Thus, since the only losses of minority carriers 
are due to surface and volume recombination, 
the transport factor is given by 


w2 WR 
Ag{(S0/2D) +(02/4L2)}!/2 


B 


ApD{(S0/2D) + 


(3) 


For a useful transistor the transport factor is 


aSW@R 


2R | 
\2D 422 


Iz | 
SO @ \1/2 2R 

2D @ \2D 


1/2 
412 | | 


So 
2A (= 


1/2 2R 1/2 
| 
2D 6\2D 42 


where 


ie = surface recombination current 

emitter current 

surface recombination velocity 

basewidth 

wafer thickness 

emitter radius 

emitter area 

diffusion constant of minority 
carriers in base 

= diffusion length of minority carriers 

in base 


very close to unity, and (3) can be written as 


D 


2 


1 Ww? 2S60\1/2 
1 ( ) (4) 
2 Ag 


3. TRANSPORT FACTOR IN THE A.C. STEADY 
STATE CASE 


As pointed out by STEELE"), the only difference 
between the d.c. and the a.c. steady-state diffusion 
equations is that where 1/Z? appears in the first, 
(1/L?) (14+jwr) appears in the second; 7+ is the 


- : 
1 
: 
| 
and 
ly = Is| — (2) 
2L2 | 
2L : 
| 
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Fic. 


lifetime of minority carriers in the base. Thus we 
can write for the a.c. steady-state case 


4. 
5 
+ —— 
Ag \L* D 


For fairly high frequencies (w > 5 x 10®) and not 
very low lifetimes (+ > 10 psec) (5) can be 
simplified to 

] aWR Pw =) 


— + 
D D 


(6) 


4. CALCULATION OF THE CUTOFF FREQUENCY 

In the common base response, the cutoff 
frequency w,, defined by a fall in power gain of 
3 dB, corresponds to 8 = 1/4/2 and thus we can 
write from (6) 


1. 


ordinary conditions, the terms containing SS in (7) 
are negligible and we can reduce (7) to 


WR@ 1/272 
1+ 
AE 


D Ag D 


This is a fourth-degree equation giving fy» as a 
function of W and @. It cannot in general be 
simplified without ignoring significant terms. 


5. CUTOFF FREQUENCY AT VERY NARROW 
BASEWIDTHS 


At very narrow basewidths we can find fh» from 
(9) by finding 
lim 
fi 


But first we have to find a suitable expression for 


7WR | 6 


jis 
Ag \2D 
W2w, «WR 
+| 


~ 
II 


—-——- + — 
2D Ar | 2D 


\1/272 
_[28 + (452+ | 


9 


( 1/2 
(7) 


It is obvious from (7) that if surface recombination 
and volume recombination outside the base region 
are neglected, and only the diffusion across the 
base region is considered, we obtain the normally 
quoted formula 

w, = 2D/W? (8) 
For cutoff frequencies higher than f,» = 2 Mc/s 
(i.e. w, = 4710®) and surface recombination 
velocities smaller than S = 3000 cm/sec, i.e. for 


Ag, since at very narrow basewidths only a narrow 
ring around the emitter edge will be actually 
working as an emitter. This is done in the Appendix 
and the result is 


Ag = R/CW) (10) 
where C is a constant, characteristic of each type 


of transistor, that has to be determined experi- 
mentally and Jy and J; are Bessel functions of 


R | 
4 
| | 
‘ 
| 
G2 
| 
L y 
fe) 
F 

= 
= 
f 
: 
| 

| 
| 
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CUTOFF FREQUENCY OF ALLOY-JUNCTION TRANSISTORS 


Mc/s 


Maximum attainable cut-off frequency, 


2 3 4 5 
Wofer thickness, mil 


Fic. 2. TK 20—Maximum attainable cutoff frequency 
(for zero basewidth) as a function of wafer thickness. 


imaginary argument. Substituting (10) in (9) we 
find 


(aay 
2Ch(R/CW)\ D 
D 2Ch(R/CW)\ D 
and from (11) 


(11) 


0-17 


From (12) we can evaluate C if 


lim 
Si 


is known experimentally. For instance, for the 


STC TK20 transistor with 6 = 2 mils we know 


Shom = 30 Mc/s and thus we obtain 
C = 10-17 (13) 


As can be seen from (10), the physical meaning 
of C is the width (measured in units of W) of the 
effective emitter ring at very low values of the 
basewidth. The value given by (13) thus appears 
to be plausible. 

Taking again as a numerical example the TK20, 
where R = 10 mils, we can write equation (11) 
as 


Io(0-98/W) 72 
2 =[1 40033401" 


1,(0-98/W) 


Io(0-98/W) 72 
+ | (14) 


1,(0-98/W) 


100 


Mc/s 


Cut-off frequency, 


A= 3mil 
0-2 04 0-6 08 1-0 1-2 
Base width, mil 


Fic. 3. TK 20’s—Cutoff frequency against basewidth for 

different values of the wafer thickness; depletion layer 

of 0-1 mil width has been allowed for comparison with 
experimental points marked +. 
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In Fig. 2 the parabola (12) has been plotted for 
the particular case of the TK20’s, i.e. with the 
value of C given by (13). 

Comparison with experiment is made in Fig. 3 
where (14) has been plotted for three values of 
wafer thickness. 


6. CONCLUSIONS 

It has been shown that surface and volume 
recombination play a very small part in limiting 
the cutoff frequency of alloy transistors, such as 
the TK20. 

For narrow basewidths, the current density 
near the emitter edge is very high and this leads to 
smaller diffusion lengths and a decrease in cutoff 
frequency. This has been taken into account by 
introducing an effective emitter area. 

More important seems to be the fact that the 
actual path of carriers from emitter to collector is 
longer than the geometrical basewidth, when the 
latter is very narrow. This is because most carriers 
are injected at the slanted edge of the emitter and 
collected at the slanted edge of the collector. A 
reduction in wafer thickness will decrease this 
effect and thus raise the cutoff frequency, in spite 
of increasing the carrier density near the emitter 
edge. 
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APPENDIX 

Effective Emitter Area at very narrow Basewidths 

At very narrow basewidths the self-biasing effect due 
to the base current is so great that the current density 
is very high and diffusion constants and lengths take 
quite different values from those at low-level injection. 

The diffusion length will thus depend on basewidths 
and, as a first approximation, we can assume a linear 
relationship 


L=cw (A.1) 
The radial diffusion equation of carriers will obey the 
following equation 


14d4N N N 


the solution of which is 
N = Nolo(r/CW) (A.3) 


where Jo is Bessel’s function of imaginary argument and 
order zero, and No the injected carrier density at the 
emitter centre. 

If the effective emitter area A err, is defined as that area 
where the product Aerr times the current density at the 
emitter edge is equal to the total emitter current, then 
we have 

T(R/CW) 
I(R/CW) 
For small W, i.e. R/CW > 1, we find 


Aett = 2nCWR (A.5) 


and for large W, i.e. R/CW < 1, we find 


Aett = (A.6) 


: 
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Nomographjtechnique for doping determination 
in germanium and silicon crystal growing 


(Received 10 August 1961) 


I. Introduction 

IN CRYSTAL growing, zone leveling techniques are 
employed to produce single crystals of a desired, 
uniform resistivity.” In order to determine the 
impurity requirements for doping the liquid zone, 
a number of factors such as atomic weight of the 
element, segregation coefficient, and drift mobility 
need to be considered. These require individual 
calculations for each particular doping run based 
upon the element used and the resistivity desired. 
This paper derives a generalized, doping equation 
which can be utilized in nomograph form to 
determine any impurity requirement. 


II. Theory 

The zone leveling technique is most effective 
when the segregation coefficient for the contained 
impurity is less than 0-1. Segregation coefficient, 
K, is defined as the ratio of the solubility of 
impurity in the solid, Cs, to the solubility of the 
impurity in the liquid, C;: (K = C;/C)). The 
concentration, Cs, in the solid after moving the 
zone a finite distance is related to the resistivity 
as Cs = 1/peu. This leads to an expression for C; 


as follows: 


C; = 
K K 


(1) 


where e = electron charge 1-6x10-!%(c), p = 
electron or hole drift mobility (cm?/V sec), 
and p = resistivity (Q cm). 

Constant mobility condition. The approximate 
value of drift mobility for resistivities ranging 
between 0-1 to 20 Qem is 1800 cm?/V sec for 
P-type, and 3600 cm?/V sec for N-type german- 
ium. These values of mobility are assumed to be 
constant over this resistivity range. The weight 
of impurity atoms, #9, necessary to dope a unit 
volume (cm*) of the liquid zone to a particular 


impurity concentration, C), is: 
We = C;(n/N) (2) 


where wp = gram impurity per unit volume of the 


‘ liquid zone, N = Avogadro’s Number (6-02 x 1028) 


and m = atomic weight of the impurity element. 
Combining equations (1) and (2), we obtain a 
generalized doping equation for the constant 
mobility condition: 


wop = [(N/n)ewK] (3) 


Substituting the numerical values for e and yp, 
equation (3) reduces to: 


wop = 2-88 x 10-%(n/K)(for N-type) (4) 


wop = 5°77 x 10-%(n/K)(for P-type) (5) 


For any individual impurity element the ex- 
pression n/K is constant. Therefore, equation (3) 
can be written as: 


pw, = R (constant) (6) 


This equation states that, for any impurity 
element, the product of number of impurity grams 
introduced (per unit volume of the liquid zone) 
and the resistivity obtained is a constant. Table 1 
lists the R values for several impurity elements in 
germanium. 

Equation (6) may be plotted for any impurity 
element, once the value of constant R for the 
element is determined. Fig. 1 shows a log-log 
plot of the equation for indium (R = 6-02 x 10~*). 
From this graph, the weight of the indium 
required to obtain any resistivity can readily be 
determined. An approach of this type has the 
following restrictions: (1) the drift mobility is 
considered constant, and (2) a separate graph is 
required for each doping element. 

Non-constant mobility condition. In order to 
derive a general equation to be used for any 
element and to consider the effect of mobility as a 
function of resistivity, the following procedures 
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Resistivity vs. weight of indium as an impurity element in 
germanium [Rin = 6-02 x 10-4]. 
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Fic. 2. (a) Electron drift mobility vs. resistivity of P-type germanium at 
300° K. (b) Hole drift mobility vs. resistivity of N-type germanium 
at 300 °K. 
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Table 1. 


R, values for impurities in germanium for 
constant mobility condition 


Element Atomic wt.) Seg. coeff. 


| 
| Ke) | 
| 


Constant R 


10-82 
26°98 
69°72 
114-82 
204-39 


30-97 

74°91 
121-76 
209-0 


may be used. Fig. 2 shows the theoretical curves 
for hole and electron drift mobility versus 
resistivity for germanium at 300 °K.®) Fig. 3 is a 


pressed by the following equations: 
Na = 1:73 x 1015/p (for N-type) 
Na = 3-69 x 10!5/p (for P-type) 


(7) 
(8) 
where Ng and Ng are total concentration of donor 
and acceptor impurity atoms, (atmos/cm?). 


Substituting the values of Ng and Ng into equa- 
tion (2) and solving for wop, we get: 


Wop = 2:87 x 10-%(n/K) (for N-type) (9) 
Wop = 6:12 x 10-%(n/K) (for P-type) (10) 


The right hand side of equations (9) and (10) has 
a constant value for each impurity element. 
Therefore: 

(11) 


Since wp = w/v, equation (11) can be written: 


(12) 


and 


= (constant) 


wp = Rov 


where w = total 


impurity required (g), 


ohm cm 


Resistivity, 2, 


Impurity concentration, C,, 


atoms/cm> 


Fic. 3. Resistivity vs. absolute impurity concentration for germanium at 


plot of equation Cs = 1/peu, using the mobility 
data from Fig. 2. Since the plot is linear for re- 
sistivities between 0-1 and 20 Q cm., the resistivity 
impurity concentration relationships can be ex- 


v = liquid zone volume (cm%). A list of the Ro 
values to be used in equation (12) for several 
impurity elements are shown in Table 2 for 
germanium and Table 3 for silicon. 
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Al 1-56 x 10-6 
Ga 1x10-! | 4-02 x10-6 
In | | 1-1x10-3 | 6-02 x 10-4 
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Fic. 4. Resistivity vs. absolute impurity 
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Fic. 6. Doping nomograph for liquid volumes from 
zero to 100 cm’. 


Table 2. 


Ro values for impurities in germanium, 
for variable mobility condition 


Elements 


B 
Al 
Ga 
In 


x 10-2 


4 7-41 x 10-8 
As 5-38 x 10-6 
Sb 1:16 x 10-4 
Bi 1-50 x 10-2 


III. Applications of nomograph 
Figure 5 illustrates a standard nomograph 
plot) of equation (12) for Ro = 1, and relates the 


three interdependent variables i.e. resistivity, 
total weight of the impurity element, and volume 
of liquid zone. The number of grams of impurity 
required for doping is determined by drawing a 
straight line between the zone volume and the 
desired resistivity point. The intersection of this 
line with the wR, scale gives the number of grams 
of impurity required. It should be noted that this 
scale is calibrated for R, = 1. Therefore, the w 
value obtained from the scale must be multiplied 
by the proper Ry value for the doping element 
being used. An example showing the use of this 
nomograph for indium is given in the Appendix. 
The nomograph (Fig. 5) is constructed with the 
liquid volume scale restricted to a maximum of 
20 cm, which is most useful in horizontal crystal 
growing. If necessary, a similar nomograph with 
other volume scales may be constructed to conform 
with a particular crystal growing condition. Fig. 6 
shows a nomograph constructed for volume and 
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Table 3. 


Ro values for impurities in silicon, for variable mobility condition 


Seg. coeff. K() 


Constant Ro 


B 10°82 
Al 26:98 
Ga 69-72 


8-8 x 10-2 3-9 x 10-7 
1°6 x 10-3 4-2 x10-4 
4-0 x 10-3 4-3 x10-4 


3-0 x 10-4 9-5 x10-* 


5-8 x 10-6 
7°0 x 8-0 x 10-6 
1-8 x 10-2 5-1 x 10-5 


resistivity ranges normally used in Czochralski 
crystal growing. 

In most zone leveling and Czochralski crystal 
growing operations, the liquid zone volume can 
be determined quite accurately. Therefore, by 
using such a nomograph, the exact weight of a 
doping element for any resistivities between 0-1 
and 20 Q cm can be easily determined. The use of 
this nomograph has the following advantages: 
(1) it eliminates repeated doping calculations; 
(2) it requires only one principal nomograph and 
table of Ro values to determine any impurity 
doping requirement; (3) the table of Ry allows a 
comparison of relative weights of the various 
elements required to obtain any resistivity. 
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Appendix 

Growth conditions 

(a) Horizontal germanium crystal growing 

(b) Liquid zone volume —14 cm? 

(c) Desired resistivity—0°7 2 cm 

(d) Doping element—indium. 

From Fig. 5, « = 20 and from Table 2, for In, 
Ro = 6:39 x10-4. Therefore, the number of grams of 
equal to wRo = 206-39 X10-4 = 


In required is 
12-78 mg. 
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Electrode geometries for which the transverse 
magnetoresistance is equivalent to that of a 
Corbino disk 


(Received 24 July 1961; in revised form 21 August 1961) 


Ir 1s well known™) that for a given homogeneous 
and isotropic semiconductor, Corbino disk geo- 
metry provides the maximum magnetoresistance. 
The question arises: are there other geometrical 
arrangements that will provide equivalent mag- 
netoresistance? The answer is yes. For example, 
it has been shown”)? that the magnetoresistance 
of a long rectangular wafer having electrodes 
placed along the larger dimension and the con- 
duction path across the shorter dimension 
approaches that of a Corbino disk as the length- 
to-width ratio becomes very large. This, of course, 
is to be expected, for this is merely the condition 
for which cylindrical geometry and rectangular 
geometry become equivalent. 

The conditions that are imposed on the other 
geometries having magnetoresistance equivalent 
to that of a Corbino disk are taken up in the 
following discussion. 

The problem is, in essence, two-dimensional. 
Generally, the specimens are thin wafers (although 
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Element | Atomic wt. n 
In 114-82 : 
P 30-97 
As 74°91 : 
Sb 121-76 
| | 
4 f 


this is not a necessary requirement); the magnetic 
induction B is applied perpendicular to the surface 
of the wafer; and the current density J and the 
electric field EZ in the wafer lie in planes parallel 
to the surface. We assume perfectly conducting 
electrodes so that they always remain equipotential 
surfaces. In a specimen of finite dimensions, 
unless one of the electrodes is circumscribed by 
the other, or both the source and sink electrodes 
are circumscribed by a third floating electrode, 
space charge will always collect at the periphery 
of the wafer when a transverse magnetic field is 
applied, and hence will alter the equipotential 
lines. However, if the periphery is at infinity, or 
one electrode is circumscribed by the other, or 
both current electrodes are circumscribed by a 
floating third, regardless of their shapes, then the 
equipotential lines remain unaltered by the 
application of a magnetic field. For single-carrier 
conduction, the angle* between J and £ is given by 


tan¥ = (1) 


where pg is the Hall mobility in the transverse 
magnetic induction B. Hence, the component of 
current density parallel to £, i.e. parallel to grad V 
(V is the electrostatic potential), and the com- 
ponent of current density perpendicular to £, i.e. 
parallel to the equipotential lines, are given, re- 
spectively, by 


Je = |J| cos¥ = og cos?'¥|E| (2) 
Jv = sin ¥ = ogsin¥ cos'¥|E| (3) 


where og is the physical conductivity of the wafer 
in transverse magnetic induction B (09 is the con- 
ductivity for B = 0). The effective conductivity 
at every point of the semiconductor for the current 
flow along the E-lines (lines between source 
electrode and sink electrode) is given by the ratio 


Jg/E; hence, from (2), 
o-(effective) = Jz/E = op cos?*'¥ (4) 


If B is uniform throughout the specimen, then 
a-(effective) will be constant throughout the 


* The Hall angle ¥ for a given material depends only 
on the local magnetic induction B. However, B is the 
resultant of the applied field and the field associated 
with the current through the specimen. For reasonable 
current densities, the effect of the latter can be 
neglected. 
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specimen, and the ratio of the resistances (between 
the electrodes) of the specimen with and without 
applied magnetic field is simply 


Rp/Ro = o0/0-(effective) = cos?’ ¥ 
= tan?'¥’) = 
(5) 


In (5) we have set o9/og equalt to zo/ug. This is 
valid so long as the magnetic field does not affect 
the carrier concentration, since then only the 
mobility is affected. The validity holds below 
the quantum limit. 

Equation (5) is the formula for the magneto- 
resistance of a Corbino disk.2) Thus, we have 
demonstrated conditions for which the total 
magnetoresistance is equivalent to that of a 
Corbino disk, namely: either one electrode must 
be inscribed within the other; or both current 
electrodes must be circumscribed by a third; or 
the periphery of the wafer must be at infinity, i.e. 
the spacing between the electrodes must be small 
in comparison with the distance of either to the 
periphery. The electrode shape is immaterial. 
Examples of the three types are demonstrated in 
Fig. 1: the single inscribed electrode in (a) 
(Corbino disk), (b), (c), (d) and (f); the double 
inscribed electrodes in (e) and (j); and the double 
electrode with the periphery at a great distance 
in (g) and (i). The configuration in (h) is a hybrid 
of the first and last types; the edges of the 
electrodes are remote from the periphery, and the 
parts near the periphery are self-circumscribed. 
The light lines of the diagrams represent the 
periphery of the specimen, and the dark lines, the 
circles, and the characters represent electrodes. 

For two-carrier conduction, the effective con- 
ductivities of the carriers are additive, giving for 
the total effective conductivity 

a-(effective) = cos? cos? 

(6) 
The m and p subscripts apply, respectively, to 
electrons and holes. The total magnetoresistivity 


is found from the second member of (5) by sub- 
stituting (6) for o-(effective). 


+ Strictly speaking, o/“s in (5) should be the ratio of 
the drift mobilities. However, for isotropic material 


in general, the ratio for Hall mobilities should be equal 
to the ratio for drift mobilities. 
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(e) 


(b) (h) 


(c) 


Fic. 1. Two-dimensional electrode configurations having 
magnetoresistance equal to the Corbino disk geometry, 
diagram (a), are shown in (b), (c), (d), (e), (f) and (j), 
and configurations that approximate the Corbino disk 
magnetoresistivity are shown in (g), (h) and (i). Heavy 
lines, dots, and characters are electrodes; light ones are 
the specimen periphery. Where three electrodes are 
shown, (e) and (j), the circumscribing electrode is 
floating. 


The current flowing along the equipotential 
lines is a circulating one, since the equipotentials 
are closed curves (some of them close at infinity). 
By the use of the theory of complex variables, it 
can be shown®) that, for single-carrier conduction, 
the ratio of the total circulating current, Jp, to 
the total current flowing between the electrodes, 
Tp, is 

Iy/Ig = (dtan‘¥)/(4nC) = (duB)/(42C) 

(7) 
where C is the capacitance, in vacue, between the 
two electrodes, and d is the thickness of the 
specimen. For two-carrier conduction, (7) takes 
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the form 


dB (8) 
= 

\Ie/n 4° 

In the above discussion, the electronic mobility jn 
is considered to be a negative quantity. 
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Growing heavily compensated germanium 
crystals of known impurity concentrations 


(Received 15 August 1961) 


IN EXPERIMENTAL work with impurities in german- 
ium, it is often of interest to determine the effect 
of the impurities, or the effect of a specific pair 
of impurity types, on the electrical properties of 
the material. Since conventional measurements 
of conductivity and Hall coefficient can only be 
used directly* to determine the concentration of 
a single impurity type (V-type or P-type) and not 
the concentrations of the two impurity types 
present in heavily compensated samples, it is of 
particular interest to be able to process the ger- 
manium in such a way as to know the impurity 
concentrations. This is especially true if it is 
desired to keep one impurity type relatively 
constant while varying the other. 

The floating crucible technique described 
previously*) in conjunction with the normal 
CZOCHRALSKI®) process has been used to obtain 
the desired control over the growing process so 
that a single majority impurity doping with a 


* Several indirect methods are available but are open 
to question as to accuracy in heavily compensated 
samples due to incompleteness of our present under- 
standing of the conduction process and the pertinent 
mobilities at low temperatures; e.g. Refs. 1-3. 
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Fic. 1. Double doped germanium crystals G-15 and G-19 
grown by the modified floating crucible technique. 


varying degree of compensation with two im- 
purities of nearly equal and small segregation 
coefficients can be achieved with a high degree of 
accuracy. Germanium containing a high con- 
centration of one of the impurity types is used 
as a master alloy for the charge in the floating 
crucible. A particular weight of the master alloy 
corresponds to a given constant concentration of 
the impurity in the final grown crystal for a 
particular floating crucible size. Calibration of 
the crucible can be obtained with only the master 
alloy in the floating crucible and intrinsic german- 
ium in the reservoir crucible. After calibration of 
the floating crucible, the crystal can be grown with 
the compensating impurity introduced into the 
reservoir crucible in any of the conventional ways. 
The compensation gradient can be _ readily 
determined from resistivity or Hall measurements 
since one impurity, that in the floating crucible, 
is practically constant and is known. Fig. 1 shows 
representative curves of crystals obtained in this 
manner. 
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Growth of semiconducting compounds from non- 
stoichiometric melts 


(Received 5 September 1961) 


It 1s possible to grow semiconducting compounds 
from non-stoichiometric melts. In fact it is some- 
times desirable to do so where it is technically 
difficult to produce stoichiometric melts; for 
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example, for those III-V compounds for which 
the equilibrium vapour pressure of the Group V 
element at the melting point is large (e.g. the 
equilibrium vapour pressure of phosphorus at 
the melting points of GaP and InP are respec- 
tively > 20 atm) and approximately 60 atm). 
The purpose of this letter is to describe the 
characteristics of growth from a non-stoichiometric 
melt and to show that they can be considered from 
the viewpoint of constitutional supercooling. As 


TEMPERAT URE 


Experimental work validating the theory for the 
case of gallium doped germanium has been carried 
out by Barps.ey et al.4). 

The growth of compound semiconductors from 
non-stoichiometric melts can be considered in 
relation to the phase diagram shown in Fig. 1. 
The compound (AB), for example a III-V 
compound, is formed at 50 at. per cent A and 
eutectics occur at nearly pure A and at nearly 
pure B. If growth is proceeding into a melt having, 


+ LIQUID 


LIQUID 


! 
! 
! 
! 
L 


IOO%A Ca 


COMPOUND AB 


COMPOSITION 


Fic. 1. Phase diagram for a binary system showing 
compound formation at composition AB. 


an illustration, we describe the inhomogeneities 
which exist in an indium antimonide single crystal 
which has been grown from an indium-rich melt 
under conditions of constitutional supercooling 
and indicate how these inhomogeneities can be 
prevented by a choice of growth conditions which 
avoid constitutional supercooling. Theoretical 
work predicting the onset of constitutional super- 
cooling during growth from a simple solute/solvent 
binary melt using the Czochralski rotating crystal 
technique has been published by Hurze®?. 


for example, an excess concentration of component 
A, then the equilibrium liquidus temperature of 
the melt (74) will be depressed by (Tm—T 4) 
below the equilibrium temperature of the stoi- 
chiometric melt (7m). The excess concentration of 
component A will be rejected into the melt at the 
solid—liquid interface and the A-rich boundary 
layer so formed can give rise to a zone of con- 
stitutional supercooling. 

The magnitude of the gradient of constitutional 
supercooling in the melt at the interface (dS/dx)z-9 


Tm 
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for the case of growth from a stirred melt of a 
solvent containing a solute is) 
mfCy(1—k) 


dS 
Dik+(1—R)exp(—A)} 
K;Gs—Lpf 

Ki 


(1) 


where: 


m = slope of the liquidus line at the appro- 
priate melt concentration from the 
phase diagram for the binary alloy 

f = growth rate 

D = diffusion coefficient for the solute in 
the molten solution 

k = distribution coefficient 

CL = concentration of solute in the molten 
solution 

K;, Ky, = thermal conductivities of the solid and 
liquid, respectively, attheequilibrium 
temperature 

= latent heat fusion of the solution 

= density of the solution 

= f5/D where 6 = 

= kinematic viscosity of the melt 
angular velocity of the rotating crystal. 


Equation (1) can be applied to the growth of the 
compound AB from a non-stoichiometric melt as 
follows: the distribution coefficient (&) for excess 
A or B in AB is either extremely small or zero for 
the case of a III-V compound* and hence equation 
(1) can be approximated to: 


K,G.—Lpf 
Ky, 


exp(A) 
( de} D 


(2) 


The concentration Cy is to be interpreted as the 
excess concentration of A (or B) in the melt, 
ie. Cp = C4—50 at. per cent. 

On the basis of the work on degenerately doped 
germanium,"+-5) it might be expected that the 


* For many of the other semiconducting compounds 
however, (for example lead selenide‘®), lead telluride’) 
finite solubility of A (or B) in the compound AB has 
been observed. 
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existence of a small gradient of constitutional 
supercooling during the growth of a semicon- 
ducting compound from a_non-stoichiometric 
melt should cause the solid—liquid interface to 
adopt a cellular form. To test this expectation, 
we have grown, using the Czochralski technique, 
a [100] oriented single crystal of indium antimonide 
from an indium-rich melt under conditions such 
as to produce a zone of constitutional supercooling 
in the melt ahead of the solid—liquid interface. 
Fig. 2(a) shows the solid—liquid interface of the 
crystal, preserved by rapidly withdrawing the 
crystal from the melt during growth. The interface 
is cellular and very similar to interfaces obtained 
on [100] oriented gallium-doped germanium 
crystals. 

Using an optical goniometer, we have found that 
the faces of the cells shown in Fig. 2(a) are of the 
type {111}. Barps.ey et al.) found that the faces 
of the cells on the interfaces of germanium single 
crystals were inclined at only a small angle to the 
plane of the interface and were not {111} planes. 
However, they subsequently showed") that, 
during growth, the faces were {111} planes, and 
that the reason that these faces did not appear on 
preserved interfaces was that melt adhered in the 
boundaries between the cells during the rapid 
withdrawal of the crystal from the melt. The melt 
from which the crystal shown in Fig. 2 was grown 
was also lightly doped with radio-tellurium (Te 
concentration 15 p.p.m.); Fig. 2(b) is an auto- 
radiograph of a section cut and ground parallel 
to and just above the plane of the preserved solid— 
liquid interface. The light areas are tellurium-rich 
and delineate the faces of the cells. The dark lines 
which separate the light areas delineate the 
boundaries between the cells. Fig. 2(c) is a photo- 
graph, taken in dark field illumination of the same 
surface after etching in CP, etchant. The enhanced 
tellurium concentration on the cell faces [Fig. (2b)] 
further proves that the cell faces are planar {111} 
facets; the excess tellurium concentration is a 
consequence of the large ‘‘facet effect” exhibited 
by tellurium in indium antimonide.‘-9) Thus a 
cellular structure with faceted {111} surfaces has 
been produced by growing under conditions of 
constitutional supercooling from an indium-rich 
melt; the faceted surfaces are delineated by the 
radio-tellurium which is preferentially incor- 
porated on them. Similar structures have been 
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produced by growing from an antimony-rich 
melt. 

A feature of the cellular structure is that, for 
distribution coefficients k < 1, solute is trapped in 
the depressed boundaries between the cells,“ 
Under extreme gradients of constitutional super- 
cooling the solute (in the case considered, the 
excess of component A) can form a separate 
phase at the cell boundaries. In the case of indium 
antimonide, the indium or antimony solid phase 
will be formed when the indium or antimony 
concentration in the melt at the cell boundaries 
reaches the InSb—In or InSb-Sb eutectic com- 
positions"! respectively. Similarly, the precipi- 
tation of metallic gallium in gallium phosphide 
grown from the melt at low phosphorus pressures 
has been experienced in this laboratory and 
elsewhere. If the composition of the melt is known, 
a consideration of equation (2) permits the choice 
of a growth rate which will be sufficiently slow to 
avoid a gradient of constitutional supercooling 
(dS/dx)z-9 < and cellular 
structure and the precipitation of the second phase. 


hence the 
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Current gain in metal-insulator tunnel triodes 


(Received 31 October 1961) 


Spratr et al. have described a three-terminal 
device consisting of an n-type Ge substrate with 
successive layers of Al, AlgOg and Au deposited 
upon it.) They find that this structure exhibits 
amplifying characteristics similar to those of an 
n—p-n-transistor, with current gains typically in 
the range 0-6-0-8, and sometimes as high as 0-97, 
but never greater than unity.) They interpret 
their observations as evidence that electrons tunnel 
from the Au to states well above the Fermi level 
in the Al, and that these hot electrons are able to 
pass through the Al film with sufficient energy 
remaining that they can surmount the potential 
hill at the Ge interface and be collected. In the 
following, we discuss several factors which can be 
expected to limit the current gain in such a tunnel 
triode. We conclude that tunneling cannot account 
for the observed behavior, and offer an alternative 
mechanism of operation. 

Scattering within the Al layer or in the Ge 
collector will limit the current gain. Electron- 
electron scattering in metals has been treated by 
Wo rr.®) Estimates based upon his work lead to 
mean-free-paths of 30-60 A for electrons having 
a few eV of energy in typical metals, including Al. 
Wo rr’s equation (20) is valid in the energy 
range Ep < E < 2Ep of interest here, if the 
factor (1—7Ep/5E) is replaced by 


[1 


For our purposes, it is important to note that his 
analysis is concerned specifically with collisions 
in which the primary electron loses a substantial 
fraction (e.g. 1/2) of its energy. Escape depths of 
this same magnitude are deduced from secondary 
electron emission from Pt and Ge,5) and 
An isolated case where larger escape depths 
(1000 A) have been reported is for photoelectron 
emission from potassium.) On the other hand, 
a different interpretation of these data, consisten 
with a small escape depth, has been suggested '' 
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Fig. 2. Cellular structure in a [100] oriented single 
crystal of InSb grown from an In-rich melt (a) (Top) 
preserved interface showing cellular structure composed 
of {111} facets. (b) (Centre) auto-radiograph of transverse 
section in cellular region showing enhanced concentra- 
tion of radio-Te on {111} facets. (c) (Bottom) photo- 
macrograph of section shown in (2b) after etching. 
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In the case of Al, front and back surface photo- 
electron emission studies of thin evaporated films 
have shown that the escape depth is less than the 
absorption length (70 A) of the light used, but 
do not indicate how much shorter it might be. 9) 
From this evidence, one would expect the current 
gain to be limited to values of the order of 0-2 
due to scattering in the 80 A Al layer alone. 

Furthermore, an electron which has traversed 
the Al layer and entered the space-charge region 
of the Ge collector has a high probability of being 
scattered back into the Al again before its energy 
drops below the potential maximum at the metal- 
semiconductor interface. The mean-free-path 
for scattering of hot electrons by optical phonons 
in Si and Ge is believed to be approximately 
50 A, a value which is many times smaller 
than the space-charge layer thickness of the 
collector junction. This is the dominant energy 
loss mechanism and gives rise to large-angle 
scattering with 0-038eV of energy lost per 
collision. A typical electron will enter the con- 
duction band of the Ge with an energy many times 
greater than that of the optical phonon, and must 
suffer a corresponding number of large-angle 
collisions before its destiny as a ‘‘collected”’ 
electron is established. The fraction of back- 
scattered electrons may be calculated from the 
closely related Albedo problem") which slightly 
under-estimates reflection in the present problem 
and gives reflection coefficients of 0-46 and 0-59 
for 10 and 20 collisions respectively. 

Reflection of the electrons at the Al-Ge interface 
will further reduce the current gain. The propa- 
gation vector describing an electron wave of given 
energy must change discontinuously at this 
interface, resulting in partial reflection of the 
incident wave. One would expect that reflection 
at the interface between a microcrystalline Al 
film and Ge would be quite appreciable. 

Each of the processes discussed above are 
expected to produce losses in electron transfer 
that are an order of magnitude greater than the 
minimum (3 per cent) reported for such triodes. 
We have ignored losses due to the presence of the 
oxide layer which is almost certainly present at 
the Ge surface, to scattering by phonons and 
imperfections in the Al film, and to the fact that 
not all of the tunneling electrons will have energies 
sufficient to surmount the potential hill at the 


Ge surface barrier. For these reasons we conclude 
that the behavior of this device cannot be explained 
by the proposed mechanism. 

We suggest instead that the Au film contacts 
the space-charge region within the Ge through the 
pinholes that must almost certainly be present in 
the Al film, as shown in Fig. 1, giving rise to a 
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Fic. 1. Metal interface amplifier with pinholes in base 
layer. 


depletion layer transistor") in which electrons are 
injected by the Au emitter directly into the space- 
charge layer formed between the Al and the Ge. 
This emitter contact is separated from the Al 
boundary of the space-charge layer only by the 
thickness of the AlgO3 layer, which is many times 
less than that of the space-charge region. Amplifica- 
tion is thus similar to that occurring in an m-p-n- 
transistor except that in the latter the injected 
electrons must first diffuse through the base 
before reaching the space-charge region. This 
model readily accounts for the similarity of the 
electrical characteristics to those of an n-—p-n- 
transistor and for the observed influence of the 
collector voltage upon the emitter current. The 
latter is evidence that pinholes are indeed present 
in the Philco devices. 
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F. P. Bunpy, W. R. Hrpparp, Jr. and H. M. Strone: 
Progress in Very High Pressure Research. Wiley, 
New York, 1961. 314+xix pp., $12.00. 


Tuts book contains the proceedings of an inter- 
national conference on high pressure sponsored 
jointly by the Air Research and Development 
Command and General Electric Research Labora- 
tory at Lake George, New York in June 1960. 
The text consists almost completely of a repro- 
duction of the papers presented at the conference 
in substantially the form submitted by the authors 
before the beginning of the conference, plus 
selected comments transcribed from tape record- 
ings made during the discussion periods which 
followed each paper. 

The Preface says the book was prepared as 
rapidly as possible, with a minimum of editing 
in order that it may be available to new workers 
in the field as well as the older ones. An identical 
version save for paper cover, the discussion after 
each paper, and the half-dozen pages inserted 
later, was distributed at the beginning of the 
conference. It is regrettable that the hard-cover 
version reviewed here appeared a year and a week 
after the conference edition was distributed. Both 
versions are in offset, apparently from typewritten 
copy. Added to the later edition are the tran- 
scribed comments mentioned, an English version 
of a paper delivered in Russian, a later writeup 
of an important disclosure made by KENNEDY, 
written by 


and some prepared discussions 
DACHILLE. Some errors such as “unattached” 
and ‘“‘cyrstal’”’ instead of ‘“‘unattacked” and 


“‘crystal’’ slipped through the retyping. The fact 
that the book costs $12.00 must I suppose be 
attributed to the potentially small sales because of 
the esoteric contents and the fact that the Air Force 
cannot subsidize the whole scientific public, 
rather than to a great deal of labor other than by 
secretaries. Conferees seem to have received 
both versions as part of having attended. 

The papers divide roughly into two groups— 
technique with little discussion of results and 
results with little discussion of technique. Implicit 
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in some of the technique discussion is the assump- 
tion that ultrahigh pressures have been refined 
away frora being primarily useful for raw synthesis 
or qualitative observation to a stage at which 
precise measurements of such variables as pressure 
and temperature have considerable meaning. 
G. C. KeENnNepy punctured this illusion by 
replacing his planned talk on the SiO 9-H2O 
system with work he had just done on calibration 
of the phase transitions used for constructing a 
high-pressure scale. 

The gist of his talk, and the paper subsequently 
published here, shows that BRIDGMAN some years 
before had obtained two sets of pressures above 
25 kilobars at which the metals now used for 
calibration underwent transitions—a lower set 
determined under relatively good hydrostatic 
conditions and a higher set obtained by com- 
pression in the presence of a great deal of friction. 
BRIDGMAN had taken pains to point out the 
conditions under which each set of points had been 
obtained, but apparently most workers simply 
adopted the higher set of values for calibration. 
The result was that any pressure quoted above 25 
kilobars in the pre-conference literature, or in the 
papers of this book, is roughly thirty per cent too 
high. For this reason, KENNEDY’s paper should 
be read first by any newcomer. 

Apart from this, the book is quite interesting 
because the non-technique papers illustrate what 
is being done at very high pressure, and not so 
high pressure, in several different areas, and 
because it gives a glimpse of what the Russians 
are doing with the new techniques. A large 
number of papers deal with phase transformation 
under pressure while the topic receiving the second 
greatest amount of space is synthesis; the re- 
mainder of the book is given over primarily to 
diffusion, elasticity, low temperature experiments, 
semiconductors, and magnetic effects under 
pressure. Apart from a greater interest in metal 
forming with pressure, the Russians appear to 
be doing a very competent job along much the 
same lines as Western workers. The articles also 
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reveal what is not being done—examination of 
whether any real hydrostaticity prevails, whether 
pressure gradients affect results, and learning to 
analyze simultaneous application of pressure and 
temperature, for example. The book is not as 
much an introduction to the art as a survey of 
what its title promises—progress in the field. 


DouGLas WARSCHAUER 


J. Tuew is (Editor-in-Chief): Encyclopaedic Diction- 
ary of Physics. Volume 1: A-Compensated bars. 
Pergamon Press, Oxford, 1961. £98 ($298.00) per set 
of eight volumes. 


THIS is an extremely important work: no com- 
parable dictionary of physics has appeared in 
English since Glazebrook’s Dictionary of Applied 
Physics published in 1923, although several 
smaller ones have appeared recently. The complete 
Dictionary will consist of 8-10 volumes each of 
about 800 pages, page size 25x 19cm. A seven 
language (English, French, German, Russian, 
Spanish, Chinese, Japanese) Glossary of 15,000 
physical terms will be included, as well as a 
Subject Index volume. The Editor-in-Chief and 
Associate Editors, as well as the Publishers, must 
be warmly congratulated oa the appearance of 
this first product of their truly Herculean task, 
and it is to be hoped that the other volumes will 
follow in rapid succession. 

The Dictionary is arranged in strict alphabetical 
order and covers to a greater or less extent, besides 
conventional pure and applied physics, topics in 
Mathematics, Chemistry, Electrical Engineering, 
etc. of direct importance to physics. 

The Editor has had the benefit of the help of 
an impressive array of Consulting Editors (British 
and American). The contributors, at least to this 
first volume, appear to have been chosen with 
care as most likely to write well informed and 
up-to-date contributions. With few exceptions, 
no article is longer than 2000-3000 words, each 
be self-contained, though 
cross-references are given, even if not as plentifully 
as one might have desired. The general aim has 


being intended to 


been not to write articles for specialists, but to 
keep throughout a near graduate standard. In- 
evitably, there is some unevenness between the 


various contributions, but quite a number of 


REVIEWS 


articles are a model of how to convey a wealth 
of information with clarity and conciseness: one 
already sees in one’s imagination the innumerable 
text-books that will reproduce them ... It is only 
with regret that one abstains from listing those 
contributions which to one particular physicist 
have appeared most outstanding. 

A work of this kind is of course intended both 
for physicists who wish to collect information 
rapidly and painlessly, and for chemists, biologists, 
etc. who only too often need the help of physics 
in their own research. To test the success of the 
Dictionary within this wider circle, three kind 
colleagues (a chemist, a botanist, a zoologist) 
agreed to act as guinea-pigs reading selected 
articles which interested them. Their verdict was 
extremely favourable, the clarity of the exposition 
being unanimously stressed. The chemist, as one 
might perhaps have expected, criticized the choice 
of the chemical items to be covered and also some 
entries in which he is a specialist. Understandably, 
there will be a tendency in some physicists to 
take up a similar attitude, but the general im- 
pression of the Reviewer is that the choice of 
entries and the space allotted to them reveals, 
from everybody concerned, prolonged and _ in- 
telligent thought and that, given the aim and size 
of the work, it would have been most difficult to 
do better. The only adverse comment is that 
sometimes the final editing has not been thorough 
enough. For instance, there are repetitions, e.g. 
under ‘‘bolometer, superconducting” the definition 
of bolometer is repeated, although given in the 
previous entry. In other cases, on the other hand, 
the main definition is missing, e.g. in ‘“‘anomalous 
dispersion” (it will undoubtedly come later under 
dispersion”): this short entry refers somewhat 
surprisingly to the old Julius theory of solar 
phenomena. As for entries that one would have 
expected, but do not appear in the main alpha- 
betical sequence, for instance “band theory”, 
“band spectra”, “band width” or “avalanche 
phenomena in semiconductors and dielectrics’, 
no doubt their location will be given in the 
Index. Also, some entries are tautologic, or 
appear hardly necessary, e.g. “‘barrier-layer 
capacitance: the effective capacitance of the 
barrier-layer formed at the boundary between two 
conductors’’. Of course it would be easy, and most 
unfair, to pick up small blemishes of this kind. 
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The production is generally of a high quality. 
However, a few mistakes have been noticed, 
particularly in proper names. For instance, in the 
articles on barrier-layer rectification, a certain 
““SCHOTTLEY”’ appears, possibly a cross between 
ScHOTTKY and SHOCKLEY, and BARDEEN becomes 
BaRDUN. Particularly unfortunate is that the very 
first word in the Dictionary is wrong, the German 
physicist Ernst Abbe being given an accent thereby 
changing into a French abbot. 

Just to give solid-state physicists an idea of the 
scope of the work, under ‘“‘acceptor’’ we have 
“acceptor atom” (12 lines) with its properties 
defined according to the band model; then a longer 
article on ‘‘acceptor centre’, with definitions 
of its ionization energy, occupation probability 
(with formula), a Table of the ionization energies 
of impurities in germanium and silicon and the 
physical picture of centres due to substitutional 
impurities, followed by four cross-references (for 
instance to ‘‘Activation Energy”, where additional 
information is provided) and a bibliography of 
four entries; finally, ‘‘acceptor level’? (9 lines) 
mentions the variation of activation energy with 
impurity concentration and the distortion of the 
energy levels near the surface of the crystal. 
‘“‘Acceptor’’ does not appear however in the sense 
of a circuit which accepts a certain frequency. 

Clearly, with a book of this kind, the review can 
only deal with very few examples. But it should not 
be closed without trying to convey the general 
impression that here is an outstanding achievement 
that will be profitably consulted for many years and 
which physicists will like to peruse from time to 
time to be instructed, reminded and entertained. 
The Editors deserve admiration and gratitude. 


L. PINCHERLE 


G. W. A. Dummer and J. M. Rosertson (Editors): 
British Miniature Electronic Components and 
Assemblies Data Annual 1961-62. Pergamon Press, 
Oxford, 1961. xviii+479 pp., 80s. 


THISs is not a technical book in the text book sense, 
but a collection of data on components of British 
manufacture which should greatly ease the job 
of the circuit designer, particularly if using 
transistors (though transistors themselves are 
specifically excluded). ‘‘Miniature”’ is defined as 
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less than 1 in. cube though items over this limit 
are included where they are the smallest of their 
particular type. Sub-assemblies are also included 
(for example, miniature transistorized amplifiers) 
which establishes a precedent for including 
microminiature and solid circuit assemblies in 
the future. 

On the other hand the book is more than just a 
catalogue of various manufacturers’ products. 
Some very valuable sifting has been done—and two 
better qualified sifters would be hard to find. The 
book replaces a complete catalogue library as far 
as miniature components are concerned and as 
such should be extremely useful to circuit 
designers, none of whom have enough time to 
read all the available catalogue information. 

To keep it up to date, the book is to be published 
annually. At the present price—which seems 
excessive in view of the advertising value—the 
private individual is unlikely to place a regular 
order. However, no design group should be 
without the current issue on the laboratory shelf. 
Referring to prices brings me to my only criticism 
of an otherwise invaluable volume: that the price 
of the products described is not mentioned. The 
Editors say that prices are omitted as they are 
subject to change, but surely no large changes are 
likely to occur in twelve months and every circuit 
designer is, or should be, price conscious. 

Finally, I should like to congratulate the Editors 
on what must have been a Herculean task well 
done. That they plan similar annual volumes on 
American and European components, plus an 
annual volume on British transistors and sub- 
miniature valves can only mean that they are 
gluttons for punishment. 

ALAN F. Gipson 


C. K. Moore and K. J. Spencer: Electronics: a 
Bibliographical Guide. Macdonald, London, 1961. 
xvii+411 pp., 65s. 


Ir 1s a commonplace that a major problem facing 
the scientist is that of apprehending the ever 
increasing volume of scientific literature. The 
Publishers describe this volume as a ‘“‘new 


approach to literature searching’’. ‘The main body 
of the book is split into sixty-seven specialist subject 
sections in which are listed books, bibliographies, 
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survey and review papers, published conference 
proceedings and a variety of papers selected as 
outstanding in some respect, e.g. the paper’s 
pioneering nature or historical interest. Under this 
last heading there is endless room for disagreement 
with the selection made. Each entry is accompanied 
by a brief the number of references 
quoted, the topic or topics covered and, in the 
case of a book, the relevant chapter headings with 
some indication of the type of treatment. There are 
about 3000 such entries, covering the period from 
1945 to June 1959. In addition, there is a list of 
nearly 300 ‘‘sources of information”, e.g. biblio- 
graphies of bibliographies, abstracting services 


note on 


and data books. 

The reader is thus presented with signposts 
to the literature of each specialized field and with 
references which should allow him to pursue any 


particular topic. Specifically, the solid state 1s 
and 


the sections on 


infra-red, 


phosphors 


piezo- 


covered by 

luminescence, dielectrics, 
electricity, super- and photo-conductivity, semi- 
conductor physics, magnetic materials, ferrites 
and paramagnetic resonance. Applications of 
solid-state devices are covered in the sections on 
masers, rectifiers, delay lines, transistors and 


magnetic, dielectric and parametric amplifiers. 
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As far as I can judge, the selection of items has 
been made intelligently and the compilers have 
used to good advantage the experience gained from 
the scientist-librarian relationship which has 
developed in their respective libraries. I have 
noticed no serious omissions though some of the 
references included surprise me. There are no 
doubts about the difficulties of literature searching 
and equally no doubt that this volume will be 
invaluable to any individual or group launching 
out into a new field of endeavour. I wonder, how- 
ever, if too big a subject has been tackled and 
hence too thinly. Anybody with two or three years 
experience in one of the specialist fields will 
immediately recognize most of the references 
listed under that heading. How often does an 
individual move from one branch of electronics 
to another? In short, I see this book as a must for 
the library of any laboratory or institution of 
reasonable size but unlikely to be bought by the 
private individual. Furthermore, supplementary 
editions will be essential to keep it up to date 
and it would be a pity not to build on such a solid 
foundation, the building of which must have been 
an enormous labour. 

ALAN F. GIBson 


ERRATUM 


M. Green, I. N. GREENBERG, J. BANzHAF, A. Sass, H. S. WuirTe and R. V. 
McKnicur: Electrical characteristics of a reduced-area, rhodium-plated, 
silicon end contact. Vol. 3, No. 1, pp. 1-10. 


Line 4 of the footnote on p. 10 should read ‘(small area contaci positive)’’ 


instead of ‘(small-area contact)’. 


Ref. 5, p. 10, should merely read “To be published.”’. 


The sixth line from the bottom of p. 9 should read “Fig. 12 (a-c)’’ instead of 


“Fig. 12 (a-e)’’. 
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